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Abstract
This paper develops a new asymptotic theory for a broad class of martin-
gales, establishing convergence to limiting distributions that involve a functional
of stochastic integrals. The proposed limit theorem substantially extends ex-
isting martingale asymptotic theory by accommodating a wider class of depen-
dence structures. As a primary application, the theory is applied to nonlinear
regression models with nonstationary time series, yielding a rigorous framework

for asymptotic inference on nonlinear least square estimators.

1 Introduction

Let {€nj, Fnj}j>1,n>1 be a martingale difference array defined on a common probability
space (Q, F, P) with E(e2;|F,j—1) = 1,a.s.. Foreachn > 1, let {u,;};>1 and {a,,;} ;51
be arbitrary random sequences so that both are adapted to F,, = {F, j_1};>1 and, on
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where B = {B,};>0 is a Brownian motion and X = {X;};>¢ is a continuous process.

Define a martingale array by {Suk, Fuk bk>2.n>1, Where

k
Spp = —— (Tnjy Unj) €njy Kk =2,3,.
\/_; J J J

and H is a continuous function of its components. In this paper, we concern with the
asymptotics of a statistic S,, defined by S,, := Sy, as n — co and their applications
in nonlinear cointegrating regression.

The limit theory for martingales and/or statistics like .S,, derived from martingale
arrays is a celebrated achievement in the development of Probability and Statistics.
For various martingales with different structures, extensive articles have established a
number of fundamental results on central limit theorems, convergence to a mixture of
normal distributions and convergence to stochastic integrals. The earlier contributions
to these topics were summarized in excellent books by 7, 7 and ?.

To the best of our knowledge, however, the asymptotic behavior of .S, has not been
investigated in the literature, because of the presence of both stationary (e.g.,u,;) and
non-statinnary (e.g.,z,;) variables. First of all, when w,,; is stationary, no limitation
exists for H (& [ny, Un,fnyg) as n — oo and therefore the classical theory on the con-
vergence of stochastic integrals (e.g., ?) is unlikely to be used for such a martingale
array {Sur, Fnk}k>2 n>1. On the other hand, by writing the conditional variance V?
of S, by V2 = Z] L H*(x,, unj), we may prove that V2 —p fo 2(X;)dt as in
Remark 2.3, where H2(z) is deﬁned as in Asssumption 2.3 below, but it is usually
impossible to show that V? —p fo 2(X;)dt under natural settings on H(z,y) and
u,;". This claim suggests that the classical martingale limit theorems are unable to
establish the asymptotics of .S,,. Indeed, many earlier results on the convergence to
a mixture of normal distributions and on the convergence to a semimartingale were
established under the assumption that V2 —p V2 where V2 is an almost finite ran-

dom variable (e.g.,?; 7). More recently, in investigating the convergence to a mixture

For a simple illustration, assume that H(x,y) is a continuous function on R? and Tpj =
ﬁ Z;::l €i, where {€;};>1 is a sequence of iid random variables with Ee; = 0 and Eef = 1. We
further assume that u,; = ¢; and €,; = ¢; so that V2 = L >ty H*(254,¢j). Note that x, (g = By
on DJ0, 1], but the convergence in distribution can not be enhanced to the convergence in probability.
We may prove that V2 —p fo 7(By)dt, where H(x) = EH?(z,€;), but it is incorrect to say that

V2 —p [} H(B,)dt.



of normal distributions for a martingale array, 7, 7?7 and 777 successfully relaxed
the requirement V;2 —p V? to the weaker condition V> —p V2. However, when their
results are applied to the present martingale array {Syx, Fuk }e>2.n>1, a crucial addi-
tional assumption imposed in the cited papers, namely, %Zyzl H(xn;,unj) —p 0, is
not satisfied.

The main aim of this paper is to remove this restriction. Under certain regular
conditions on z,; and u,;, ensuring that % Z;L:1 H (2, un;) =p fol ﬁ(Xt)dt, our main
result Theorem 2.1 establishes new asymptotics involving a functional of stochastic
integrals for .5,,,, providing a framework in an extension to the existing martingale
limit theorem. In the remainder of this paper, our new result is applied to nonlinear
regression with nonstationary time series in Section 3, allowing for the models to
include an integrated regressor with certain lags, which are most commonly used in
practice. Using Theorem 2.1 as a main tool, Theorem 3.1 investigate the asymptotics
for the conventional least square estimators in a nonlinear cointegrating regression
model. These results improve those in the existing literature. All technical proofs are
given in Section 4.

Throughout the paper, we denote by C, (', ... constants, which may change at each
appearance. The notation —p (— p respectively) denotes convergence in distribution
(in probability respectively) for a sequence of random variables (or vectors). The
notation =p denotes equality in distribution. If a%l), 0@(12),..., a&’“) (1 <n < o0) are

random elements on D[0, 1] or D[0,00) or R, we will understand the condition

(@D a® o) = ()o@ .. W)

n ’-n oo )

to mean that for all oz(()é), ozc@,..., aé’é)—continuity sets Ay, As,... AL,

P(&S) € Al,aff) € A, ...,aff) € Ak) — P(a&) € Al,ag? € A, ...,ag’;) € Ak).

[see Theorem 3.1 of ?]. As usual, D[0,1] (D]0,00) respectively) denotes the space
of cadlag functions on [0, 1] ([0, c0) respectively), which is equipped with Skorohod
topology.

2 Main results

We recall that {€,;, Fn;}j>1,>1 is a martingale difference array defined on a common

probability space (€2, F, P) with E(eij]]:w,l) = 1,a.s. for all n,57 > 1. For each
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n > 1, we always assume that F, is a trivial o-field, F,,; C F,, j+1,j > 1, and both
random vector sequences {x,,};>1 (with degree d;) and {u,;};>1 (with degree dy) are
adapted to the filtration F,, = {F, j_1};>1. In particular, we allow for dy = oo, i.e.,
we may have w,; = (Upj1,Unjz2,...). This section investigates the asymptotics of S,
defined by

1 n
S, = — H(zpj, Unj) €nj-
\/ﬁ; js Unj) Enj

To this end, we make use of the following additional assumptions.

Assumption 2.1. There exists a d-dimensional martingale difference array {(Mnj1s --s Mnj.d), Fnj t
j>1,n>1 ON (Q,.F, P) so that E(Enjnan | ]:n,j—l) = ... = E(Enjnnj,d | ]:n,j—l) = 0 for
all n,7 > 1 and, on Dgi+ata, [0, 00),

[nt] [n1]

1 1
<ﬁjzlenj7 ﬁjzlnnja In,[nt]) = (Bt7Blt,Xt), (2.1)

where Mpj = (Mnjas - Mja), (B, Bie),t > 0, is a (1 + d)—dimensional standard
Brownian motion and X = {X}i>0 is a continuous process adapted to the filtration

‘F = {U(Bsa Blsa S S t)}tZO
Assumption 2.2. H(z,y) is a real function satisfying the conditions:
(a) H(x,y) is piecewise continuous with respect to v € R4 ;
(b) for each A >0, { g% (tun;) fn>1,5>1 is uniformly integrable, where ga(y) = supy,<a | H(x,y)].

Assumption 2.3. There exist piecewise continuous functions H(z) and ﬁ(a:) on R%

and for some sequence 0 < m :=m,, — 0o with n/m — oo so that, for each fized x,

(k+1)m
1 ~
mggzgmﬁ‘a 3 H(m,unj)—H(x)‘ =0, (2.2)
- j=km+1
1 (k+1)m
m&%mmm kZ:HH(:c,um) H(@‘ =0, (2.3)
j=km

as m — 0o.
We have the following main result.

Theorem 2.1. Suppose that Assumptions 2.1 - 2.3 hold. Then, as n — 0o, we have
1
0
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where 0*(X) = fol [fIQ(Xt) — ﬁQ(Xt)]dt and N is a standard normal variate inde-
pendent of B = {B;}i>0 and X = {X;}i>0.

Remark 2.1. The condition (2.1) in Assumption 2.1 is standard in investigating
general limit theorems for martingale arrays. See, for instance, ??7. The martin-
gale difference array {nn;, Fnj}tj>1n>1 @5 usually involved in exploring the limit law
of {xn;}j>1. Its existence is obvious in many applications as seen in the following
(3.12). If X, is measurable with respect to o(Bs : s < t), we may take n,; = 0.
Note that, if X is independent of B, we may rewrite (2./) as S, —p o1(X) N, where
o?(X) = fol ﬁ]Q(Xt)dt. Assumption 2.2 is weak, where the piecewise continuity of
H(z,y) in Assumption 2.2(a) is enough for many empiriacal applications. Assump-
tion 2.2(b) suggests that (2.2) and (2.3) only involve the stationary components of
Sn, which are easy to be verified in general. In particular, when u,; = wu; is (strictly)
stationary satisfying Eg%(u1) < oo for each A > 0, the conditions (2.2) and (2.3)
hold with H(z) = EH (z,u,) and H*(x) = EH?(z,u,), respectively.

Remark 2.2. For any square integrable martingale difference array { X, , Fn;}i>1.n>1,
we may write X,; = 0yj€,;, where 0721]- = ]E(Xﬁj|}"n7j_1) and {€nj, Fnj}is1n>1 15 a
martingale difference array with E(eiﬂfn,j,l) = l,a.s. for all n,57 > 1. Theorem
2.1 imposes the structure o,; = H(xpj, un;) with that x,; is a sequence of random
vectors satisfying xp g = X; on Dga, [0,00). In earlier works, a similar structure
Onj = H(rn Tnj, unj), where r, — 00 is a sequence of constants, was considered in ?.
We mention that the asymptotics of Z;L=1 H (2, Unj)€nj are essentially different from
those of Z?Zl H(rppj, unj)€nj withr, — oco. In latter case, the limiting distribution is
usually a mizture of normal distributions rather than a function of stochastic integrals.
Indeed, under certain regular conditions, when r,/n — 0 and r,, — oo, we may have
(r_”)l/Q Z H(rpZnj, Unj)énj —p Co L;/Q(l, 0N

n -
Jj=1

where ¢y 1S a constant, L%Q(l, 0) is a local time process of X and N is a normal variate

independent of X. For more details in related topics, together with the applications

m financial econometrics, we refer to 7, 77?7, 7 and references therein.

Remark 2.3. The limiting result (2.4) of S, depends essentially on its conditional

variance V2 := V2 where, for k > 1,

nn’
1 k
2 _ 2
Vnk - _E H (xnjvunj)
n “ 1
j:
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and the conditional co-variance R,, between S, and \/iﬁ Zg":t]l €nj, Where, for k > 1,

k
1
Rn = - Hn'a nj).
k nE (Tnjs Unj)

J=1

Under (2.2) and (2.3), Lemma 4.2 in Section /J yields the results:

1o~
1@3£!Rnk—g;H<wnj>l = op(1),

1<~
1211?%"/”’“_521{2@”3'” = op(1),

indicating that Ry, —p fol f[(Xt)dt and V? —p fol PAIZ(Xt)dt. These facts play a
central role in the proof of Theorem 2.1, where we have in fact established the following
joint convergence: on Dygata;+3]0, 00),

[nt] [nt]

1 1 )
<_ Z €nj, —— Mg, Ln,nt] Vn ) Sn)
Vn = Vn -

J

1
= (Bt,Blt,Xt,/ H?(X,)dt, S). (2.5)
0

We next consider a simple corollary of Theorem 2.1, illustrating the difference

from previous works. More general application will be investigated in Section 3.

Let ¢ be iid random variables with Ee; = 0 and Fe} = 1. Let z,,; = \/iﬁ ST e

and write
Vin & Vi =

where K(y) is a real function satisfying that |K(y)| < C'|y|* for some a > 0. By
Theorem 2.1 with u,; = K(¢j_1), = 1 and H(z,y) = 2K(y) or H(z,y) = = + K(y)

respectively, we have the following corollary.

Corollary 2.1. Suppose that Ele; |22} < o0, Then, as n — 0o, we have

1 1
Snl —D EK(El) / BtdBt + oK ! / / Bgdt./\/-, (26)
0 0

1
Spa —p / [B: + EK(e1)]dB; + o N, (2.7)
0

where o3 = var [K(el)}, By is a standard Brownian motion and N is a standard

normal variate independent of B = {By}>o.
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IfEK (¢;) = 0, the limiting distribution of S, is mixture normal, which is similar to
that provided in recent works such as ?, 7?7 and ???. When EK (¢1) # 0, the limiting
distributions of S,; and 5,2 involve a functional of stochastic integrals, which seems

new to the literature.

3 A regression application

This section considers nonlinear cointegrating regression model having the following

form:
v = f(xy, Axyy ooy Axy_g, 0) 4wy, t=d,d+1,..., (3.8)

for some d > 0, where f(.;...,0) is a given real function indexed by 0 = (6, ...,6,), a
vector of unknown parameters, x; is an integrated regressor, Awx, = x — Tp_1,k =
t,...,t —d denotes the lags of the integrated regressor x;, and (u¢, Fi)i>1 is a sequence
of martingale differences such that x; is adapted to F;_;. Let © be a compact set of
R? and assume the unknown parameters § € ©. The least squares estimator (LSE)
6, of 0, an interior of ©, is defined by

n

~

. 2
0, = arg min 2 [yt — flay, Axy, .y Azy_g, 9)} )

The asymptotics of én without lags Axy, ..., Ax;_4 were initially considered in ? and
then later by 7, 7, and 7. More recently, ? investigated the asymptotics by allowing
for a wide class of commonly used volatility models such as GARCH, time-varying
GARCH, and nonlinear GARCH. See also 7 for the related works on weighted nonlin-
ear cointegrating regression. Using Theorem 2.1, this section will explore the asymp-
totics of 6, by allowing for certain lags Az, ..., Az,_q in the model (3.8).

The remainder of this section is organized as follows. Section 3.1 presents the
assumptions on x; and u;, which are similar to those in 7 and encompass widely used

volatility models. Section 3.2 presents the asymptotic results.

3.1 Assumptions on x; and u;

Throughout the section, let A\; = (€;,_1,14),7 € Z, be a sequence of i.i.d. random

vectors with EXg = 0, Fe2 = Fv2 =1 and p = Eeyvy, and {\} }iez be an independent



copy of {\;}icz. We make use of the following assumptions on z; and u; in the

asymptotic development.

Assumption 3.1. z; = 2,1 + &, where § = Z;io oivi—;. The coefficients ¢;,j > 0,

satisfy one of the following conditions:

LM. ¢; ~ j7"1(j),1/2 < p < 1 and (k) is a function slowly varying at

00.
SM. > 72 |¢jl <ocoand o =3 72 b; # 0.

Assumption 3.2. u; = oy, with 02 = o(\, \i_1,...), where o(...) is a measurable

function satisfying Eo?(Xo, A1, ...) < 0o and
E|o (s Aty ) = (s Aty oo Ay Ay AL )| < Cmoe, (3.9)

4/(2u — 1), wunder LM,

for any m > 1 and some o >
4, under SM.
Assumption 3.1 allows for short memory (under SM) and long memory (under
LM) innovations driving the integrated regressor zj = Z?:l &;, which is quite general

in practice. Define

n c,n>72*1%(n), under LM,
dy = ElY &l ~{ " (3.10)
k=1 *n, under SM,

where ¢, is a constant. Standard functional limit theory (see ? or Theorem 2.21 in ?

with a minor modification) shows that

BRI RN
\/ﬁzzl 19 n o (3] \/52:1 —’L?dn [nt]
= (Ult7 Ut> Ufta Xt)7 (311)

on Dga[0, 00), where (U, Uy)>o is a bivariate Brownian motion with covariance ma-
L p
trix: Q = , {U_¢}1>0 is an independent copy of {U;};>o and X; is defined
p 1
by
Usjo—p(t), under LM,

Uijo(t),  under SM,
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where Ug(t) is a fractional Brownian motion that has the following representation:
with a; = max{a,0},

Un(t) = m /_Oo(t — ) — (=) Vau

In terms of (3.11), there exists a martingale vector difference array {(n1;,72;), F; }j>1,
where F; = o()\;,7 < j) so that E(ejnlj | .7-—j_1) = E(ejngj | .7-"]-_1) 0 for all 7 > 1 and,
on Dg4[0, 00),

] ]

1 1 1
(%;% %;m, d—nf[nﬂ) = (B, Bu, Xy), (3.12)

where (By, By;),t > 0, is a 3—dimensional standard Brownian motion and X =
{Xi}+>0 is a continuous process adapted to the filtration F = {o(Bs, Bis, s < t) }1>0.
Indeed, if we take no; = v_; and m; = (pe; — v;) /(1 — p), it is routine to see that

E(ejmy | Fio1) = E(ejmoy | Fio1) = E(egm;) =0

and (3.12) is true by (3.11) and the continuous mapping theorem.

Under the settings of Assumption 3.2, we have that (ug, Fi)g>1, where Fy is an
o-field generated by Apii, Mg, ..., forms a martingale difference with E(u2|F;_1) =
02 = (M, Me_1,...). The error process u;, having a martingale difference structure
that is similar to that used in ?, indicating that (3.8) allows for a wide class of models
of heteroscedasticity such as GARCH and nonlinear GARCH models. The following
exam from ? provides an illustration. More related results can be found in ?7, 7, 7,

and 7.

Example 3.1. (Nonlinear GARCH model) Let u, = O'tl/QEt, where g, is defined by
oy =ag+aF(o,_1)+ Bo_1 +yul .

This is a nonlinear GARCH model introduced by 7. Suppose that a constant Ay
exists such that |F(x) — F(2')] < Aglz — 2’| for all x,2" € R. Since we may rewrite
0y = o+ R(0s_1,€61), where R(y, €) = aF (y)+ By+€ey, it follows from Proposition
3.1 of 7 that u; satisfies Assumption 3.2 if Ay > 0, > 0,8 > 0,7 > 0 satisfying
[E(ado + B + ’)/63)2} V2.



3.2 Asymptotics of 0,

This section establishes the limiting distribution of 6,, under certain regular conditions

on f(x,y,0). To this end, define f(x,y,@) = (fl,...,fq)’, where f; = %éf’@,i =

1,...,q, and write p(z,y,0) for either f(z,y,0) or one of fii=1,...,q. We need the

following restrictions on p(z,y, 0).

Assumption 3.3. There exist a real continuous function T,(x) and a constant > 0

such that

(i) for each 01,0, € ©, (x,y) € R*™ and for some 0 < a < 1,
(2, y,61) = p(x,9,65)] < (| — 6ol * Tp() (1 + [lyl));  (3.13)
(ii) for any bounded x,
plla,y,0) = wvp(l) hy(,y,0) + Ry(lx,y,0), (3.14)

where v,(1) is a positive real function that is bounded away from zero asl is large,
hy(x,y,0) for each 8 € © is a continuous function with respect to x satisfying

\hp(z,y,0)| < Co(1+ |ly]|®) and

SU_p |Rp(lx7 yv 9)|
ocoyer Tp(lx)(1 + |[yl]?)

=o(1), asl— .

(111) Ty(lz) < vp(l) (1 + |x]Y) for some v >0, as |lz| — oc.

To introduce the main result in this section, let y be an interior of © and we make

use of the following notations:

hf(x79) = ]Ehf(xvgm“'?g—d;e)a 5f<x79) = E[hf($a€07"'7£—d;9)00:|7
Hf<:[;79> = (hf'l(%fo---ffd; 9)7 X hf'q(wagOa "'7£fd; 9))7
hi(z,0) = EHi(z,0),  o;(x,0) =E[H(x,0)H(z,0)03).

It is routine from Assumption 3.3 that these notations are well defined if
E(|¢_;/*08) < 00, forj=0,-1,..,—d. (3.15)
Theorem 3.1. In addition to Assumptions 3.1-3.3, suppose that (3.15) holds and
/| [Ef(z, ) — %f(a:, 90)]2dx £ 0, for any 0 # 6,, (3.16)
z|<n

Lq ;L\]:(I, o) iL\]/e/(ZL‘, o) dz s a positive-definite matriz, (3.17)

10



for each n > 0. Then, as n — o0,
. 1 ~1 1 _
Dy (0, —0y) —p ( / \If(t)\I/(t)’dt) [ / G, dB, + Ql/QNq], (3.18)
0 0

where Dy, = \/n diag (v, (dy), .., vf'q(dn)),
\Ij(t) - E(Xtu 00); ét - 5f(Xt7 Q0)7 @t - E}(‘Xtu 00)
1
Q = / (G, — G,G}]dt
0
and N, is an q-dimensional standard normal vector independent of B and X .

Remark 3.1. As indicated in ? and ?, nonlinear cointegrating regressions with struc-
tures described in Theorem 3.1 are useful for modeling money demand functions. In
such cases, 1y is the logarithm of the real money balance, x; is the nominal interest
rate, and f can either be f(x, o, B) = a+Blog|z| or f(x,a, 5) = a—i—ﬁlog(lJ'rT“x'). See ?
and ? for empirical investigations of the estimation of money demand functions in the
United States and Japan, respectively. See also ? for the derivation of these functional

forms from the underlying money demand theories studied in macroeconomics.

4 Proofs

Except mentioned explicitly, we use the same notations as in previous sections. We
start with the proof of Theorem 2.1. Three lemmas that support the proof of Theorem
2.1 are given in Subsections 4.3 — 4.5, respectively. The proof of Theorem 3.1 is given
in Section 4.2. Without loss of generality, in the proof of Theorem 2.1, we assume
that d; = 1 and H(z,y) is continuous with respect to z. General extension to d; > 1
and the piecewise continuity of H(z,y) is obvious from the proof with some notation

changes, and hence the details are omitted.

4.1 Proof of Theorem 2.1

We first prove (2.4) under an additional restriction:

R: H(z,y) is continuous with respect to  and H(x,y) = 0 for all |z| > N, where

N > 1 is a constant.
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This restriction will be removed later. Note that, under this additional restriction,
the continuous functions H(z) and H (x) given in Assumption 2.3 can be chosen so
that H(z) = H(x) = 0 for all |#| > N. This fact will be used in the proof and the

following three lemmas without further explanation. Write
Sin = % ifl(:cnj) enj and Sy, = % i K (nj, tng) €nj,
=1 j=1
where K;(z,y) = H(x,y) — H(z). It suffices to show that

(Stny S20) —p (/1 H(X,)dB, o—(X)/\/>, (4.19)

where N is a standard normal variate independent of (B;, X;)>0 or, equivalently,
independent of (By, Bit)i>o since X = {X;}>o is adapted to the filtration F =
{O’(BS, Bls, s < t)}t20~ To this end, for j, k= 1, 2, 3, ., n, let Ynj = \/LEKJ'(.CL’”]‘, unj) €njs

k

k
_ %ZK;(LUAUW% Vnk iz (ﬁQ(xn]) — [ﬁ(xm)} 2)'

j=1
Suppose that [, j > 1, are iid N (0, 1) random variables and {l;},>1 is independent of

all other variables €,;, u,;, and x,;. We further write

~ Ynj> 1f] <n, =9 Vnk7 if k< n,
1 P 5 .
\/—ﬁli, if 7 >n, Zj na1 i, k>,

and 7,(t) = inf{k : V2 >t} for ¢ > 0. We mention that such a definition of V2,
ensures that XA/nzk — 00, a.s. for each fixed n. We introduce the following three lemmas.

Their proofs will be given in Subsections 4.3 — 4.5, respectively.

Lemma 4.1. If, in addition to Assumptions 2.1 - 2.3, H(z,y) = 0 for all |z| > N

where N > 1 is a constant, then

max |y,;| = op(1). (4.20)

1<j<n

Lemma 4.2. If, in addition to Assumptions 2.1 - 2.3, H(z,y) = 0 for all |z| > N

where N > 1 1is a constant, then

1 k

- —maX|Z (Tnjs Ung) — H(zay)]| = 0p(1), (4.21)

n 1<k<n
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where &,; = (enj, nnj), and

max [V — V2] = op(1). (4.22)

1<k<n

Lemma 4.3. If, in addition to Assumptions 2.1 - 2.3, H(x,y) = 0 for all |z| > N

where N > 1 is a constant, then

—~

t)
Unj = Bp on Dgl0,00), (4.23)
1

Tn

J

where B' = {B}}+>0 is a standard Brownian motion. Furthermore, on Dga[0, 00), we

have
Zn<t) = <_ €nj, —— Mngs Tn,[nt]s /y\n]>
v j=1 v j=1 J=1
= (B, B, Xi, B)), (4.24)

where B’ is independent of X = {X:}i>0 and F = {o(Bs, Bis, s < t) }t>0-

We now turn back to the proof of (4.19). In fact, in terms of (4.24), the same

arguments as in ? (also, see, ?) yield that

<_ €nj, —— Mnj, xn,[nt]a Slna Vn2n7 = Anj)

\/ﬁ J=1 \/ﬁ j=1 \/ﬁ j=1
1

- <Bt, By, X,, / H(X,)dB,, o*(X), BQ). (4.25)
0

Write 771 (k) = inf{t > 0: 7,,(t) > k}. Note that
H?(2n) + [H(zn)]* =0 HX(X)) + [H(X,)]” = Op(1),
by using x, jn = X¢ given Assumption 2.1, It follows from (4.22) that

1 ~
1, - o 1
< 3 1211?5(71 |Vnzk - Vnzk| + ﬁ(HQ(xnn) - [H<5Unn)] ) + El’?b-i-l
—p 0. (4.26)
This, together with (4.25), yields that
1 ~
(St 7). W) = ( / H(X\)dB,, 0*(X), B), (4.27)
0
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on Dgs[0,00), where W, (t) = \/LEZ;’;(? Unj- Let Dy be the subset of all functions
V = {V(t) }+>0 in Dg[0,00) that are nondecreasing with V(0) > 0. Since W, (t) €
Dg[0, 00) and the composition map (U, V') from Dg[0,00) x Dy to Dg|0, c0) defined
by

(U, V) :=UV(1)), t=0,

is continuous at (B’,0(X)) (see, ?, for instance), it follows from (4.27) and the con-

tinuous mapping theorem that
(Sln7 Tn_l(n)’ Wn [TJ%TL”)

b (/Olf[(Blt)dBt, o*(X), Blacx)) =p (/Olfl(Blt)dBt, o*(X), o(X)N),

where NV is a standard normal variate independent of { B;, X; };>0 and we have used the
fact that X = {X;}:>¢ is adapted to F' = {0(Bs, Bis),s < t}:>o and B’ is independent
of F'. Now, by noting

1 nltn (1))

|52n - % Z g//\n]‘ S ‘ynn‘ —Pp 0

i=1

owe to (4.20), we have
(Sins 7). San) = (St 7 (0), Wa [ ()] ) + 0p (1)

= </01f{f(Blt)dBt, o2(X), a(X)N),

where N is a standard normal variate independent of { By, X; };>0. This proves (4.19)
and hence (2.4) under the additional restriction R.

To remove this restriction R, for any K > 0, we assume that Hg (z,y) = H(x,y)¢x (),
Hy(z) = H(z)&x (2) and Hye () = H(z)&x (2) with

1, lz] < K,
{x(r) =1 2—|z|/K, K < |z| <2K,
0, lz| > 2K.

It is readily seen that, for each K > 0, Hx(z,y) is a continuous function with respect
to x, satisfying Assumption 2.2, H(z,y) = 0 for all || > N = 2K, and Assumption
2.3 with H(z) and H(x) being replaced by Hg () and Hy (x), respectively. Therefore,
it follows from the proof above that, for each K > 0,

I b~
j=1 0

14



where 0% (X) = fol [[;TIQ((Xt) — [:TIQ((Xt)}dt and N is a standard normal variate inde-
pendent of B = {B;}i>0 and X = {X;};>o. This yields (2.4) since P(S,, # Snk) <
IP’( max |,x| > K) — 0 and

1<k<n

P(/l f-vI(Xt)dthLa(X)/\/’;é/l ﬁK(Xt)dBt+aK(X)/\/>

< IP( sup | X;| > K) 0,

0<t<1

as n — oo first and then K — oo. The proof of Theorem 2.1 is complete. O

4.2 Proof of Theorem 3.1

We start with two lemmas on the asymptotics of general nonlinear LS estimators.

Consider a nonlinear regression model having the form:
Y = gx(0) +ux, k=1,2...n, (4.28)

where 0 = (64, ...,6,) is a vector of unknown parameters, {uy, Fj}x>1 is a martingale
difference with F(u? | Fr_1) < 00, a.s. and gx(6) for each § € ©, a compact of RY, is
adapted to Fp_q. Let é\n be the LSE of 6 and 6y be an interior of ©. The following

consistency and asymptotic normality results come from ?. See also ?.

Lemma 4.4. Suppose that there exist a sequence of constants 0 < k, — oo and a

sequence of random variables Ty (adapted to Fy_1) such that

(a) |gx(01) — gr(02)| < |61 — O2]|* T} for all 61,05 € © and for some a > 0;
(b) +=3h T = Op(1) and Y0y T [1 4 E(uf | Fro1)] = Op(k2/log® n);

(c) the finite dimensional distributions Of% Sret Loe(0)—gi(6o)] ? converge to those
of G(0), where G(0),0 € © is a stochastic process of 0 satisfying P(inf jo-eq>s G(6) >
6co
0) =1 for each § > 0.

Then ||§n — bo|| = 0p(1), i.c., B, is a consistent estimator of 6.

Let gx(0) = (898]“9(19), o 8%’;((10))1 be the first derivative of g5 (6), Z,(0) = (D,;')" >y 91(0) us

and
Yo = (DY) ) ak(B0)dn(b0) DY,
k=1

where D,, = diag(dy,, ..., d,,) is a sequence of diagonal matrices satisfying n=% min;<;<, d;, —

oo for some § > 0.

15



Lemma 4.5. Suppose that

(i) ||D;1[gk(61) —gk(ﬁg)]H < |01 — O5||* Tog for some 0 < a < 1 and for any
01,05 € ©, where Ty, is adapted to Fy_1 for each n > 1, satisfying

Z T [+ E(ui]Fra)] + Z T2 = Op(1); (4.29)
k=1 k=1

(i1) é\n —p by, Zn,(0y) = Op(1) and Y,, —p M, where M >0, a.s., i.e., the smallest

eigenvalue of M is almost surely positive.

We have
Dp(6, — 00) =Y Z,(6o) + 0p(1). (4.30)
If in addition (Y, Z,) —p (M, Z) where M > 0, a.s., then Dn(én —00) =p M1 Z.

We turn back to the proof of Theorem 3.1 by checking the conditions of Lemma
4.5 with

gk(0) = flar, Azp, ..., Axp_a, 0) = f(Tr, &ks ooy Epmay 0).

We first show that gn —p By by using Lemma 4.4 with k,, = nv]%(dn). In this case,
it only needs to show the following results: for any 6; € © and a; € R, j = 1,2,...,q,

n

>0 S l06) )] <p PGl @)

k=1

where G(6) := [ [ly(X;,0) — hy(X;,60)]dt and

CST I (el ]+ TP (14 0f) = 0p(1), (432)

where 'y = (&, ..., &k—q). Indeed, due to the continuity of X, it follows from (3.16)
that
P[infue;zo&za G(f) > 0] = 1. This, together with (4.31), implies the condition (c)
of Lemma 4.4. On the other hand, the conditions (a) and (b) of Lemma 4.4 follow
easily from Assumption 3.3[(i) and (iii)] with T}, = T(zx)(1 + ||Tx]|?) and (4.32). We
therefore have «/9\n —p 0.

We only prove (4.31), where the idea is similar to that of ?. Result (4.32) can
be obtained by (2.5) with H(z,y) = (1 + |z|*")(1 + ||y||*’) and hence the details are

16



omitted. Write x} = xI(|2]/d, < A),

gr(0) = f($27§k,.. &> 0),
Rn(e) = Z _Uf )hf<xk/dn7£k7"'7€k7d76)}27

n

R:(H) = Z — g (do)hy (] [ dpy Epy oy €0y 6)] .

=1

For any fixed A > 0, it follows from Assumption 3.3(ii) and (iii) that, as n — oo,

sup | 2,(0)] - < o(1) v}(dn) D T7 (27 /da) (L + ||ITil[*?)

= o(1) Y (L4 |7 /da) (1 + |ITl[**) = op(1) nvf(dy).

This implies that, for any € > 0,

(Wzgg!ﬂ’nwﬂ > ¢)

< P(a:k # x, for some kzl,...,n) + P(nv—(d) sup | Ry (0)| > e)
f\ln) 0€O

< P max g /dy > A) + P(- w2 d,) sup |R;,(0)] = €)

— 0,
as n — oo first and then A — oo, namely, we have

Elelg |R.(0)] = op[nv}(dn)]. (4.33)

Now, by letting

A, = sup|R,(0)| + sup |R,.(9)|/?
o 9o

(% Z (A () s €y ovvs €ty 0) — hop(h /oy Eky ooy Ei—a 90)}2>1/2’

k=1

and noting that, for any 6 € ©,

n

nv]%l(dn) Z [ K(0) — gk(eo)}z

1 ~
= EZ B () s € ooes €k 0) — D (@n /i, Ey ooy Enas 00)]* + 4 Ay,

k=1

where |A, | < A,, result (4.31) follows from (4.33) and (2.5).
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We now turn back to the proof of Theorem 3.1 by verifying other conditions of

Lemma 4.5. First of all, by letting
1
T = —= 3 07 )Ty () (14 [ue),
it follows easily from Assumption 3.3 (iii) and (4.32) that

ST+ B Fo)] + > T

k=1 k=1

= % D [+ (el /) (1 ] 7) (1 + 07) = Op(1).

This yields (4.29). So, together with 5n —p By that is proved above, it remains to

show that, for any o} = (a1, ..., a4q) € Ry =1,2,3,

(o Yoo, o4Z,)

—p (o] 1‘Il(t)\If(t)'dta2, as Z ), (4.34)
oy )

where Z = [ GydB, + QY2 N, and, with D,, = \/ndiag (v}, (dy), ..., v} (dn)),
Yo = (DY D ak(00)dn(60) D'y Zo = (DY) Y ak(bo) ones, -
k=1 k=1

Write hf(x,y,ﬁ) = (hf-l(x,y;H), ey hf-q(a:,y; 9)) and

0/1 hf(xk/dnu fka ceey é.kfda 90>hf(xk/dn7 5]67 sy £k7d7 90)/ Qg ,

=1
n

g hi (k) dn, &gy ooy Ek—dy 00) ke
|

s- o0

Note that, by (2.5) in Remark 2.3,
o 1

Yo, Zn) —p <o/1/ (O (t) di oo, agz>.
0

and

0/1 hf(xk/dna f/ﬁ sy fk—da QO)hf(xk/dTw gku ey gk—d7 00)/ Qg ,

=1
n

04;, hf(xk:/d'ru gku ceey 5k—d7 00) Ok€k.-
k=1

Sl=

18



Result (4.34) will follow if we prove: for all 4,j =1, ..., g,

n

1

Ruied) = s ; i) = o (d)v (dadg (B ()]
— op(l), (4.35)
Bon(j) = ——— S [fi) = vj (dihy (Dower = op(1).  (4.36)

Vg (dn) 1=

We only prove (4.36). The proof of (4.35) is similar to that of (4.33) and hence
the detials are omitted. To this end, for any A > 0, let

n

Ry(j) = m;[fjc..)—vfj<dn>hf~j<.-.>]z<|:ckr/dnSAmek.

Note that, as n — oo first and then A — oo,

P(Rou(d) # Rin(i) < P( max |ayl/dy > 4) = 0.

- 1<k<n

It suffices to show that, for each A > 0, R}, (j) = op(1). This follows easily from the

following fact: in term of Assumption 3.3 (ii) and (iii),

E[R,()]" = WZE{W“.)—vfj<dn>hfj<...>]2f<rxk|/dnsmai}

|Rf] (dn z,y, 0)'
< sup
ocoyer T (dpz)(1 + |[y[|?

1+AC<
S D> E[1+]ITkl)or] — 0,

k=1

as n — oo, where I'y = (&, ..., &—q). The proof of Theorem 3.1 is complete. O

4.3 Proof of Lemma 4.1

Let l,,; = g (unj). Recall that H(z,y) = 0 for all [#| > N, implying H(x) is bounded
(by Co, say). It follows from Assumption 2.2(b) that, for any K > 0,

gl < —= max [gn (tng) ens Tipmm0] + o ma [
s bl < e Lo () eas i 0] + = s e
= R1n+(CO+K)R2n (437)

Using the uniformality of [,,; and E(e,;|F; ;—1) = 1, we have

2'|
nj

1< ) ) 1/2
ERy, < (ﬁ E 1E[9N(unj)€njllnj|>K}>
]:

1< 1/2
= (SYCER k) =0,
j=1
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as n — oo first and then K — oo, i.e, Ry, = op(1). On the other hand, it follows
from \/iﬁ Zgnjl €nj = B; on Dg[0, 00) that

1
Ry, = 7 1réljag>%|enj| = op(1).

See, Proposition VI 3.26 of Jacod and Shiryaev (2001), for instance. Taking these
estimates into (4.37), we prove maxi<j<p |ynj| = op(1l), as required in (4.20). The

proof of Lemma 4.1 is now complete. O

4.4 Proof of Lemma 4.2

We start with some preliminaries. Since the limit process X; is path continuous, the
CONVErgence T, () = X; on Dg|0, 1] can be understood in the sense of the uniform
topology. It follows from this fact that

lim sup lim sup [IP’ (lrgjagi |Zoj| > N) + P (lrgjagl 2] < 1/N)] = 0. (4.38)

N—o0 n— 00

Furthermore, by the tightness of {, g }o<i<1, for any € > 0 and 6 > 0, there is some
6 = 0(g,6) > 0 such that

P < sup |xn,[nt} - xn,[ns]’ > 5) <e (439)

|s—t|<é

for all sufficiently large n. In terms of (4.39), for any 6 > 0, we have

lim P ( max max  |Tn; — Tpgm| > 5) =0, (4.40)
n—oo  \ 0<k<n/m km<j<(k+1)m

for any m := m,, — oo satisfying n/m — oo. On the other hand, it follows from (2.2)
and the continuities of H(z,y) and H(z) (with respect to z) that, as m — oo,

1 (k+1)m _
max Esup |[— > H(x,uy)— H(z)| =0, (4.41)

m<k<n—m m
=r= |z|<N j=km+1

for any fixed N > 0.

We are now ready to prove (4.21). Let Hy(z,y) = H(z,y) — H(z). Note that
H(z,y) is uniformly continuous on |z| < N and Hi(x,y) = 0 for all |z| > N and
y € R. It follows that, for each € > 0, there exists an d. depending only on N, € only
such that

|Hy(21,y) — Hi(w2,y)| < [H(w1,y) — H(2z,y)| < egn(y), (4.42)

20



whenever |z, — x| < 6., where gy (y) = sup|, <y H(z,y). Write

Q5. = {w © max max  |Tpj — Tngm| < 56}
0<k<n/m km<j<(k+1)m

and T,, = [n/m] — 1, where m is chosen so that m — oo and n/m — oo. In terms of

(4.42), on s, we have

1 (k+1)m 1 T, (k+1)m
R,1 = — max ‘ g Hi (2, unj) — g E Hi (2, unj)
n 0<k<n/m | 4 n
j=1 k=0 j=km+1
T,  (k+D)m
S _ g ’ § Hl xnkmaun])
k: 0 j=km+1
T, (E+1)m
+ § § |Hl Tnyj, unj Hl(xn,kma unj) ‘
k=0 j=km+1
Ty (k+1)m
1 1
S - sup | — E Hl [L’ un] E gn un]

n m
k=0 [ZISN T

Therefore, for any n,7; > 0 and € = nny, it follows from Assumption 2.2(b), (4.40)
and (4.41) that

P(|Rual 2 n) < P(Qs.) +P(|1Rnal =, 0,)
(k+1)m
< ]P(Qge)+77—1 m<r£<ag(mE sup o Z Hin(x, up,)
|z|<2N j=km—+1

-1 n
€
+ 7; ZEgN(unj) < Cm+o(1),

Jj=1

where €5, denotes the complementary set of Q.. This proves ﬁln,l = op(1).

Similarly, by recalling |H;(x, y)| < gn(unj), it follows from Assumption 2.2(b) that

1 (k+1)m
Rn,Q = — Imnax E |H1(mnj,unj)‘
n 0<k<n/m
j=km+1
1 (k+1)m
< — max E g (Unj)
n 0<k<n/m .
j=km+1

m
< — 1m =
n 1<]a<}% 9w (ttn;) = op(1).
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In terms of these estimates, we have

k
1
! s |3 )~ )
J:
1
< — max max ’Z Hi (x5, unj)
N 0<k<n/m km<j<(k+1)m
1 (k+1)m 1 (k+1)m
< — max ‘ Z H1<Inj,unj> + — max Z ‘Hl(xnj,unj) ‘
n 0<k<n/m - n 0<k<n/m
7j=1 j=km+1

- ﬁn,l + ﬁn,Q — OP(1)7

establishing (4.21).
We next prove (4.22). Since K7 (z,y) = H*(x,y) — 2H (z,y)H (z) + [ﬁ(x)]Q, we

may write

xnj xn]) H(zn, “'nj)}

2 172 _ } : 2
Vnk - Vnk - H xn]’ U’”J - xn]

:Iw
”M?‘N

The similar argument as in the proof of (4.21), but H(z,y) is replaced by H?(z,y)
and H(z) H(z,y) respectively, yields that

2 Vi = VAL < |Awe] + [ Bue] = 0p()

as required. O

4.5 Proof of Lemma 4.3

We first prove (4.23). First note that, for each s > 1,
[ns]
— Z l2 —as S —

] n+1

This implies that 7,,(t) < n if 0 < ¢ < V2 and, when ¢t > V2

nn?

In term of these facts, for each ¢ > 0, we have

< =
e (Gl < max yyl+ _mex Gl/VA=op(l),  (443)
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wehre we have used (4.20 ) and the fact that, due to E|/;|* < C' < oo,

n(1+2t)

max |l;]/v/n < ( ;2 Z A )1/3 op(1).

n<j<n(142t) :
j=n

Similarly, for each ¢t > 0, it follow from Assumption 2.2(b) that

T (1)
E|ZE(ggj|fnvj_1)—t\ < l1Ema><| - Vi 1|—|—1E max  [?

— n 1<i<n n<j<n(1+2t) J
]:

C
< —FE ma Uy, E ma 12
) 1<3<}§ng( i)+ n n<j§n(¥+2t) J

— 0 (4.44)

As a consequence, we have Z;”(lt) Unj = Bj on Dg[0,00) by the classical martingale

limit theorem.
We finally prove (4.24). It is readily seen that {Z,(t)}+>¢ is tight. Therefore, for
each {n’'} C {n}, there exists a subsequence {n”} C {n'} such that, on Dg4[0, ),

Zn//(t) = Zt = (Bt7 Blt; XhB;)

As a consequence, (4.24) will follow if we prove that B’ is independent of X and F.
Note that (enj, Mgy Ynjs Fnj) forms a martingale array at the same probability

space. The independence between B’ and F follows the standard martingale limit

n>1,j>1

theorem and the fact: by using (4.21) and definition of ¥,;,

k

1 ~
1

> =1

k
= U i2 1D E(&nsynsl Fag) || = 0,
<h<n | £

where &,; = (enj, nnj). The fact that B’ is independent of X is obvious since X =
{Xi}>0 is adapted to the filtration F = {o(Bs, Bis, s < t)}+>0. The proof of Lemma
4.3 is complete. O
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