ON FINITE PRESENTATIONS OF INVERSE SEMIGROUPS WITH
ZERO HAVING POLYNOMIAL GROWTH

L.M. SHNEERSON AND D. EASDOWN

ABSTRACT. We study growth of inverse semigroups defined by finite presentations. Let S
be a finitely presented Rees quotient of a free inverse semigroup given by an irredundant
presentation with n generators and m relators. We show that if S has polynomial growth,
then m > n? — 1 and this estimate is sharp. For any positive integer n, we also find, up
to isomorphism, syntactic descriptions of all presentations that achieve this sharp lower
bound. As part of the process, we describe all irredundant presentations of finite Rees
quotients of free inverse semigroups having rank n, with the smallest number, namely n?,
of relators.

1. INTRODUCTION

In the 1950s and 1960s, Shvarts [45] and independently Milnor [26] introduced the notion
of the growth function of a finitely generated group and established connections between
geometry of manifolds and growth of their fundamental groups. The extensive study of the
growth of groups, semigroups and other algebraic systems in fact began after the publication
of Milnor’s article, bringing forth a number of striking and deep results regarding possible
types of growth of algebras and connections between their asymptotic behavior and abstract
properties. New waves of interest were stimulated by Gromov [15] who proved that every
finitely generated group having polynomial growth is virtually nilpotent, and by Grigorchuk
[13], who exhibited the first examples of groups having intermediate growth. We refer the
reader to the monographs by Ufnarovsky [48], Krause and Lenagan [19], de la Harpe [8],
Mann [25], Sapir [34] and the survey by Grigorchuk [14] for a bibliography on results and
methods of this intensively developing area of modern algebra.

One of the important notions in combinatorial group theory related to asymptotic be-
haviour is the deficiency of a finitely presented group G, which is the maximal difference
between the number of generators and relations over all possible presentations of G. It
is well-known that every group or semigroup of deficiency greater than zero is infinite.
B.H. Neumann, in a pioneering article [28], explored connections between the deficiency
and rank of finite semigroups. In particular, he constructed examples of finite semigroups
of an arbitrary rank n given by a presentation with n generators and n relations. The first
author [39] showed that every monoid given by a presentation with n + k generators and n
relations contains a free submonoid, freely generated by k of the generators, which can be
found effectively. B. Baumslag and S. Pride [3] showed that if the deficiency of a finitely
presented group is at least two then the group has a subgroup of finite index that admits
an epimorphism onto a noncyclic free group, so in particular has exponential growth. That
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growth is exponential in these cases also follows from a result of Romanovskii [33]. Stohr
extended the result of B. Baumslag and Pride to groups with deficiency one for which one
of the relators is a proper power. By contrast, it follows from work of Bieri [5] (communi-
cation with D. Osin) that groups of deficiency one with polynomial growth are either free
abelian of rank one or two or isomorphic to the Baumslag-Solitar group BS(1,—1). By
further contrast, Wilson [50] proves that solvable groups of deficiency one are isomorphic to
Baumslag-Solitar groups of the form BS(1,n). The situation for semigroups of deficiency
one has been fully analysed by the first author [38], [40], where he gives an algorithmic
description of semigroups of deficiency one that do not have free nonmonogenic subsemi-
groups. Such semigroups satisfy nontrivial identities and a bounded height criterion used by
Wolf [51] and Bass [4] (a weaker form of a height criterion due to Shirshov [37], see [41]), and
therefore have polynomial growth. This leads to a classification of cancellative semigroups
of deficiency one having polynomial growth [42].

In 1996, the authors [43] initiated the study of asymptotic behaviour of finitely presented
Rees quotients of free inverse semigroups, which form a class of semigroups referred to
as Mp; (and formally defined below in terms of presentations as inverse semigroups with
zero). In particular, it was shown that every semigroup S from 9tr; has polynomial or
exponential growth, and there exists an algorithm to determine the type of growth. This
gives an exact analogue of the well-known Ufnarovsky theorem [47], [48] for finitely presented
monomial algebras (also following from the Gilman article [11]). However, in contrast with
finitely presented monomial algebras, where languages of nonzero words may be described
using finite state automata (see [47], [48]), the language of nonzero geodesic words of a
semigroup S in the class Mpy, with respect to its natural presentation, is rational, that
is, accepted by a finite state automaton, if and only if S is finite (see Proposition 2.4
below). Furthermore, Lau [20] and Brazil (unpublished) prove that the (Hilbert) growth
series of a nonmonegenic free inverse semigroup with respect to its natural generating set is
irrational. Lau [20], [21], [22] also showed that every semigroup from 9f; having polynomial
growth has a rational growth series and obtained results regarding the Gelfand-Kirillov
dimensions. It is also shown in [43] that in the case of polynomial growth, S satisfies
nontrivial semigroup identities, which are a modification of Adjan’s celebrated identity [1]
holding in the bicyclic monoid (a,b | ab = 1). The results of [43] were developed further
in a series of articles [9], [44], [10] by the authors, giving various geometric and algebraic
criteria for polynomial growth and applying them to investigate the growth of semigroups
from M p; given by a small number of relators. In particular, these methods were able to
produce in [10] a sequence of two-generator, three-relator semigroups whose Gelfand-Kirillov
dimensions form an infinite set, namely {4,5,6,...}, and deduced that inverse semigroups
defined by one relation have exponential growth, under the condition that the word trees
of both sides of the relation contain more than one edge. This constraint on word trees is
necessary however, because the first author exhibits in [42] the first known example of a one
relation nonmonogenic inverse semigroup with polynomial growth, and uses this example to
build a tower of inverse semigroups of deficiency one and arbitrarily large rank, all of which
have exponential growth yet satisfy quasi-solvable identities (in the sense of Piochi [30]).
In [10, Theorem 9.1], the authors find, in terms of a fixed number of generators, a sharp
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lower bound in the number of relators that is necessary for polynomial growth for Rees
quotients of free inverse semigroups, under the condition that none of the generators are
nilpotent.

Let n be a positive integer. The present article has two goals. The first is to establish the
smallest possible number of relators over all irredundant presentations of semigroups from
M pr having rank n and polynomial growth. The second goal is to describe all presentations
that achieve this lower bound. The next two theorems provide the solution to both problems.
The first aim is realised by the following result (that appears below as Theorem 5.13):

Theorem 1.1. If S = Inv(A | ¢, = 0 for i = 1,...,L) is an irredundant presentation
defining an inverse semigroup S with zero having polynomial growth, where A is an alphabet
of size n > 2, then L > n? — 1.

The second aim is achieved by the following description (that appears below, in separate
cases, as Theorems 7.6, 7.8 and 7.11):

Theorem 1.2. Let S = Inv(A | ¢, =0 for i = 1,...,L) be an irredundant presentation
defining an inverse semigroup S, where A = {aq,...,an} is an alphabet of size n > 2 and
L =n?—1. Then S has polynomial growth if and only if the generators may be reordered and
the relators rewritten, up to J-equivalence, such that either condition (1) below holds, where
all but one of the generators is nilpotent, or condition (2) below holds, with two alternatives
according to whether all generators, or all but two of the generators, are nilpotent:

(1) (a) the inverse subsemigroup Inv(ai) is infinite monogenic (with a presentation
that uses no relators)
(b) the inverse subsemigroup Sgn = Inv(ae, ..., ay) is finite given by a presentation
using (n — 1)? relators;
(c) {a1}San = {0}, using 2n — 2 relators ara; = alaj_l =0 for2<j<n.
(2) (a) the inverse subsemigroup Inv(ay,as) has one of the following presentations,
using three relators:
(i) Inv{ai,as | a3 = a3 = ajay' = 0) ;
(i1) Inv{ai,as | aras = alagl = agalal_lag = 0) for some v,0 > 0 such that
~y+4§>0;
(b) the inverse subsemigroup Sgn, = Inv(as, ..., ay) is finite given by a presentation
using (n — 2)? relators (interpreted as Sg, = {0} if n = 2);
(c) {a1,a2}Ssn = {0}, using 4n — 8 relators a;a; = aiaj_l =0 fori=1,2 and
3<j<n

Though cases (1)(b) and (2)(b) do not explicitly list relators, nevertheless, a general
description is given below, in Section 6, of finite Rees quotients of free inverse semigroups
using n generators and n? relators, and then the classification given by the previous theorem
becomes complete.

It should also be noted, in part (ii) of case (2)(a) of this theorem, that the following
simplifications take place:

If v =1 and § =0 then

Inv(ay,a2) = (aj,a2 | ajaz = alagl =aga; =0) .
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If y=0 and § =1 then
Inv(ai,a2) = (aj,a2 | ajaz = alagl = aflag =0).
Both of these special cases yield the same semigroups up to isomorphism, since
(a1,a2 | araz = ajay = aza; = 0) = (ay,as | ajaz = ajay* = ay'az = 0) .

The article is as self-contained as possible. Section 2 provides all of the necessary back-
ground, definitions, and explicit statements or summaries of results and techniques devel-
oped or refined in [10], [43] and [44]. This section also introduces new techniques and
terminology, in particular the notion of a two-standard presentation, elaborated upon in
Section 3, emphasising notions of even and odd pairs of relators, domination from the left
and right for generators, and graphical interpretations. Examples are included in Section 4,
with graphical descriptions in special cases, especially to orient the reader and to illustrate
and represent the three classes of examples in the main classification that appears in Section
7. Section 5 develops a sequence of lemmas, culminating in establishing the sharp lower
bound (n? — 1 where n is the number of generators) for the number of relators that are
necessary for polynomial growth of inverse semigroups from our class. The proofs provide
detailed fine-grained numerical information that is later relied upon in the main classifica-
tion in Section 7. Section 6 establishes the sharp lower bound (n? where n is the number
of generators) for the number of relators that are necessary for finiteness of inverse semi-
groups from our class, and provides a complete description of inverse semigroups for which
the sharp lower bound is achieved. As a stepping stone, the corresponding simpler result
for semigroups is described. In Section 7, we give a complete description of presentations
of inverse semigroups from our class having polynomial growth and using the sharp lower
bound for the number of relators. The description involves three main classes, and for each
class we precede the main description by considering the special case involving two-standard
presentations. In Section 8, the final section, we apply our results to deduce connections
between the growth of arbitrary finitely presented inverse semigroups and the number of
relations.

2. PRELIMINARIES

We assume familiarity with the basic definitions and elementary results from the theory
of semigroups, which can be found in any of [6], [16], [17] or [23]. Throughout let A be a
finite alphabet containing at least two letters and put

B=AUA!

where the elements of A~! are formal inverses of corresponding elements of A and vice-versa
(so A and A~! are disjoint and any a in A may also be denoted by (a=!)~!). Let L be a
positive integer and suppose that c1,...,c;, € BT. Consider the inverse semigroup S with
zero given by the following finite presentation:

S =Inv(A|¢ =0 for i=1,...,L).

In this paper we only consider presentations within the class of inverse semigroups. Because
presentations of this form occur so often in this paper we abbreviate the notation slightly



PRESENTATIONS OF INVERSE SEMIGROUPS WITH POLYNOMIAL GROWTH 5

to write
S =(A]l¢g=0fori=1,...,L). (1)

The words c1, ..., cr, are called (zero) relators. Observe that S may be regarded as (isomor-
phic to) the Rees quotient of the free inverse semigroup F'I4 generated by A with respect
to the ideal generated by the relators. The class of finitely presented inverse semigroups
with zero defined by presentations (1) may now be formally referred to as 9Mp;.

The content of a word w € B*, denoted by content(w), is the set of letters from A that

appear in w or w™!. If wy,...,w, € B* then denote by (w1, ...,w,) the subsemigroup of
BT generated by wy, ..., w,, which we may regard as a subset of F'I4 or of S in context. In
contrast, denote by Inv(wi, ..., w,) the inverse subsemigroup of S generated by wi, ..., wy.

We use the symbol = to denote literal equality of words, that is, wy = wy means that words
wy and wy coincide letter by letter. If v,w € B* and w = zvy for some x,y € B* then we
call v a subword (or factor) of w. Recall that w is reduced if w does not contain zx~! as
a subword for any letter z € B, and that w is cyclically reduced if w and w? are both
reduced (whence all powers of w are reduced).

Reference to Green’s relation J throughout will be with respect to FI14. Call a word
u a divisor of a word v if the equation v = sut holds in F'I4 for some s,t € B*. Recall
that elements of FI4 may be regarded as birooted word trees (introduced for the first
time in [27] and referred to also as Munn trees), the terminology and theory of which are
explained in [16] (see also [43, Section 2]). As in [43], denote the word tree of a word w
over B by T(w). Two words are J-related if and only if their word trees are identical. If
u and v are words, then T'(u) is a subtree of T'(v) if and only if v divides v. If X and Y
are sets of words, regarded as subsets of F'I4, then we write X =7 Y if there is a bijection
between X and Y that respects J. Recall also that an element s of a semigroup S with
zero is nilpotent if some power of s is zero.

Any given element w of F'I4 may also be expressed as

-1

w = ulufluzugl S WU, W

for some nonnegative integer r and reduced words uq,...,u,,w, and we call w the reduced
part of w. If r is as small as possible, so that no u; can be an initial segment of wu;
for ¢ # j, then the previous expression for w is called the Schein (left) canonical form
of w (see [35]), which is unique up to order of idempotents. It follows from the Schein
canonical form that a Rees quotient of a free inverse semigroup is finite if and only if there
are finitely many reduced words that are nonzero, and this occurs, in the case that the Rees
quotient comes from the class Mgy, if and only if all monogenic subsemigroups of the Rees
quotient generated by reduced words are nil. In particular, any infinite subsemigroup of
a Rees quotient of a free inverse semigroup from the class 9F; contains a free monogenic
subsemigroup.

The following fact is used implicitly, where we may exchange some letters with their
formal inverses as generators. Suppose that S is given by the presentation (1) and write
A ={ay,az,...,a,} where |A| =n. Put A" = {a]',a3?,...,a5"} where e1,...,e, € {£1}.

Suppose further that ¢, J ¢ for ¢ = 1,..., L. Then, interpreting formal inversion of
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generators in the usual way, it is clear that
B = Au)t
and
S =Inv(A |c;=0 for i=1,...,L).
When writing about or using presentations of the form (1) in the text of this paper, we
make the following underlying assumptions:
(i) The alphabet A is finite and |A| > 2.
(ii) The number L of relators is at least one.
(iii) No relator is J-equivalent to a single letter from A. (In particular, this guarantees
that S is not a free monogenic inverse semigroup with zero.)
(iv) No relator J-divides any other relator in the presentation for S. (If this were not

the case then we could delete a relator without changing the Rees quotient.)
(v) At least one relator is J-equivalent to a reduced word.

These assumptions may be referred to collectively as the irredundancy of the presentation.
Condition (v) is included, because if it failed then there would exist at least two letters
a,b € A that generate a noncyclic free subsemigroup (see remarks following Theorem 2.1
of [44]), so that the growth of S would become exponential for a trivial reason, and the
presentation would not be interesting from our point of view.

Condition (iv) is useful because of the following simple proposition that is used repeatedly
and implicitly in what follows:

Proposition 2.1. Let S1 and Sy be semigroups described by irredundant presentations
Sl = <A1 | CiZO for ’iZl,...,L>

and

Sy = (Ay| ;=0 for i=1,...,L").
Then Sy and So are isomorphic if and only if L = L' and there is a bijection (3 : Ay UAl_1 —
Ay U AQ_I, which induces a bijection between words over the respective extended alphabets,
and a permutation m of {1,..., L} such that

ciB T ci fori=1,...,L.
Call a presentation of the form
S = (A|d,=0 for i=1,...,L") (2)

two-standard if it is irredundant and each ¢, has the form a?, ab, ab™! or a~!b for some
a,b € A, that is, all relators are reduced words of length two belonging to distinct J-classes
and one or both letters in any given relator belong to A.

A useful consequence of condition (iii) of irredundancy is that every relator contains a
reduced subword of length two and, in particular, no relator can have the form aa™! or
a~'a for a € A. Thus, if an inverse semigroup S is given by an irredundant presentation of
the form (1), then one may form a two-standard presentation of the form (2) where L' < L,
representing a homomorphic image of S, by replacing each relator by a reduced subword of
length two, removing any duplicates up to J-equivalence, and making sure each of these
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reduced subwords of length two contains at least one letter from A (by inverting a word,

if necessary). The two-standard presentations that arise in this way are not necessarily

unique and the corresponding homomorphic images of S may be non-isomorphic.
Consider a semigroup S given by (1), where A = {a1,...,an} is fixed:

S = {(ay,...,an|c;=0 for i=1,...,L). (3)

Inverse subsemigroups of S generated by subsets of A have presentations that are inherited
from (3). We make this precise using the following notation. Let X be a nonempty subset
of A of size m, and write

X = {ail, ey aim},
where i1, ...,1,, are distinct elements of {1,...,n} (typically written in increasing order).
Put C ={cy,...,cr} and
D = {ceC|content(c) C X} .
If D is empty then Inv(a;,,...,a;,) is free and we define
Sx = Inv(a;,...,a;,) {0},
which is a free inverse semigroup of rank m with zero adjoined. Suppose that D is nonempty
(the case that typically concerns us). Then 0 € Inv(a;,,...,a;, ), and we now simply put
Sx = Inv(ai,...,a;,) .
We also write

Sitreim = Sx -

m

Suppose that D is of size £ > 0, and write
D = {di,...,ds} .

Now consider the semigroup S x defined by the following irredundant presentation, as an
inverse semigroup with zero:

§X = II’lV<CLi1,...,CLim|d1:...:dg:0>.

The nonzero multiplication of elements inside Sx may be identified with the same multi-
plication regarded as elements of FIx (identified as a subset of FI4), and a product of
words becomes zero in Sy precisely when a relator from D divides it. Hence the natural
identification of nonzero elements of Sx with elements of F'Ix induces an isomorphism from
Sx to S x, regarding the latter as a Rees quotient of F'Ix. Hence there is no confusion,
throughout this paper, by making the identification

Sx = Sx = Inv{ai,,...,ai, |di=...=dy=0). (4)

We recall some terminology concerning growth of semigroups. Consider a semigroup 7T
generated by a finite subset X . The length £(t) of an element ¢t € T' (with respect to X )
is the least number of factors in all representations of ¢ as a product of elements of X , and

gr(m) =[{t €T [ ((t) <m}|

is called the growth function of T'. Recall that T has polynomial growth if there exist natural
numbers ¢ and d such that gp(m) < gm?® for all natural numbers m, and exponential
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growth if there exists a real number a > 1 such that g,(m) > o™ for all sufficiently large
m.

We recall the well-known notion of bounded height (first introduced by Shirshov [37]).
Let X be a subset of a semigroup 7'. Denote by (X) the subsemigroup of 7" generated by
X. If s € (X) can be expressed as a product s = h{" ... hg’“ for some hi,...,hr € X and
positive integers a1, ...,ar, and k is as small as possible, then we say the height of s with
respect to X is k. We say that a subset K of T has height bounded by k if there exists a
finite subset X of K such that K C (X) and the height of elements of K with respect to
X is at most k. One of the main results of [44] is that a semigroup from the class M p; has
polynomial growth if and only if it has bounded height.

We recall a graphical technique of central importance, explained in detail in the next
paragraph, that is a modification of an idea due to Ufnarovsky [33] [34] (see also [29, Chapter
24]) in the setting of monomial algebras. This idea has wide applicability and arises in
other settings (see, for example, De Bruijn [7] and [24, Chapter 1] where the terminology
De Bruijn graph is introduced, and Rauzy [31], where subgraphs of De Bruijn graphs are
introduced, related to the combinatorics of infinite words). A related construction is used
by Gilman [11] for calculating degrees of growth and solving a word problem in a class of
groups and monoids given by certain finite presentations.

Consider an irredundant presentation (1) for an inverse semigroup S. We recall the
technical definition, modified for our particular context, of the Ufnarovsky graph I' = I'g
of S (depending on the presentation), which is the key tool used in [43], modified again
slightly in [44], and used extensively in [10]. Put d+ 1 = max{{(¢;)|i=1,...,k} and

d+1=max{/(c)]|cis a reduced word J —equivalent to some relator } .

Then d exists by condition (v) of irredundancy, and may be found by inspecting word trees
of relators. By condition (iii) of irredundancy, no word is J-equivalent to a single letter,
so d > d > 1. Vertices of I' = I'g are defined to be reduced words of length d that are
nonzero in S'. If v; and vy are vertices then a directed edge from v; to wo is defined in
' if there exist letters g,h € AU A~! such that vyg is a reduced word that is nonzero in
S and v1g = hvy. We regard the letter g as a label for this edge. Paths in T' may then
be labelled by reduced words that are nonzero in S. Conversely if w = vu = u/v’ is any
nonzero reduced word where v and v’ have length d then u labels a path in I" emanating
from v and terminating at v’. By a cycle in ' we mean a path that starts and finishes at
the same vertex. By a loop at a vertex v we mean a cycle that begins at v using no other
vertex more than once. Recall from Section 3 of [43] that (z, P) is an adjacent pair if z is
a reduced word that labels a loop in I' at a vertex v and P is a letter labelling an edge
that emanates from v and terminates outside the loop. Combining Theorems 2.1, 3.3 and
4.3 of [44] and Lemma 3.2 of [43], we have the following criteria for polynomial growth:

Theorem 2.2. Let S be given by an irredundant presentation (1). Then the following
conditions are equivalent:

(a) S has polynomial growth.
(b) S does not contain any noncyclic free subsemigroups.
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(¢) The set of reduced words that are nonzero in S has bounded height and all reduced
words that are not cyclically reduced are nilpotent (with index of nilpotency < d+1).
(d) (i) I's has no vertex contained in different cycles; and
(ii) if (z, P) is an adjacent pair in T's then z¢F1PP~1:4+1 =0 in S.
A sufficient condition for polynomial growth (which becomes necessary if every relator is
J-related to a reduced word) is

(e) (i) T's has no vertex contained in different cycles; and
(i) if (2, P) is any adjacent pair then (2%, P) is not adjacent.

The substance of the following result was remarked upon at the end of Section 3 of [43]:

Proposition 2.3. Let S be given by an irredundant presentation (1). Then the following
conditions are equivalent:

(a) The semigroup S 1is finite.

(b
(c

(d) Every monogenic subsemigroup of S generated by a reduced word is nil.

) Only finitely many reduced words are nonzero in S.
) The graph T's has no cycles.
)

The following observation was noted in the third paragraph of the Introduction and is
proved here:

Proposition 2.4. Let S be given by an irredundant presentation (1). Then the language

L of geodesic words that are nonzero in S is rational if and only if S is finite.

Proof. If S is finite then L is finite so clearly rational. Suppose then that S is infinite,
so that I's has at least one loop. Let u be the label of this loop. Then wu is a cyclically
reduced (and primitive) word over the alphabet B = AU A~!. Thus, u" is nonzero in S,
for any integer n, and u is a geodesic word in S and also in F'I4. Let H = Inv(u) be the
inverse subsemigroup of S generated by u. Since w is not an idempotent in FI,, then H
is isomorphic to the free monogenic inverse semigroup Fi of F'I4 generated by u (see [32]).
Furthermore, since u is cyclically reduced, every word over B which is geodesic in H can

be uniquely written in one of the following forms:
uuuuPu? ) WPuTPuT e (0, 8,0 >0, a+B+60#£0), (5)

exhausting all possible (canonical) geodesic forms for elements of Fj. Clearly, all of these
words are nonzero in S. Let p be the syntactic congruence on the language £. We show
that there are infinitely many distinct p-classes. Indeed, let £; be the language of elements
of H that take the geodesic forms in (5). Put U, = u " !4 and X,, = u"2u~!, for each
odd positive integer n. Clearly, all U,, X,, and U,X,, are words in £;. Consider positive
odd integers i and n with ¢ < n. Then, using the fact that n —¢ — 1 > 1, and calculating
in F'I4, noting that all words are nonzero in S, we have

Uan‘ o ufnfluulJrQufl o ufnfluerQuufl o ufn+z+2ufl(ufz72uz+2)(uufl)

— ufn+z+2u71(uufl)(ufzf2u2+2) _ ufn+z+2uflu7172uz+2 o ufnfluerQ .

This shows that the word U,X; is equal in .S to a word of lesser length, and so cannot be
geodesic. Thus, in contrast with U;X; € £1 C L, we have U,X; € L. This shows that
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the p-congruence classes of U; and U, are distinct. Since n can be made arbitrarily large,
this shows that there are infinitely many syntactic congruence classes with respect to the
language £, completing the proof that £ is not rational. O

Consider an irredundant presentation (1) for S with generating set A. Let X be a
nonempty subset of A. We call X left orthogonal if zy~ = 0 in S for all distinct z,y € X.
In particular, X is (trivially) left orthogonal if | X | = 1. Note also that if X = {x1,...,zx},
where |X| = k > 2, then X is left orthogonal if xixj_l =0inSforl <i<j<k In
particular, if a and b are distinct letters and ab~' = 0 in S then {a,b} is left orthogonal.
The following two lemmas are used repeatedly below in the proofs of the main theorems in
Section 7.

Lemma 2.5. Suppose that S is given by an irredundant presentation (1) with generating
set A which is the disjoint union A = A1 U As of nonempty subsets Ay and As such that
Ay is left orthogonal and Ay(Ay U A3Y) = {0} in S. Then the following hold:
(a) If the sets of nonzero reduced words in Inv(A1) and Inv(Asg) respectively have bounded
height then the set of reduced words in S has bounded height.
(b) IfInv(A;) has polynomial growth and Inv(As) is finite then S has polynomial growth.

Proof. Put Ty = (A1), Th = Inv(A4;) and T = Inv(Az). From the earlier discussion linking
presentations (3) and (4), we may identify 77 and T with the presentations S4, and Sy,
respectively. By hypothesis, we have

ToT, = {0}. (6)
Consider reduced words s € T; and u, v € Ty that are nonzero in S. It follows from (6) and
left orthogonality of A; that (i) sv # 0 in S implies s € Ty ', and (ii) us # 0 in S implies
s € Tp. In particular,
usv = 0 in S. (7)
Hence, every reduced word w that is nonzero in S has a factorisation
w = svt (8)

for some s € Ty ' U {1}, t € To U {1} and v € Ty U {1}, where not all of s,¢,v are empty.
Thus, if the sets of reduced words that are nonzero in 77 and 75 respectively have bounded
height, it is immediate that the set of nonzero reduced words in S also has bounded height.
This proves part (a).

We now prove part (b). Suppose that 77 has polynomial growth and T is finite. By part
(c) of Theorem 2.2, the set of reduced words that are nonzero in T} has bounded height, and
reduced words that are not cyclically reduced are nilpotent. We verify that S has the same
properties. Trivially, by finiteness, the set of nonzero reduced words in 75 has bounded
height. By part (a), the set of nonzero reduced words in S has bounded height.

It remains to verify that all reduced words in S that are not cyclically reduced are
nilpotent. Let w be a reduced word that is nonzero in .S and is not cyclically reduced. Then
w = svt has a factorisation given by (8). If v is empty then w = st is a reduced but not
cyclically reduced word in 77, so is nilpotent. Hence we may suppose that v is nonempty.
Observe that

w? = sv(ts)vt .
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Let z be the reduced part of ts, that is z = ts (the result of evaluating ts in the free group),

2. If z is nonempty, then vzv = 0 in S by (7), so that w? = 0 in

S, whence w is nilpotent. Hence we may suppose that z is empty, so that w = svs™!.

so that vzv divides w

But v is nilpotent, by part (d) of Proposition 2.3, since T is finite. It follows that w
is nilpotent also, since powers of v always divide corresponding powers of svs~™! in the
free inverse semigroup. This completes the proof that all reduced words in S that not
cyclically reduced are nilpotent. Hence S has polynomial growth, by part (c¢) of Theorem
2.2, completing the proof of part (b) of this lemma. O

Lemma 2.6. Suppose that S is a semigroup with polynomial growth given by an irredundant
presentation (1) with generating set A that is the disjoint union A = Ay U As of nonempty
subsets A1 and As. Suppose that there exists some letter a € Ay such that whenever ¢ is a
relator in the presentation (1) such that

a € content(c) and content(c) N Ay # 0,
then there exists some letter b € Ay such that
cJ ab or cJ ab™ 1.
Then the inverse subsemigroup Inv(As) of S is finite.

Proof. Put T = Inv(As). Suppose that T is infinite. By part (d) of Proposition 2.3, there
exists a reduced word v € T' that generates an infinite monogenic subsemigroup of 7. Put
w = a~'va. Then w is a reduced word that is not cyclically reduced, so w is nilpotent by
part (c) of Theorem 2.2. Hence w? = 0 in S for some positive integer . Thus there is some
relator ¢ that divides w?. If a ¢ content(c) then ¢ must divide v?, so that v¥ = 0 in T,
contradicting that v generates an infinite monogenic subsemigroup. Hence a € content(c).

We first show that content(c) # {a}. Suppose to the contrary that content(c) = {a}, so
that ¢ is J-related to some power of a. By inspection, the only powers of a that divide
w?Y are a*!. Hence ¢ J a. But this contradicts condition (iii) of irredundancy of (1). This
shows that content(c) # {a}, so that content(c) N A2 # (. Hence, by hypothesis, there is
some letter b € Ay such that ¢ J ab or ¢ J ab~!. But, by inspection, neither ab nor ab—!
can divide w”, which yields a contradiction. This proves that 7" is finite. O

The following results from [10], Theorems 5.2, 6.1 and 9.1 respectively, are also founda-
tional for the main arguments in this article, so are reproduced here for ease of reference,
with very slight modifications, suitable for our context:

Theorem 2.7. If S is given by an irredundant presentation (1) with L relators and S
contains mo noncyclic free subsemigroups then L > 3.

Theorem 2.8. If S is given by an irredundant presentation (1) with L = 3 relators then S
has polynomial growth if and only if

S = (a,bla®*=b=ab=0) or S = (ablab=a"b=C=0),
where C divides a"b~'ba” for some positive integer .

Theorem 2.9. If S has polynomial growth and is given by an irredundant presentation (1)
with L relators and none of the generators (elements of A) are nilpotent then L > 3n(n—1).
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3. NOTATION FOR TWO-STANDARD PRESENTATIONS

We introduce some notation pertaining to two-standard presentations that will be useful
in developing lemmas and theorems in the next section. Suppose that S is given by a
two-standard presentation

S = (Al¢=0for i=1,...,L)
where A = {ay,...,a,}. Leti,57 € {1,...,n}, with i # j. Put
pij = {ck |ke{l,...,L} and content(cy) = {ai,a;}}

and

Rij = |pisl -
Recall that if X, Y C S\{0} then we write X =7 Y when there is a one-one correspondence
between X and Y such that corresponding elements are J-related. Note that if w is any
word over B then w J w™ L.
Because all relators are reduced words of length 2, it is clear that each of ¢y,...,cy with
content {a;,a;} is J-equivalent to one of

aaj, aja;, aiaj_l = (ajaz-_l)fl or aj_lai = (ai_laj)fl .

Thus, condition (iv) of irredundancy guarantees that p; ; =7 X for some subset X of

i alta;} .

{a;a;, aja;, aja i
In particular, if R;; = 2 then there are exactly six possibilities for p; ;, determined up to

J-equivalence. If

pij =g {aiaj,ajai} or pij =z {aia;17a;1ai},

then we say that p; ; is an even pair. When p;; is an even pair then there is a pair of
+1

cycles in the subgraph of I'g involving the vertices a; ,afl, the two possibilities depicted

in Figures 1 and 2.

/_\
OO
Sl

\_/

FIGURE 1 FIGURE 2

If R; ; =2 and p; ; is not even, then we say that p; ; is an odd pair, in which case
_ -1 -1 -1 -1
pij =g {aiaj,aia; }, Haiaja; ajt, {ajai,aia; "} or {ajai,a; ait .

When p; ; is an odd pair then there are no cycles in the subgraph of I's involving the vertices
aiﬂ, a]il, and, in fact, one vertex behaves like a source and the vertex corresponding to its
inverse behaves as a sink, the four possibilities depicted in Figures 3, 4, 5 and 6.
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FIGURE 3 FIGURE 4

FIGURE 5 FIGURE 6

In the case that

pij =g {aiaj, a0}y =7 {aja; " a5 a
then we say a; dominates a; from the left and also a;l dominates a; from the right. The
notion of domination from the left is useful, because if w is any word over the alphabet B
+1

for which a; is the last letter of w, and a; dominates a; from the left, then the words wa;

and ajﬂw_1 are zero in S. Similarly, if a; dominates a; from the right, and w is a word
beginning with a; then the words a;-—Llw and uflcc?El are zero in S. Later, in the context

of polynomial growth, we set up chains of domination, and domination from one side can
become a transitive relation.

Observe, in each of the diagrams corresponding to the four odd pairs, there is a unique
vertex that behaves like a sink, and this is represented by the unique generator that domi-
nates from the left: in Figure 3, a; dominates a; from the left; in Figure 4, aj_l dominates
a; from the left (so a; dominates a; from the right); in Figure 5, a; dominates a; from the
left; in Figure 6, a; ' dominates a; from the left (so a; dominates a; from the right).

4. EXAMPLES

The following examples illustrate some important special cases of the three types of
phenomena described in Theorem 1.2 above and Section 7 below. Some graphs of particular
presentations using three generators are also given here, which may assist the reader in
digesting the general analysis that takes place later in the article.
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Ezample 4.1. This is an example of the phenomenon in part (2) of Theorem 1.2 where case
(a)(i) occurs, so that all generators are nilpotent. Let n > 3 and consider any choice of
fixed integers ps, ..., pn > 2. Consider the semigroup

S = (a1,...,an | a2 =d% = a;)j =a1a; " = aja; = alaj_l
:aiaj:aiaj_lzo, 2<i<j<n).
Note that n? — 1 relators appear in this presentation. Also, if p3 = ... = p, = 2, then S is

isomorphic to the semigroup described in Example 9.4 of [10]. The graph I'g is pictured in
Figure 7, in the special case that n = 3 and p3 = 2:

=

/_\

FIGURE 7

Note that, in tracing the word that labels a path in the graph of Figure 7, the label of any
given edge is the letter denoting the target vertex. We describe explicitly the language of
all reduced words that are nonzero in S. First put

2 = ai(agar) (a2 U1) and %, = as(araz)* (a1 U1),

which are the languages consisting of reduced words over the alphabet {aj, a2} that are
nonzero in S and begin with a; and as respectively. Put

Now put
# = {w | w is nonempty and reduced of the form w = az™...a, "al" ... aé?’
for some (i3, ... i), (j3,...,7n) € X} .
Note that, in the above form for w € ¢, since w is reduced, if one of i,, or j, is nonzero then
the other is zero, and if ¢,, = j,, = 0 and one of 4,,_1 or j,_1 is nonzero then the other is zero,
and so on. Then, because a; dominates a; from the left, whenever 3 < i < j < n, we have
that ¢ is the finite language of all reduced words over the alphabet {a3",...,a;'} that

Lay and ay La1 are nonzero in S , and since a1 and as dominate

are nonzero in S. Since aj
a; from the left for j > 3, the language . of reduced words that are nonzero in S U {1}

can be described by the rational expression

L = (LTuLTu)H( QUL U U(LTTUD(LUD UL TuD (L UT).
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Then .Z has height bounded by seven, relative to .# U {aT!, ax!, (a1a)*?, (aga;)*'} (since
A and % have height bounded by three relative to {afl,aéd, (a1a2)™!, (agar)*'}). By
an argument based on the proof of part (b) of Lemma 2.5, all reduced but not cyclically
reduced words are nilpotent, so S has polynomial growth, by part (c) of Theorem 2.2.

Ezample 4.2. This is an example of the phenomenon in part (1) of Theorem 1.2 where all
but one of the generators are nilpotent. Let n > 3 and consider any choice of fixed integers
P2, ...,Pn > 2. Consider the semigroup

S = <a1,...,an\azf:...:aﬁ":aiaj:aiaj_l:O, 1<i<j<n).

Again, n? — 1 relators appear in this presentation. The graph I'g is pictured in Figure 8, in
the special case that n = 3 and py = p3 = 2:

4/\
Ce)—()——=)
COH—@——@

\/'

FIGURE 8

To describe the language .Z of reduced words that are nonzero in S U {1}, now put
X = {(’LQ,,ZTL) ‘ OSZQ §p2,...,0§in Spn} .

and

# = {w | w is nonempty and reduced of the form w =ay"*...a,"al"...a}

for some (ig, ... i), (j2,.--,7n) € X} .
Again £ is finite and now, by inspection,
&L = (a7 HajU (a7 Udal .
Clearly .Z has height bounded by three, relative to 2 U {afl}. Again, by an argument

based on the proof of part (b) of Lemma 2.5, all reduced but not cyclically reduced words
are nilpotent, so S has polynomial growth, by part (c) of Theorem 2.2.

Ezample 4.3. This is an example of the phenomenon in part (2) of Theorem 1.2 where case
(a)(ii) occurs, so that all but two of the generators are nilpotent. Let n > 3 and consider
any choice of fixed positive integers p; and po and integers ps,...,p, > 2. Consider the
semigroup

S = (al,...,an]a§3:...:ag":aglalafla’g?:aiaj:aiaj_lzm 1<i<j<n).



16 L.M. SHNEERSON AND D. EASDOWN

Note again that n? — 1 relators appear in this presentation, but, by contrast with the
previous two examples, one of the relators is not J-equivalent to a reduced word. If we
remove that relator we get the following presentation in which all relators are reduced:

n o _1_ . .
So = (a1,...,a, |aB® = ... =al = a;a; = aa; =0, 1<i<j<n).

Both S and Sj have identical languages of nonzero reduced words. The graph I'g, is pictured
in Figure 9, in the special case that n = 3 and p3 = 2:

m
Cl)—()——=
C——

\/

FIGURE 9

Note that the graph I'g, is identical to the graph displayed in Figure 8, for Example 4.2,
except for the addition of loops at the vertices az and a5 L It follows, by Theorem 1.1
(proved below as Theorem 5.13), that Sy has exponential growth, since the presentation
uses fewer than n? — 1 relators. One can see this directly by part (d)(ii) of Theorem 2.2,
since (ag,a1) is an adjacent pair but agalaflag is nonzero in S.

As in Example 4.1, put

X = {(i37--'ain>|0§i3<p3>-"70§in Spn}

and
# = {w | w is nonempty and reduced of the form w = a3 ...a, "al" ... a?
for some (i3, ... i), (j3,...,7n) € X} .
Then % is the finite language of all reduced words over the alphabet {agcl, ...,at'} that
are nonzero in Sg. By inspection, the language .Z of reduced words that are nonzero in
So U {1} (and therefore also in S U {1}) can be described by the rational expression

Z = (a")(ay "y Hazai U (ar ) ((ag") Va3 U (a3 ") Uad))ai) -

Clearly .Z has height bounded by five, relative to J# U {afl, aétl}. Again, by an argument
based on the proof of part (b) of Lemma 2.5, all reduced but not cyclically reduced words
are nilpotent in S (though certainly not in Sp), so S has polynomial growth, by part (c) of
Theorem 2.2.
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5. LOWER BOUNDS FOR POLYNOMIAL GROWTH

In the following proofs, graphical criteria for determining polynomial or exponential
growth in Theorem 2.2 will be used so often that they may be applied without explicit
reference. The first lemma severely constrains the nature of relators in a two-standard pre-
sentation, for a semigroup with polynomial growth, when the relators come in pairs with
the same content.

Lemma 5.1. Suppose that the presentation for S is in two-standard form. Let i, j be distinct
positive integers and suppose that a; is not nilpotent. If (i) p; ; is an even pair, or (ii) p; ; is
an odd pair such that a; dominates a; from the right or left, then S has exponential growth.

Proof. If (i) holds then a; is a vertex of I'g contained in two cycles, one labelled by a;
;1ai (since p;; is an even pair), so S
has exponential growth. If (ii) holds, then, without loss of generality, we may suppose
pij = {aia;,a; a;}, so that (ai,ajl) and (a;l,ajl) are adjacent pairs with respect to
I's, so S has exponential growth, by part (e) of Theorem 2.2, noting that all relators are

(since a; is not nilpotent) and another by aja; or a

reduced, since the presentation is in two-standard form. ]

The next lemma shows that, under certain conditions, domination from one side is tran-
sitive.

Lemma 5.2. Suppose that the presentation for S is in two-standard form. Let 1,7,k be
distinct positive integers such that a; is not nilpotent and R; j = R;, = Rj, = 2. Suppose
that p;j and p; are odd pairs such that a; dominates a; from the left, and a; dominates
ay, from the left. If S has polynomial growth then p;j is an odd pair and a; dominates ay,
from the left.

Proof. Suppose that S has polynomial growth. By part (i) of Lemma 5.1, p;; is an odd
pair, and by part (ii), a; does not dominate a; from the right or left. Therefore, a; must
dominate aj, from the right or left. By hypothesis, a?, a;a; and a,;laj are nonzero in S. If
a; dominates ag from the right then the word aia,;l is also nonzero in S, so that the vertex
a; is a vertex of I'g contained in two cycles, one labelled by a; and another by aiaglaj,
contradicting that S has polynomial growth. Hence a; dominates ag from the left. O

Lemma 5.3. Suppose that the presentation for S is in two-standard form. Let i,j,k be
distinct positive integers. If p; ; and pjy are even pairs then S has exponential growth.

Proof. Without loss of generality, we may suppose that p; ; = {a;a;,a;a;} and either
(i) pjr = {ajar,ara;} or (i) pjr = {ajalzl, a,;laj} .

In both cases, ai_laj labels a cycle at the vertex a; in I's. But alglaj and apa; label another
cycle at aj, in cases (i) and (ii) respectively. In both cases, S has exponential growth. [

Corollary 5.4. Suppose that the presentation for S is in two-standard form. Let i,j,k be
distinct positive integers. If either (i) R;j <1 and Rj, <1, or (ii) R;; =1 and pjy is an
even pair, then S has exponential growth.
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Proof. We can add at least two relators in case (i), and one relator in case (ii), to form
a homomorphic image of S for which p;; and p;; become even pairs. This image has
exponential growth, by Lemma 5.3, so that S has exponential growth. O

Lemma 5.5. Suppose that the presentation for S is in two-standard form. Let i,j,k be
distinct positive integers. Suppose that p; j and p; ) are odd pairs such that a; dominates a;
and ay, from the left. If p; 1 is an even pair then S has exponential growth.

Proof. Suppose that p;j is an even pair. Since a; dominates a; and aj from the left, we
have

pij =g {aiaj,aia;'y  and  pip =g {aiar, aiag '}
Since pj . is even, we have either

(1) pik =g {ajar, aras}, or (i) pjx =g {aja;",a; tax}.
In case (i), (a;'a;,a;) and (aj_lak,ai) form adjacent pairs, and, in case (ii), (axa;, a;) and
(a;lagl, a;) form adjacent pairs with respect to I's. In both cases, S has exponential growth,
by part (e) of Theorem 2.2, noting that all relators are reduced, since the presentation is in
two-standard form. O

The next lemma plays a crucial role in the development of our main theorems below.

Lemma 5.6. Suppose that S is a semigroup having a two-standard presentation, with n > 3
generators, such that
pre =g {may'},
and that j is an integer such that 2 < j < n and Ri1; = Rpj = 2. If S has polynomial
growth then
prj =g {maj,aia;'y  and  pyj =g {aza;,a0; '},

so that a1 and az both dominate a; from the left.

Proof. Suppose that S has polynomial growth. Note that, by hypothesis, the words ajas,
al_lag and aga; are nonzero in S. Without loss of generality, we may assume j = 3. By
part (ii) of Corollary 5.4, both p; 3 and pa 3 are odd pairs.

We first prove that asza; is not J-related to an element of p; 3 (that is, neither aga; nor

1a§1 is an element of p; 3). Suppose to the contrary that asa; is J-related to an element

aq
of p1,3. Because p1 3 is odd, we have that ajas is nonzero in S. Because p2 3 is odd, we have
that agagl is nonzero in S, or a;lag is nonzero in S (but not both). If agagl is nonzero in
S then

asaq and a3a2_1a1
both label cycles at the vertex a; of I'g, contradicting that S has polynomial growth. If

as 1&2 is nonzero in S then
d -1 -1
(aza1,as) an (a1 a3, az)

are adjacent pairs with respect to I'g, again contradicting that S has polynomial growth.
This completes the proof that aga; is not J-related to an element of p 3.

We now prove that aflag is not J-related to an element of p1 3. Suppose to the contrary
that aflag is J-related to an element of p; 3. Because p; 3 is odd, we have that alagl is
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nonzero in S. Because py 3 is odd, we have that asas is nonzero in S, or azag is nonzero in
S (but not both). If agas is nonzero in S then

aias and agal_lag

label cycles at the vertex as of I'g, contradicting that S has polynomial growth. If asas is
nonzero in .S then

1(12_1, a3_1)

(azay, agl) and (ay
are adjacent pairs with respect to I'g, again contradicting that S has polynomial growth.
This completes the proof that a;lag is not J-related to an element of pi 3.

Because pj 3 is odd, the previous observations prove that p; 3 =7 {a1as, alagl}. By the
same argument, interchanging the roles of a; and ag, noting that agal_l = (a1ay 1)*1, we
have p23 =7 {azas, agag_l}, and the lemma is proved. O

Lemma 5.7. Suppose that S is a semigroup having a two-standard presentation, with n > 3
generators. Let i,7,k be distinct positive integers such that R; ; = R; = 2 and Ry < 3.
If a; is not nilpotent, and a; dominates a; from the left and ay from the right, then S has
exponential growth.

Proof. Suppose that a; is not nilpotent and dominates a; from the left and aj from the
]
one of the following words is nonzero in S:

right. Then a?, aja;, a; a;, a;a and aiagl are all nonzero in S. Because R;; < 3, at least
. — ) — .01 .
wi = ajag, W2 =agGj, W3=a;a; , Wi=a; a;.

Put

1

— 1
ap a

;G if wy is nonzero in S,
aRa;a; if w9 is nonzero in S,
aka;1a¢ if w3 is nonzero in S,
a,;lajai if wy is nonzero in S.
In each case a; and w label different cycles at the vertex a; in I'g, so that S has exponential
growth. O

Lemma 5.8. Let S be a semigroup having a two-standard presentation, with at least four
generators, such that R1 2 = R34 = 1. If S has polynomial growth then

Riz+Roz+Risa+Roy > 10.

Proof. Suppose that S has polynomial growth, and, by way of contradiction, that the
conclusion fails. By part (i) of Corollary 5.4, we have Ry 3, R 3, R14, Ro4 > 2, so that

8 < Rig+Rog+Rig+Roy < 9.

It follows that at least three of Ry 3, Ra3, R4, R24 must be exactly 2. Without loss of
generality we may suppose

p12={a1ay'}, psa={aza;'}, Riz=Rao3z=Ria=2.

By the first half of the conclusion of Lemma 5.6, we have p; 3 =7 {a1as, alagl}. But by
Lemma 5.6 again, applied now to as in place of a1, a4 in place of a2, and a; in place of as,
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we have p13 =7 {agal,agafl}. But ajas is not J-related to azaq or agal_l, so we get a
contradiction, and the lemma is proved. ]

Lemma 5.9. Let S be a semigroup having a two-standard presentation, with at least three
generators, such that a; and az are nilpotent, as is not nilpotent and R12 = 1. If S has
polynomial growth then

Ri3+ Ry3 > 6.

Proof. Suppose that S has polynomial growth, and, by way of contradiction, that the
conclusion fails. Then R; 3+ Ra3 < 5. By part (i) of Corollary 5.4, we have Ry 3, Ra3 > 2,
so that either (i) Ry 3 = Ra3 =2, (ii) R13 =3 and Ry3 =2, or (iii) Ry 3 =2 and Ry 3 = 3.
Without loss of generality we may suppose p1 2 = {a1a; ' }.

If (i) holds, then, p2 3 =7 {azas, agagl}, by Lemma 5.6, so that

(as,as) and (agl, az)
are adjacent pairs with respect to I'g, so that S has exponential growth, yielding a contra-
diction.

Suppose (ii) holds. By part (i) of Corollary 5.4, pa3 is odd. If po3 =7 {asas,azaz'}
or {azaz,az as} then (as,a2) and (ag',as) are adjacent pairs, or (a3,a; ') and (az',a;")
are adjacent pairs, respectively, with respect to I'g, yielding exponential growth, which is
impossible. Hence one of the following holds:

(a) p23 =g {acasz,a;'azt  or  (b) p23 =g {azaz,asa;'}.

Because Ry 3 = 3, one of the following words is nonzero in S:

w), = aiaz, W2 = asza1, Wz = ala?:l or wy = al_lag.

If w; # 0 then, in case (a), a3 and agajag label cycles at the vertex as in I'g, and, in case

1a2_1, a3) are adjacent pairs with respect to I'g. If wg # 0 then, in

1

(b), (az2a1,a3) and (a;
,agl) are adjacent pairs, and, in case (b), a3 and ajagas

label cycles at the vertex az of I's. If wz # 0 then, in case (a), (aza1,a3 ") and (a7 'ay ', azt)

case (a), (a1a27a§1) and (a2_1a1_

are adjacent pairs, and, in case (b), ag and al_laglag label cycles at the vertex ag of I'g. If
wy # 0 then, in case (a), ag and a;lafla;; label cycles at the vertex ag, and, in case (b),
(a1az,a3) and (ay'a;', a3) are adjacent pairs with respect to I's. All of these cases lead to
exponential growth, which is a contradiction.

Similarly, (iii) leads to a contradiction, completing the proof of the lemma. O

Theorem 5.10. Let S be a semigroup having a two-standard presentation, with n > 2
generators and L relators. Let p > 0 denote the number of integer pairs (i,j) such that
it <jand R;; = 1. If S has polynomial growth and all generators are nilpotent then 2p < n
and

L>n+pp-2).

Proof. Suppose that S has polynomial growth and all generators are nilpotent. Certainly
R;; > 1 for all i« < j, by Theorem 2.7. If p = 0 then R;; > 2 for all ¢ < j, so that
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L>n+ 2(72‘) = n?, verifying the theorem in this case. If p = 1 then, without loss of
generality, R1 2 =1 and R;; > 2 for all ¢ < j such that (4, j) # (1,2), so that

L > n—|—2<<g>—1>—|—1 — 21,

verifying the theorem in this case also.

Suppose that p > 1. If R; j = Ry, = 1 for some ¢ < j and k < £ such that (i,7) # (k,¢)
and {i,j} N{k, £} # () then S has exponential growth, by part (i) of Corollary 5.4, which is
impossible. Hence n > 2p and, without loss of generality, we may assume

RLQ = R3,4 = ... = Rgpflygp = 1.
Thus R; ; > 2 for all 4 < j such that (¢,7) & {(1,2),...,(2p — 1,2p)}. By Lemma 5.8, for
each s,t such that 1 < s <t < p, we have
Ros—12t—1 + Ras—1,2t + Rosot—1 + Rasoe > 10

A simple count now yields

2
L > n+p+10<g> +2(<Z> - <2p>> =n?+p’—2p.

This completes the proof of the theorem. O

Corollary 5.11. Suppose that S = (A | ¢; =0 fori = 1,...,L) has polynomial growth,
where A is an alphabet of size n > 2, and all of the generators (elements of A) are nilpotent.
Then L >n? —1.

Proof. Certainly S has a homomorphic image S’ given by a presentation in two-standard
form with L' < L relators, and S’ has polynomial growth. By Theorem 5.10, there is a
nonnegative integer p such that

LZL’2n2+p(p—2) ZnQ—l,
and the corollary is proved. O

We shall see shortly (Theorem 5.13 below) that we can remove the condition that all
generators are nilpotent in Corollary 5.11.

Theorem 5.12. Suppose that S has polynomial growth and is given by a presentation in
two-standard form with n > 2 generators and L relators such that m generators are not
nilpotent. Let p > 0 denote the number of pairs (i,j) such that i < j and R;j = 1. Then
2p <n—m and

3n%—5n+4 me:n_ 1
L > 2 5 ’
n2+p(p+2m—2)+% ifm#n—1.

Proof. Note that if R; ; = 1 for ¢« < j then a; and a; are nilpotent, because the inverse
subsemigroup of S generated by a; and a; has polynomial growth and, by Theorem 2.7,
at least three relators are required in the presentation restricted to words with content
contained in {a;,a;}. In particular, if m =n or m =n — 1 then p = 0.
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If m = n then, by Theorem 2.9, we have L > W =n?+ w, which agrees with
the second formula in this case.

Suppose m = n — 1. Without loss of generality a; is the only nilpotent generator. By
Theorem 2.7, we have Ry ; > 2 for all j > 2 and R; ; > 3 whenever 2 <4 < j. Thus

n—l) _ 3n®—bn+4

L >1+2(n-1
> 14+2(n )+3<2 5

Suppose now that m < n — 1. Without loss of generality, we may assume ay,...,ap—m
are the only nilpotent generators. Let L’ and L” denote the number of relators with content
contained in {aj,...,ap—m} and {ap—m+1,...,a,} respectively. By Theorem 5.10 above,
and by Theorem 2.9, we have, respectively,

3 —1
L' > (n—m)*+plp—2) and  L" > m(n;)
If p=0 then R; ; > 2 for all ¢ < j, so that L > L' + L" 4 2(n — m)m, whence

3m(m —1) m(m — 3)
2 2 ’
verifying the last part of the formula of the theorem in this case. Suppose henceforth that

L > (n—m)*+ +2(n—m)m = n®+

p > 1. As in the proof of Theorem 5.10, we have 2p < n — m, and we may assume
Rio = R3y = ... = Rop_19p = 1.

Thus R;; >2forie {1,...,n—m}and j € {n —m+1,...,n}. By Lemma 5.9, for each
se{l,...,ptandte{n—m+1,...,n}, we have

Ros_1t+ Rasy > 6.

Thus L > L'+ L" + 2(n — m — 2p)m + 6pm, so that

3m(m —1
L > (n—m)2+p(p—2)+(2)+2(n—m—2p)m+6pm
-3
= n2+p(p+2m—2)+m(m2)
This completes the proof of the theorem. O

We can now remove the condition that all generators are nilpotent in Corollary 5.11.

Theorem 5.13. Suppose that S = (A | ¢; =0 fori = 1,...,L) has polynomial growth,
where A is an alphabet of size n > 2. Then L > n? — 1.

Proof. As before, S has a homomorphic image S’ given by a presentation in two-standard
form with L’ < L relators, and S’ has polynomial growth. By Theorem 5.12, there are
nonnegative integers p and m such that

L>1 > et ftm=n-1,
T T o +2m—2) + S e 1,

But it is easy to check that each alternative is always at least n? — 1, and the theorem is
proved. O
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We deduce the following corollary for Rees quotients of finitely generated free inverse
semigroups, where these Rees quotients need not be finitely presented (which will be applied
in the final section):

Corollary 5.14. Let S be the Rees quotient of FI4 where A = {a1,...,a,} forn > 2 given
by the presentation

S =Inv(A|¢ =0 foriel),

where I is a nonempty indexing set (possibly infinite) and c; is a word over AUA™! that is not
J -equivalent to a single letter, for each i € 1. Then there exists a finite set D = {dy,...,dpn}
of smallest size m satisfying the following conditions:

(i) each dj, for 1 < j <m, is a reduced word of length 2 over AU A™%;
(ii) the ideal generated by D in FIy contains all ¢; fori € I.

If m < n? —1 then S contains a noncyclic free subsemigroup and therefore has exponential
growth.

Proof. Clearly D exists, since the set of all reduced words of length 2 over AU A~! is finite
and satisfies conditions (i) and (ii). Suppose that m < n? — 1, and put

= Aldi=...=d,=0).

Then the presentation for T is irredundant by the minimality of m, so is two-standard.
Hence T contains a noncyclic free semigroup by Theorems 5.13 and 2.2. The corollory now
follows because T' is a morphic image of S. 0

Scholium 5.15. From the proof of Theorem 5.13, the lower bound n? — 1 is achievable only
in the following cases, where n is the number of generators, m the number of generators
that are not nilpotent and p the number of pairs (7,j) such that ¢ < j and R; ; = 1 in any
two-standard presentation for a homomorphic image:
(i) n>2,m=1and p=0;

(i) n > 2, m =2 and p = 0;

(iii) n>2,m=0and p=1.
Let S = {(ai,...,an | c1,...,cr) be a two-standard presentation with n > 2 generators and
L = n? — 1 relators, and suppose that S has polynomial growth. Observe that R; ; > 0 for
all 4 # j, by Theorem 2.7. Thus, the generators and relators may be reordered, if necessary,
such that one of the following corresponding conditions hold:

(i) a3 =...=a%2 =0and R;; = 2 for each i # j;
(i) a2 =...=a2 =0, Rig=3and Ry j=R;j=2for2<i<j<nm;
(iii))) a?=...=a2=0,Ri2=1land By j=R;j; =2for2<i<j<n.

6. FINITE REES QUOTIENTS

In this section we prove that n? is the least number of relators necessary for finiteness
of the Rees quotient of a free inverse semigroup given by an irredundant presentation as
an inverse semigroup with zero using n generators. We give a precise description, up to
isomorphism, of all irredundant presentations that achieve this sharp n? lower bound.



24 L.M. SHNEERSON AND D. EASDOWN

To put these results in historical context, it follows from the Golod-Shafarevich Theorem
[12] and a result of Vinberg [49] that every finitely generated associative algebra over a
field given by n generators and < ”72 relators is infinite dimensional. Anick [2] conjectured
that for any d,n € N with d > %2 there exists a finite dimensional associative quadratic
algebra with n generators and d relators. Iyudu and Shkarin [18] proved that every finitely
generated quadratic semigroup algebra (that is, an algebra such that each relation is either
a degree two monomial or a difference of degree two monomials) with n generators and
d < ”%# relations is infinite dimensional and this estimate is sharp. Since the results of
this section also give the complete description of all finite dimensional inverse semigroup
algebras given by an irredundant presentation with n generators and n? relators that are
words over the alphabet AU A™!, this can be viewed as the proof of a generalised analogue
of the Anick conjecture for Rees quotients of free inverse semigroups and their semigroup
algebras. It may be noted that Kiyoshi Shirayanagi [36] found a classification of finite-
dimensional monomial algebras in terms of word trees related to some partially ordered
sets, in particular, showing that every finite dimensional monomial algebra has a unique
irredundant presentation up to a permutation of generators. (This result is also related to
Proposition 2.1 above).

We begin by giving a straightforward description of the corresponding result for Rees
quotients of free semigroups.

Proposition 6.1. Let S be a finitely presented Rees quotient of a free semigroup given by
the following presentation as a semigroup with zero:

S =Sgp(A|lci=...=¢,=0)

with |A| = n > 1 generators and k > 1 relators, where each relator is a word of length at
least two. If S is finite then k > % If k = w then S is finite if and only if

S = Sgplai,....,ap |a" =¢; =0, 1<i<j<n)

where the following conditions hold:
(i) pi >2 for1 <i<mn;
(ii

(iii

)
)
)
iv)
)
)

Cij = ;G5 for1<i<ji—1<n-—1;
¢iit1 € (aiair1)t U (aiaizr) a; for 1 <i<mn;
(iv) Cit1,i42 = @it1aiv2 if 2 <i+1<n and |c;it1| > 2;
(V) pit1 =21if 1 <i<n and |¢;it1| > 2.
(vi) pi=21if1 <i<n and |ciit1| > 3.
(Note that if n = 1 then the isomorphism is interpreted as S = Sgp(a; |a]* = 0) and

conditions (ii)-(vi) become vacuous.)

Proof. We may suppose that A = {aj,...,a,}. If S is finite then the presentation must
include relators of length at least two, with distinct contents, that divide powers of a; and
ajap for 1 <i<mnand1<j</{<n,sothat k>n+ n(n;l) = "("QH).

Suppose that k = % and S is finite. By the previous observation there must be

relators of the form af” for p; > 2, when 1 < < n, establishing condition (i), and

Cij € (aiaj)+ U (aiaj)Jrai U (ajai)Jr U (ajai)+aj R (9)
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%, each relator is unique with respect to content.

when 1 <17 < j < n. Because k =
We claim that, up to reordering the generators and rewriting the relators, we may suppose
that there is a total ordering

a; < ...<ap

of the generators and a partition
A=A1U...UA,_,

into disjoint subsets consisting of r subsets of size two and n — 2r subsets of size one, where
0 <r < % such that

(a) a; < a; if and only if 4 < j, which occurs if and only if ¢; ; begins with the letter a;;

(b) AqAg = {0} whenever 1 <a<fg<n—r;

(c) if |Aq| =2, for 1 < a <n—r, then A, consists of a consecutive pair of generators,

say Ao = {aj,aj41}, where 1 < j <n —2, and a;a;q1a; is a prefix of ¢ j11.
Note that these imply that ay € A, a, € A, and, if 1 < i< n-—1and a; € A, and
ai+1 € Ag, then f =a or f=a+1.
Suppose this claim has been proved and that 1 <1i < j < n. By (a), ¢;; begins with a;,
so that, by (9),
Cij € (aiaj)+ U (aiaj)Jrai .
Condition (iii) now follows. We have a; € A, and a; € Ag for some o and 5. Note that a;a;
is nonzero in S, so that, by (b) and (c), either « = fand j =i+1, or & <  and ¢; ; = a;a;.
Conditions (ii) and (iv) now follow. If |¢; 41| > 2 then Ay = {ai, a1} and ;105041 is
nonzero in 9, so that p;;1 = 2, for otherwise (a? 11a;) would be an infinite subsemigroup of
S, which is impossible. This verifies condition (v). If |¢;i+1]| > 3 then a;a;+1a; is nonzero
in S, so that p; = 2, for otherwise (a?a; +1) would be an infinite subsemigroup of S, which
is impossible. This verifies condition (vi).
It remains to prove the claim concerning the total ordering of the letters and the partition

of A such that (a), (b) and (c) hold. First, it is convenient to extend the notation for the
relators to make it symmetrical in the subscripts, by putting

Cij = Cji
if 1 < j < i <n. Define a relation < on A by, for i,j € {1,...,n},
a; < a; if and only if ¢ # j and q; is the initial letter of ¢;;,
in which case, by (9), ¢;; € (a;a;)" U (a;a;)ta;. Suppose that 4,7,k € {1,...,n} and
a; < a; < ag .

We will show that a; < a and ¢; ;, = a;ap. We have ¢ # j # k, a;a; is a prefix of ¢; ; and
ajay, is a prefix of ¢; ;. Note that aja; and apa; are nonzero in S. If i = k then a; is the
initial letter of ¢; 1, = ¢;; = ¢; ;, contradicting that a; is the initial letter of ¢; ;. Hence i # k.
If a; is not the initial letter of ¢; , then aga; is a prefix of ¢; i, so that a;ay is nonzero in S
and a;ara; generates an infinite cyclic subsemigroup of S, which is impossible. Hence a; is

the initial letter of ¢; ;. This shows that a; < ay. If a;aia; is a prefix of ¢; j, then again a;ay,
is nonzero in S and we get a contradiction. Hence c; ;, = a;a;. In particular, the relation <
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is transitive. The relation is total, for if 4, j € {1,...,n} and ¢ # j then either a; or a; is
an initial letter of ¢; j, by (9). Hence < is a total ordering of A.
Now define a relation ~ on A by a; ~ a; if and only if either

(i) i = j or (ii) ¢ # j and a;a;a; or aja;a; is a prefix of ¢; ;.

Clearly ~ is reflexive and symmetric. Suppose that a; ~ a; ~ ay, for i,j,k € {1,...,n}.
We show that |{i,7,k}| < 2. Suppose to the contrary that 4, j, k are distinct. Then either
a;aja; or aja;a; is a prefix of ¢; ;, and either ajara; or agajay is a prefix of a;x, giving rise
to four possibilities. Suppose, firstly, that a;a;a; is a prefix of ¢; ; and ajaga; is a prefix of
ajk. Then a; < a; < ay, so that a; < ag, by transitivity of <. In particular, aja; is nonzero
in S. But a;a; and ajay are also nonzero in S, so that aja;a; generates an infinite cyclic
subsemigroup of S, which is impossible. Suppose, secondly, that a;a;a; is a prefix of ¢; ; and
aajay is a prefix of ¢; . Then a;a;, aja;, ara; and ajay are all nonzero in S. Either a;ay
or aja; is nonzero in S, and it follows that either a;ara; or ara;aj, respectively, generates
an infinite cyclic subsemigroup of S, which is impossible. The remaining third and fourth
possibilities similarly lead to contradictions. This completes the proof that [{i, j, k}| < 2. In
particular at least two of ¢, j, k coincide, and it is immediate that a; ~ ag. This verifies that
~ is transitive, so that ~ is an equivalence relation. This also proves that all ~-equivalence
classes have size one or two.

Consider a ~-equivalence class {a;,ay} of size two, so that j # k and we may suppose
that ajara; is a prefix of ¢; . In particular, a; < aj. If a; does not cover a; in the total
order < then, from above, ¢;; = ajay, which is a contradiction. Hence a; covers a; in the
total order. It follows that the partition of A corresponding to ~ has the form

A=A U.. .UAp,,

where there are exactly r < 5 equivalence classes of size 2 and n — 2r equivalence classes of
size 1, with the property that,if 1 <a <8 <n—r and a; € A, and a; € Ag then a; < a;.
Further, if a; < a; but it is not the case that a; ~ a; then ¢; ; = a;a;, so that a;a; = 0in S.
This shows that if 1 < a < f < n —r then AyAg = {0} in S. Suppose the total ordering
of the generators is given by

a5y < iy < ... < Gy, ,

for some permutation 1, ...,%, of 1,...,n. Our original claim about the existence of a total
ordering of A subject to conditions (a), (b) and (c) now follows by reordering the generators
and rewriting the relators by replacing a;; by a; for 1 <j <n.

This completes the proof of the ‘only if’ direction of the statement of the proposition.

Suppose, conversely that S is isomorphic to the semigroup given by the presentation in
the statement of the theorem, satisfying conditions (i)-(vi). We may suppose S is given
by the presentation. It follows from (i)-(vi) that a nonempty word w over the alphabet
{ai,...,a,} is nonzero in S if and only if it is a product

w = WpWp—-1...W1

where w; is a (possibly empty) subword of a cmi,iﬂ such that ¢; ;41 is not a suffix of wy,
for 1 <i < n, and w, is a proper subword of a},". There are only finitely many such words,
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n(n+1)
2 9
completing the proof of the proposition. 0

so S is finite. Observe finally that the number of relators in the presentation is

Corollary 6.2. Let S = Sgp(A | c1 =...=c, =0) be a finitely presented Rees quotient of

a free semigroup given by a presentation using n > 2 generators and k = % relators,
where each relator is a word of length at least two. Then S is finite if and only if all

generators are nilpotent and there is a partition
A=A U...UA,_,

of A into n—r disjoint subsets, consisting of r subsets of size two and n — 2r subsets of size
one, where 0 < r < %, such that

(i) A; generates a finite subsemigroup of S for each i, and

(i) A;A; ={0} for1<i<j<m—r.

In the next lemma and the two theorems that follow, we use often, and implicitly, the
simple characterisation of finiteness of Rees quotients of free inverse semigroups, described
in Proposition 2.3.

Lemma 6.3. Let S be a finite inverse semigroup given by a two-standard presentation with
generating set A = {ay,...,an} where n > 2. Then the following hold:
(i) Ifi,j € {1,...,n} are distinct and R; j = 2 then p;; is an odd pair.
i) If i, 5,k € {1,...,n} are distinct and R; ; = R;, = R; 1 = 2 such that a; dominates
J J ; 7>
a; from the left, and a; dominates ay from the left, then a; dominates ay, from the
left.
iii) If4,5,k € {1,...,n} are distinct and R; ; = R; x, = R, = 2 such that a; dominates
7.7 b ]7
ay, from the left, and a; dominates ay, from the left, then either a; dominates a; from
the left, or a; dominates a; from the left.

Proof. Part (i) follows, for if 7, j are distinct, R; ; = 2 and p; j is an even pair, then a; is a
vertex in I'g contained in a cycle, contradicting that S is finite. Suppose i,7,k € {1,...,n}
are distinct. Suppose first that a; dominates a; from the left, and a; dominates a; from the
left. By part (i), p;; is an odd pair. Consider the word

agaja;  if a; dominates a; from the left,
w = alglajai if a,?l dominates a; from the left,

a;lajai if ai_l dominates a; from the left.

In each of these cases, w labels a cycle at the vertex a; in I'g, contradicting that S is finite.
Hence a; dominates aj from the left, proving part (ii).
Suppose now that a; dominates a; from the left, and a; dominates a; from the left. By

part (i), p;; is an odd pair. If ai_1 dominates a; from the left, or a ! dominates a; from

J
the left, then a;lalzlai labels a cycle at the vertex a; in I'g, contradicting that S is finite.

Hence a; dominates a; from the left, or a; dominates a; from the left, proving part (iii). [

Theorem 6.4. Let S = (A |¢; =0 fori=1,...,L) be a finitely presented Rees quotient of
a free inverse semigroup given by a two-standard presentation using n > 2 generators and
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L = n? relators. Then S is finite if and only if

~ 2 ~1 C_
S = (ar,....,an|a; =aia; =aa; =0,1<i<j<n).

Proof. Sufficiency is clear because the graph of the presentation in the statement of the
theorem has no cycles, so that S is finite, by Proposition 2.3.

To prove necessity, suppose that S is finite. We may suppose A = {a1,...,a,}. Certainly
all generators are nilpotent, so we may assume ¢; = a? for 1 <i < n. If R;; <2 for any
i # j then the subsemigroup generated by a; and a; is infinite, since there must be cycles
in the subgraph of I'g involving the vertices a; and a;, which is impossible. Hence R; ; > 2
for all i # j. By a simple count, since L = n?, we have R; ; = 2 for all i # j. By part(i) of
Lemma 6.3, p; ; is odd for distinct 4, j. Since p12 is odd, we have one of the following:

(i) a; dominates ay from the left;
(ii) a7’ dominates ag from the left;
(iii) a2 dominates a; from the left; or
(iv) ay ' dominates a; from the left.
We may interchange a1 with afl, az and a5 Lin cases (ii), (iii) and (iv) respectively, without
changing S up to isomorphism, so we may suppose that case (i) holds. Then

2 _ 2 —1
Saras = (a1,a2 | af = a5 =aja2 = ara;” =0),

which starts an induction. Suppose that 2 < k < n and, as an inductive hypothesis, we
may reorder the generators and rewrite the relators so that

Sar,ap = (al,...,ak\a?:aiaj:aiaj_lzm 1<i<j<k). (10)

Since py, 41 is odd, we have one of the following:

(i) ar dominates ayy1 from the left;
(i) a;' dominates a1 from the left;
(iii) ag41 dominates ay from the left; or
(iv) a,;il dominates ay from the left.

If case (i) holds, then, from (10), we have that a; dominates aj from the left for all i < k,
so that a; also dominates ay1 from the left, by part (ii) of Lemma 6.3, yielding

S

tarss = (@1, apq | af = aaj = aiaj_1 =0,1<i<j<k+1), (11)
establishing the inductive step. In case (ii), we may interchange aj and a,;l, so that (10)
still holds, up to reordering generators and rewriting relators, and we are back in case (i).

Suppose that case (iii) holds, so that a;,1 dominates aj from the left. Hence there is a
smallest m such that 1 < m < k and ap4; dominates a,, from the left. Suppose first that
m = 1, so that a;41 dominates a1 from the left. If 2 < j < k then a; dominates a; from the

left, by (10), so that aj41 also dominates a; from the left, by part (ii) of Lemma 6.3. Thus
Sarvarss = (@155 0k | 6] = appra1 = apqra; = a0y = aa; =0, 1<i<j<k),

which becomes (11), after a cyclic permutation of the generators and rewriting the relators,
establishing the inductive step. Suppose now that m > 1 and consider ¢ such that 1 <
¢ < m —1. By (10), ay dominates aj from the left. By part (iii) of Lemma 6.3, either
ap+1 dominates ¢ from the left or a, dominates agy; from the left. The first alternative is
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excluded by the minimality of m. Hence ay dominates apy1 from the left. Iff m < j < k
then a,, dominates a; from the left, by (11), so that ay; also dominates a; from the left,
by part (ii) of Lemma 6.3. Thus

-1 . .
Sat,aps = (01,..., 0, | a? = a;a; = a;a; = 0,1<i<j<k,
1 -1
Apakt1 = Apay 1 = Qpp10g = apr10, =0, 1<p<m<qg<n),
which becomes (11), after a cyclic permutation of the generators a,, . .., a1 and rewriting

the relators, establishing the inductive step. In case (iv), we may interchange ax1 and a,;il
without disturbing (10), and we are back in case (iii). This completes the induction and
the proof of necessity. g

Corollary 6.5. Let S = (A|c¢; =0 fori=1,...,L) be a finitely presented Rees quotient
of a free inverse semigroup given by a two-standard presentation using n > 2 generators
and L = n? relators. Then S is finite if and only if a®> =0 in S for alla € A and AU A1
contains a subset A’ of size n such that A’ is totally ordered by domination from the left.

Theorem 6.6. Let S be a finitely presented Rees quotient of a free inverse semigroup given
by an irredundant presentation

S = (Aler=...=cp =0)

with |A| = n > 2 generators. If S is finite then L > n%. If L = n? then S is finite if and
only if
S = (ar,...,an | a’ :ci,j:aiaj_l =0, 1<i<j<n)
where the following conditions hold:
(i) pi > 2 for 1 <i<n;
(ii

(iii

)
) cij=aiaj forl<i<j—1<n-—1;

) ciit1 € (aiair1)T U (aiair1)Ta; for 1 <i <n;

(iv) citrire = 1042 if 2 < i+ 1 <n and |c; 11| > 2;
(V) pit1 =214f 1 <i<n and |c;it1| > 2;

(vi) pi=2if 1 <i<n and |c;ii41| > 3.

Proof. We may suppose that A = {ay,...,a,}. Suppose first that S is finite. In particular,

(a1, ...,ay) is finite, so by Proposition 6.1, at least n("; U relators appear in the presentation

for S using only words over A. But, since S is finite, the presentation must also include
relators of length at least two, with distinct contents, that divide powers of aiaj_1 for

1 <1 < j < n, contributing a further @ relators. Hence L > % + @ =n2.
Suppose now that L = n?. To prove necessity, suppose that S is finite. By observations
in the previous paragraph and from the proof of Proposition 6.1, we may assume, without

any loss of generality, that

S = {al,....an | a =¢;=7;=0, 1<i<j<n),
for some p; > 2, for 1 <1¢ < n,
cij € (aia;)" U (a;a;)Ta; U (aja;)" U (aja;)Taj, (12)
and

G € (aa; )" U(aia; ) Ta; U (a; )T U (a5 ay) Tast

J J J J J 7 (13>
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for 1 < i < j < n. Let T be any homomorphic image of S given by a two-standard
presentation. By Theorem 6.4, we may assume, after reordering generators from A U A~!
and rewriting relators, if necessary, that

T:(al,...,an\a?:aiaj:aiaj_lzo,1§i<j§n), (14)

formed from the presentation for S, by choosing a;a; and aiaj*l to be subwords of ¢; ; and
¢; ; respectively, for 1 <7 < j <n.
Our next step is to prove the following;:

Cn—1,n = QAp—10p if ’cn—l,n| > 2. (15)

Suppose that [¢,-1,,| > 2, so that ¢,-1, is a word of length at least three that alternates

-1

in a,—1 and a,, ", in some order. Suppose first that |c,—1,| > 2. Then ¢,—1,, is a word of

length at least three that alternates in a,_; and a,, in some order. Put

-1,-1
W = ApAp-1a, 0, -

Then no positive power of w is divided by any word of length three that alternates in a,_1
and a,,, or alternates in a,_1 and a, !, so cannot be divided by any relator of S. Hence the
subsemigroup generated by w is infinite, contradicting that S is finite. Hence |¢,,—1.n| = 2,
SO Cpn—1n € {an—1an, anan—_1}. Since apa,—1 does not appear as a relator in 7', we conclude
that ¢,—1,n = an—1a,. This completes the proof that (15) holds.

If |¢,—1.n| = 2 then the following holds automatically (because a,—1a;, ! must be a subword
of ¢,-1n, in order to be included as a relator in the presentation for T'):

Cnin = an_1a, . (16)

If |6,—1.n| > 2 then, by (15), we may interchange a,, and a,,! in the presentation of S, so that
Cn—1,n is transformed into a,_1a,, 1 so that (16) continues to hold, and Cn—1,n is transformed
into an element of (a,—1a,)" U (ap—1a,)Tan—1 U (anan—1)" U (anan—1)*an,, so that neither
(12) nor (13) is disturbed after the transformation. Observe that interchanging a,, and a,!
has no material effect on 7": all of the relators with content of size two are reproduced
and the relator a2 is replaced by a2, which is J-equivalent to a?. Thus we may assume
(16) holds in all cases, (12) and (13) remain undisturbed, and 7' continues to have the
presentation given by (14).

Our next step is to prove the following:

CiJ:aiCLj_l 1f1§1<]§nandz7én_1 (17)

Suppose to the contrary that ¢ ;; # aioaj_ol for some iy and jo such that 1 < iy < jog <n
and 79 # n—1. Then a;()l a;, is a subword of ¢;; j;, so that we may form a new homomorphic
image T” of S, modifying the presentation for T', replacing aioaj_o1 with aj_olaio, to get the
following two-standard presentation:

1 1 . . .. ..
T ={ay,...,a,| a? =i = Qa5 = QigQj, = QG = 0,1 <i<j<mn,(i,7) # (i0,J0))-
Put
{aioaj_olan if jo < mn,
w fry

—1 e
QiyQpy Op—1 i jo =n.
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But, in each case, the subsemigroup of 7" generated by w is infinite (since no positive power
of w is divided by any relator in the presentation of 7"), which contradicts that 7" is finite.
This completes the proof that (17) holds.

By (16) and (17), we have

—-— —1
Cm‘ = aiaj

for all ¢, j such that 1 <i < j < n. (18)

By Proposition 6.1, we may further permute the generators from amongst A only, and
rewrite relators, if necessary, so that conditions (i)-(vi) hold. Observe, by applying any
permutation of A, and rewriting relators, (18) becomes

Cij = aja;

or ¢; = am;l for all ¢, j such that 1 <i < j <n.
But, for each ¢ and j, we have
aja;1 J am}l
so that we can replace ajai_l by aiaj_l, if necessary, in the presentation for S, so that (18)
still holds. Since conditions (i)-(vi) hold, this completes the proof of necessity.
To prove sufficiency, we may suppose, after rewriting generators and relators (see Propo-
sition 2.1), that

S = <a1,...,an]afi:ci,j:aiaj_lzo, 1<i<j<n)

such that conditions (i)-(vi) hold. To prove S is finite, it suffices to show that there are
only finitely many reduced words that are nonzero in S. It follows immediately from the
relations that any nonempty reduced word w that is nonzero in S has a factorisation

w = utv

where u and v are reduced words over the alphabet A that are nonzero in S and not both
empty. But such nonempty words are described in the proof of Proposition 6.1, namely,
products of the form

WpWp—1 ...W1
where w; is a (possibly empty) subword of a? cmi,iﬂ such that ¢; ;41 is not a suffix of wy,
for 1 < i < n, w, is a proper subword of a}", and not all of wy,...,w, are empty. There

are only finitely many such words, and it follows that S is finite, completing the proof of
sufficiency. O

Using the total ordering of the alphabet A, implemented in the proof of Proposition 6.1,
we get the following inverse semigroup analogue of Corollary 6.2:

Corollary 6.7. Let S = (A | c¢; =0 fori=1,...,L) be a finitely presented Rees quotient
of a free inverse semigroup given by an irredundant presentation using n > 2 generators
and L = n? relators. Then S is finite if and only if all generators are nilpotent and AU A™!
contains a subset A’ of size n such that there is a partition

A= Aju...UAl_,

into n— 1 disjoint subsets, consisting of v subsets of size two and n — 2r subsets of size one,
where 0 < r < 5, such that

(i) Inv(A}) is a finite subsemigroup of S for each i, and

(i) A; A5 ={0} for1<i<j<nm-—r.
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7. PRESENTATIONS ACHIEVING THE SHARP LOWER BOUND

In this section, a complete description is given of semigroups S from the class Mgr, such
that S has polynomial growth and S is given by an irredundant presentation of the form (1)
using n > 2 generators and L = n?—1 relators. The arguments rely on the description in the
previous section of finite inverse semigroups given by irredundant presentations involving
m > 2 generators and m? relators. The section begins with three lemmas and a corollary,
which are keys to the description that follows. The description is organised in three pairs of
theorems, corresponding to the three classes of semigroups involving zero, one and two non-
nilpotent generators respectively. In each of these pairs of theorems, the first is concerned
with two-standard presentations and the second with general irredundant presentations.

Lemma 7.1. Let S = (A | c1,...,c = 0) be an irredundant presentation with n > 2
generators and L = n® — 1 relators. Suppose that S' = (A | c},...,c5, = 0) is a two-
standard presentation obtained from S by first taking, as relators, L reduced words of length
two, in succession, that divide c1,...,cp respectively, and then removing duplicates up to
J -equivalence. If S has polynomial growth then

(i) L'=L=n?>-1;
(ii) for i # j, the relators ¢; and c; have no divisors in common that are reduced words
of length two;
(iii) we may reorder the relators so that c; divides ¢; fori=1,..., L.

Proof. Suppose that S has polynomial growth. Then S’ has polynomial growth, since S’
is a homomorphic image of S. Certainly L' < L. By Theorem 5.13, L' > n? — 1 = L, so
L' = L, verifying part (i).

To prove part (ii), assume to the contrary that there exist ¢ and j such that i # j
and w is a reduced word of length two that divides both ¢; and ¢;. We may then form a
two-standard presentation S’ from S by first choosing w for both ¢; and ¢; and any other
respective divisors for ¢ where k # 4, j. But then, to obtain irredundancy in finally forming
this choice of S/, at least one of the duplicates for w must be removed, so that L' < L,
contradicting part (i). This proves part (ii), and then part (iii) is immediate. O

Lemma 7.2. Let S = (A | c1,...,c = 0) be an irredundant presentation with n > 2
generators and L = n? — 1 relators. If S has polynomial growth then the content of the
relator ¢; has size at most two for 1 <i < L.

Proof. Suppose that S has polynomial growth. We may write A = {aq,...,a,}. Let S’ be
any homomorphic image of S that has a two-standard presentation obtained by choosing
relators that are reduced words of length two that divide ¢y, ..., cy. Then S’ has polynomial
growth. By Lemma 7.1,

S = (A]|d,....,c. =0) (19)

where ¢} divides ¢; for ¢ = 1,..., L. By part (ii) of Lemma 7.1, ¢; and ¢; have no divisors
in common that are reduced words of length two, for i # j, a fact which is used implicitly
in the argument below.
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We argue by contradiction, and suppose that there exists a relator ¢, having content of
size larger than two, for some ¢ € {1,..., L}. The presentation (19) can be of type (i), (ii)
or (iii), as described in Scholium 5.15.

Case 1. Suppose that the presentation (19) is of type (i) in Scholium 5.15. Without loss
of generality, a1 is not nilpotent and, in view of (i)', R; ; = 2 for all i # j.

Assume first that ¢} is the square of a letter. Without loss of generality, ¢, = a. Since
|content(cp)| > 3, there exist distinct k,q € {1,...,n}, such that k # 1,2, and a word aiag
that divides ¢, for some £,0 € {£1}. Replacing ¢, = a3 by aiag in (19) does not alter
R12 = 2, yet, in this new two-standard presentation, as is not nilpotent, in addition to ay,
so that R 2 = 3, by part (i)’ of Scholium 5.15, which is a contradiction. This proves that
¢, is not the square of a letter.

Hence ¢, = aiﬁaz for some i # j and 8,7 € {£1}. Since |content(cs)| > 3, there exist
distinct k, ¢, such that k # i, j, and a word v = aiag that divides ¢y, for some €, € {£1}.
Replacing ¢; by v in (19) does not alter the number of nilpotent generators (which remains
steady at n — 1), but R; ; = 1 in this new presentation, which is impossible by part (i)’ of
Scholium 5.15.

This proves that Case 1 does not occur.

Case 2. Suppose that (19) is of type (ii) in Scholium 5.15. Without loss of generality, a;
and ag are not nilpotent, Ry 2 =3 and Ry ; = R; ; = 2 whenever 2 <1 < j < n.

Assume first that ¢, = a7 for some i > 3. Since |content(c;)| > 3, as in Case 1, there
exist distinct k,q and a word aiag that divides ¢y, for some ¢, € {£1}. Replacing ¢, by
aiag in (19) produces a new two-standard presentation with more than two generators that
are not nilpotent, contradicting Scholium 5.15. This proves that ¢, is not the square of a
letter.

Hence ¢, = afa; for some ¢ # j and 8,7 € {£1}. Since |content(cy)| > 3, there exist
distinct k, ¢, such that k # 4, j, and a word v = aiag that divides ¢y, for some ¢,6 € {£1}.
Replacing ¢, by v in (19) does not alter the nilpotent generators (which are as, ..., ay), but,
in this new presentation,

P {1 if {i,j} # {1,2}
" 2 if {i,j} = {1,2},

which is impossible by part (ii)’ of Scholium 5.15.
This proves that Case 2 does not occur.
Case 3. Suppose that (19) is of type (iii) in Scholium 5.15. Thus all generators are nilpotent
and, without loss of generality, R12 =1 and Ry ; = R; ; = 2 whenever 2 <17 < j < n.
Assume first that ¢, = a? for some 4. Since |content(c,)| > 3, there exist distinct k, g,

such that {k, q} # {1,2}, and a word aiag that divides ¢y, for some ¢, € {£1}. Replacing

é
q

generators, but with Ry , = 3, contradicting part (i)’ of Scholium 5.15. This proves that ¢

¢, by afa) in (19) produces a new two-standard presentation with exactly n — 1 nilpotent
is not the square of a letter.

Hence ¢, = a?a} for some i # j and 8,7 € {£1}. Since |content(cy)| > 3, there exist
distinct k, ¢, such that k # 4, j, and a word v = aiag that divides ¢y, for some €, € {£1}.
Replacing ¢ by v in (19) does not alter the nilpotent generators (which are all of a1, ..., ay),



34 L.M. SHNEERSON AND D. EASDOWN

but, in this new presentation,

e[ L)
T o i) = {12},
which is impossible by part (iii)’ of Scholium 5.15.
This proves that Case 3 does not occur, and completes the proof of the lemma. O

Lemma 7.3. Let S = (a1,...,a, | c1,...,c = 0) be given by an irredundant presentation
using n > 3 generators. Suppose that the following hold:

(i) there is exactly one relator ¢ with content {a1,a2} and ¢ J alagl;
(ii) for 3 < j < n there are exactly two relators with content {a1,a;}, exactly two
relators with content {as,a;} and no relators with content {a1, a2, a;}.

If S has polynomial growth then, for each j > 3 there exist an integer p; > 2, such that

~ -1 _ _ -1 _ _ -1_ 2 _ 2_ pj_
Si2,; = (a1,a2,a; | aray =aia; = a1a; = aa; =aa; =a; =a; = a, =0).

Proof. Suppose that S has polynomial growth and 3 < 57 < n. We may suppose that
cp=c= a1a2_1, that the two relators with content {ai,a;} are ¢y and c3, and that the two
relators with content {ag,a;} are c4 and ¢5. Then

51727j = <a17a27a3 ‘ a1a2_1 =C=C3=C=C=C=...=C[) = 0) (20)

where cg, ..., cp/, for some L' < L, denote all of the other relators in the presentation for S
with content contained in {ay, ag, aj}. But 512 is irredundant and has polynomial growth.
By Theorem 5.13, L' > 8. Also, S; 2 has polynomial growth, so, by Theorem 2.8, rewriting
generators, if necessary, by their inverses, we may suppose that

Sio = (ar,az | a? = a3 = ajay' = 0)
and that cg = a? and ¢; = a3. By condition (ii), we have
gy ..., cp C {al'ad?a -3 | ¥1,72,73 are nonzero integers} .
By irredundancy of the presentation (20) it follows that L' = 8 and
i
{es} =7 {a;’}

for some integer p; > 2. There is no loss in generality therefore in supposing that (20)
becomes

Si2; = {a1,az,a; |a1ayt =co=c3=cy=c5=al =a} = afj =0). (21)
Let ¢; be any reduced word of length two that divides ¢; for 2 < ¢ < 5. By part (ii) of

Lemma 7.1, since the number of relators is 8 = 32 — 1, it follows that
¢ ¢ {a1 ,a2 , Jz}
for 2 <4 < 5. To prove the lemma, therefore, it suffices to show
{c5,¢5} =7 {aay, ala;l} and {cy, 5} =7 {azay, agajfl} , (22)
for then it follows that

{02,63} =7 {alaj,amj_l} and {04705} =J {a2ajva2aj_1} :
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Put

! —1 / / / / 2 2 2
S0 = (a1,a2,a5 |a1ay" =cy=c3=cy=c5=a]=a;=a; =0).

Then S, ; is a two standard presentation formed from Si2;, and Sj,; has polynomial
growth. Observe that, with respect to S 5 ;j» we have

pr2 = {a1ay'}, p1; = {ch, 5} and po; = {d,c5}.

Then (22) now follows, by Lemma 5.6, which completes the proof. O

The following corollary, which simplifies condition (ii) of the previous lemma, is immediate
by Lemma 7.2:

Corollary 7.4. Let S = (a1,...,an | c1,...,c, = 0) be given by an irredundant presentation
using n > 3 generators and L = n? — 1 relators. Suppose that the following hold:

(i) there is exactly one relator ¢ with content {a1,a2} and ¢ J alagl;
(ii) for 3 < j < n there are exactly two relators with content {a1,a;} and ezactly two
relators with content {as,a;}.

If S has polynomial growth then, for each j > 3 there exists an integer p; > 2, such that

J

-1
J

-1
SLQJ‘ = <a1,a2,aj ’ a1aoy = aia; = aia j

= agaj = asa

The following theorem generalises part of Theorem 2.8, in the case that all generators
are nilpotent.

Theorem 7.5. Let S = (A | c1,...,c, = 0) be a semigroup with polynomial growth given
by a two-standard presentation using n > 2 nilpotent generators and L = n®> — 1 relators. If
n =2 then

S = (ay,az | a} =a}=aja;t =0) .
If n > 3 then S is isomorphic to
(ay,...,an ]a%:...:a%:alagl :alaj:alaj_l = a;a; :aiaj_l =0,2<i<j<n).
Proof. We may assume that A = {a1,...,a,}. By part (iii)’ of Scholium 5.15, we may
assume that
¢ = a? (23)

)

for 1 <14 < n, and that
RLQ =1 and Rlyj = RiJ‘ =2

for 2 < i < j. Since Ri12 = 1, by renaming generators, if necessary, there is no loss of
generality in assuming that
pre = {may'}. (24)
Hence
Sio = (ar,az | a? = a3 = ajay' =0) .

This proves the theorem in the case n = 2 (and also gives part of Theorem 2.8, where the
generators are nilpotent).
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We may henceforth assume that n > 3. Consider 3 < j < n. Observe that Si2; has
polynomial growth. Then a; and as dominate a; from the left, by Lemma 5.6. Hence, we
may suppose, without loss in generality, that

p1; = {araj, alagl} and p2; = {asa;, agagl}. (25)

By Lemma 2.6, taking Ay = {a1,a2}, A2 = {as,...,a,} and a = a1 (or a = ay), it follows
that Inv(as, ..., a,) is finite. But the presentation for Ss _, uses n — 2 generators and

L-3-4(n—-2) =n*—1-4n+5 = (n—2)*

relators. Hence, by Corollary 6.5, Ao U A5 ! contains a subset of size n — 2 that is totally
ordered by domination from the left. We may therefore rewrite Ao, so that, without loss of
generality,

pij = {aia;, aiagl}. (26)
for 3 <i < j < n. Note that this rewriting of Ay does not disturb either (24) or (25), and
does not disturb (23) up to J-equivalence. By (23), (24), (25) and (26), the presentation
for S in the statement of the theorem is proved, up to isomorphism. O

Theorem 7.6. Let S = (a1,...,ayn | c1,...,c = 0) be given by an irredundant presentation
using n > 2 nilpotent generators and L = n? — 1 relators. If n = 2 then S has polynomial
growth if and only if S is isomorphic to

(abla® =1 =ab=0) = (ab|a® =F =ab"" =0).

If n > 3 then S has polynomial growth if and only if the generators may be reordered and

the relators rewritten, up to J-equivalence, such that the following hold:

(1) Inv(ay,a2) = (a1, az | a% = a% = a1a2_1 =0);

(2) Inv(as,...,ay) is finite given by (n — 2)? relators;
(3) {a1,a2}Inv(as,...,a,) = {0}, using 4n — 8 relators a;a; = am}l =0 fori=12
and 3 < j <n.

Proof. Observe that the claim of the theorem holds immediately for n = 2 by Theorem 2.8,
in the case that the generators are nilpotent. Hence we may suppose that n > 3.

Put A = {a1,...,a,}. To prove necessity, suppose that S has polynomial growth. We
may assume that

aa =dl', ..., e = aln
for some integers p1,...,p, > 2. Let S’ be any homomorphic image of S that has a two-

standard presentation obtained by choosing relators that are reduced words of length two
that divide ¢y, ..., cy respectively. By Lemma 7.1,

/ / /
S = (Ald,...,c, =0) (27)
where we may assume ¢, divides ¢; for i = 1,..., L. In particular, we may assume
/ 2 / 2
Cl — al 5 5 Cn — an .

Part (ii) of Lemma 7.1 guarantees that a? does not divide ¢;j for 1 <i < n and j > n. By
Theorem 7.5, S’ is isomorphic to

;1:aiaj:aia-_1:0,2§i<j§n>,

2 2 —1
T, = (Alai =...=a; =a1a;, = a1aj =aia i
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and there is no loss in generality in supposing
S =T,.

For 1 <i < j < n, denote by ¢; ; and ¢;; the relators in the presentation of S for which the
]
S’ = T,,. Thus the presentation for S may be rewritten as follows:

relators a;a; and a;a; °, respectively, were chosen as divisors in forming the presentation

S = <A’a€l =...=a£":CLQZCL]':@:C@J':%:O, 2§Z<j§n> . (28)
By Lemma 7.2,
content(¢12) = {a1, az} and content(c; j) = content(¢; ;) = {as;, a;},

for all i < j where j > 3. Observe that

Si2 = <a1,a2|a2171:a12’2:cl72:0> &~ <a,b|a2:b2:alfl>.

The isomorphism implies that p; = ps = 2, and, without loss of generality, after reordering
the generators and rewriting the relators, up to J-equivalence, that ¢12 = ajay L and

Inv(aj,as} = Si2 = (a1,a2 | a% = a% = a1a2_1 =0),
completing the proof of part (1) of the theorem.
If 3 < j < n then, from (28), clearly conditions (i) and (ii) of Corollary 7.4 hold, so that,
after rewriting generators and relators, up to J-equivalence, we may suppose

_ -1 _ _ -1 _ _ -1 _ p1_ p2 _ Pj __
Si2, = (a1,a2,a5 | a1ay” = a1a; = a1a; " = aga; = asa; =ay =ay =a’ =0).

J J

Thus, utilising 4n — 8 relators, we now have

{a1,a2} Inv(as,...,a,) = {0},

completing the proof of part (3) of the theorem. By Lemma 2.6, taking 41 = {a1,as},
As ={as,...,a,} and a = a1 (or a = ag), it follows that Inv(as, ..., ay) is finite. As before,
the number of relators in the presentation for Sz, is (n — 2)2, which completes the proof
of part (2). This completes the proof of necessity.

To prove sufficiency, suppose that we have a semigroup S given by the presentation

S = (Alc,...,cp =0)

such that parts (1), (2) and (3) hold. We prove that S has polynomial growth. In particular,

we may suppose that

-1 -1 1
aiaq -, a1a;, G1a;

;o 0205, a20;

J

are relators in the presentation of S for 3 < 7 < n. Put
A1 = {a1,a9} and Ay = {as,...,an} .

Then A; is left orthogonal and A;(As U A;') = {0} in S. By part (1) and Theorem 2.8,
Inv(A;) has polynomial growth. By part (2), Inv(As) is finite. Hence, by Lemma 2.5, S
has polynomial growth. This completes the proof of sufficiency. O
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Theorem 7.7. Let S = (A | c1,...,c, = 0) be a semigroup with polynomial growth given
by a two-standard presentation using n > 2 generators and L = n®> — 1 relators. Suppose
that exactly n — 1 gemerators are nilpotent. Then S is isomorphic to
<a1,...,an|a%:...:ai:aiaj:aia;120, 1<i<j<n).

Proof. Assume that A = {aq,...,a,}. By part (i)’ of Scholium 5.15, we may suppose that
ci:a?+1 for 1 <i<n-—1,and that R; ; =2 for 1 <i < j < n. For j > 2, we have that
S1,; has polynomial growth and uses three relators, so, by taking C' = a? in Theorem 2.8,
we deduce that

Si; = {a,blab=atb=0a®>=0) = (a,b|b*=ab=ab ' =0). (29)

The second isomorphism in (29) determines uniquely one letter of the alphabet that is not
nilpotent and dominates a second letter from the left, and the second letter is determined

up to inversion. In particular, we may rename generators and relators so that
2 —1
51,2 = <a1,a2 ‘ Gy = a1a2 = @109 = 0) . (30)

This proves the theorem in the case that n = 2 (following also directly from Theorem 2.8,
for the case that exactly one generator is nilpotent). Henceforth we may suppose that n > 3.
It follows from the above that, for j > 3, we may rename generators and relators so that,
for some ¢; € {£1}, we have
S1,; = (a1,a; | a? =a/a; = aijaj_1 =0). (31)
We show that €; = 1 for each j > 3. Suppose, to the contrary that ¢; = —1 for some
j > 3. Then, from (30) and (31), we have that a; is not nilpotent, a; dominates ag from
the left, and al_l dominates a; from the left, so that a; dominates a; from the right. But
Ry ; =2 < 3, so S12; has exponential growth, by Lemma 5.7, which is impossible. Hence
ej =1 for each j > 3, so that (31) becomes

Sl,j = (al,aj | a? = alaj = ala-_l = 0> . (32)

j
It follows from Lemma 2.6, taking A; = {a1}, A2 = {az2,...,a,} and a = aj, that
Inv(as,...,ay) is finite. But the presentation for Sy . , uses n — 1 generators and

L-2n—1) =n?>—1-2n+2 = (n—1)

relators. Hence, by Corollary 6.5, Aa U A5 ! contains a subset of size n — 1 that is totally
ordered by domination from the left. We may therefore rewrite Ao, so that, without loss of
generality,

pij = {aia;, aa; }. (33)
for 2 <i < j < n. Note that this rewriting of Ay does not disturb (32) up to J-equivalence.
By (32) and (33), the presentation for S in the statement of the theorem is proved, up to
isomorphism. O

Theorem 7.8. Let S = (A | c1,...,cp = 0) be given by an irredundant presentation using
n > 2 generators and L = n? — 1 relators. Suppose that exactly n — 1 generators are
nilpotent. Then S has polynomial growth if and only if the generators may be reordered and
the relators rewritten, up to J -equivalence, such that the following hold:
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(1) Inv(ay) is free monogenic (using no relators);

(2) Inv(as, ..., ay) is finite using (n — 1)? relators:

(3) {a1}Inv(as,...,a,) = {0}, using 2n — 2 relators a1a; = alaj_1 =0 for2<j<n.
Proof. To prove necessity, suppose that S has polynomial growth. We may assume A =
{ai1,...an} and that a; is the unique generator in A that is not nilpotent. Hence Inv(a,) is

free monogenic, and part (1) holds. We may assume that

c = ad?, ..., o1 = abr
for some integers ps,...,p, > 2. Let S’ be any homomorphic image of S that has a two-

standard presentation obtained by choosing relators that are reduced words of length two
that divide ¢y, ..., cy, respectively. By Lemma 7.1,

S = (A|d,...,dp =0)

where we may assume ¢, divides ¢; for ¢ = 1,..., L. In particular, we may assume
I 2 r_ 2
cp=4as5, ..., ¢ =a, .

Part (ii) of Lemma 7.1 guarantees that a? does not divide ¢; for 1 <i < n and j > n. By

Theorem 7.7, S’ is isomorphic to
T, = <A|ag:...:ai:aiaj:aiajlzo, 1<i<j<n),

and there is no loss in generality in supposing S’ = T;, . For 1 < i < j < n, denote by ¢; ; and
]
were chosen as divisors in forming the presentation S’ = T;,. Thus the presentation for S

¢; j the relators in the presentation of S for which the relators a;a; and a;a; *, respectively,

may be rewritten as follows:

S=(Ald?=...=alr=¢;;=¢,;=0,1<i<j<n).
Consider 1 < j < n. By Lemma 7.2, we have
content(cy ;) = content(¢1 ;) = {a1,a;} .

Further,

Sij = (a5 |0} =c1;=C1;=0).
From Theorem 2.8, it follows that
S1j = (a,b| ab=a"1tb=a =0) = (a,b]| ab=ab =0 =0)

for some v > 2, depending on j. The isomorphisms are determined by the unique letter, in
each presentation, that dominates the other nilpotent letter and its inverse from the left.
It follows that
{crj, ei5} =g {maj, ara;'}.
Part (3) now follows immediately, noting that 2n — 2 relators are employed. By Lemma 2.6,
as before, taking A1 = {a1}, A2 = {az,...,a,} and a = a1, it follows that Inv(as,...,ay)
is finite. As before, the number of relators in the presentation for Sy, is (n — 1)2, which
completes the proof of part (2). This completes the proof of necessity.
To prove sufficiency, suppose that we have a semigroup S given by the presentation

S = (Alec,...,c =0)
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such that (1), (2) and (3) hold. We prove that S has polynomial growth. We may suppose

that

-1
alaj s alaj

are relators in the presentation of S for 1 < j < n. Put
Al = {al} and A2 = {CLQ, . ,an} .

Then A; is (trivially) left orthogonal and A;(As U A;') = {0} in S. By part (1), certainly
Inv(A;) has polynomial growth. By part (2), Inv(Asg) is finite. Hence, by Lemma 2.5, S
has polynomial growth. This completes the proof of sufficiency. O

Theorem 7.9. Let S = (A | c1,...,c, = 0) be a semigroup with polynomial growth given
by a two-standard presentation using n > 2 generators and L = n? — 1 relators. Suppose
that exactly n — 2 generators are nilpotent. If n = 2 then

S = (ay,az | aga; = ajaz = alagl =0).
If n > 3 then S is isomorphic to
<a1,...,an]a%z...:a%:a‘;al:aiaj:aiaj_l:O, 1<i<ji<mn),
for some € € {£1}.
Proof. Again assume that A = {aq,...,a,}. Suppose first that n = 2 and put
U = (a1,a2 | aga; = ajas = a1a2_1 =0).
It follows from Theorem 2.8, since neither a; nor as is nilpotent, that S is isomorphic to
Uy = (a,blab=a"tb=ab'=0) or Uy = (a,b|ab=a"'b=ba=0).

The mapping of generators that takes a — ag and b — al_l induces an isomorphism between

U, and U, whilst the mapping a — al_l and b — ay ! induces an isomorphism between Us

and U. This proves S = U, completing the proof of the theorem in the case n = 2.
Suppose now that n > 3. We show that S is isomorphic to either

2 2 -1 o
T = <a1,...,an|a3:...:an:a2a1:aiaj:aiaj =0,1<i<j<n)

(when e = 1), or

Ty = (al,...,an\ag:...:aizaglal:aiaj:a,;aj_lzo, 1<i<j<n)
(when e = —1). By part (ii)’ of Scholium 5.15, we may assume ¢; = af,, for 1 <i<n—2,
and that

RLQ = 3, Rl’j =2 and Ri,j =2
for 2 <14 < j < n. Hence the number of relators appearing in the presentation for Sy . ,, is
n?—1-2n—-1+1) =n*-2n = (n—12-1.

But Sy, has polynomial growth, so Theorem 7.7 applies (in the case of n — 1 > 2 gener-
ators). After renaming generators and relators, if necessary, we may assume that

So.m = <a2,...,an\a%z...:afl:aiaj:aiajlzo, 2<i<j<n). (34)

Since a; and ag are not nilpotent and Ry = 3, there are four possibilities for S; o, after
renaming relators up to J-equivalence:
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(i) S12 = (a1, a2 | 4201 = @102 = ajayt = 0);
(ii) S12 = (a1,a2 | a3'ar = aras = ayay' = 0);
(iii) S12 = (a1,a2 | aza1 = a1a2 = a; 1a2 =0);

(iv) S12 = (a1,a2 | azar = aj “lag = a1a2 =0).

Suppose first that case (i) holds. By Lemma 5.1, since 51 3 has polynomial growth, p13
is odd and a; dominates ag from the left or right. Suppose first that a; dominates ag from
the left. Let j be any integer such that 3 < j < n. Note that, by (34), ag dominates a; from
the left. By Lemma 5.2, py ; is odd and a; dominates a; from the left. Hence a; dominates
a; from the left for all j such that 3 < j < n. Putting this together with the relators we
have in this case, and with the relators in (34), we may assume, after renaming relators up
to J-equivalence, that

S =5,.n="T. (35)

Suppose now that a; dominates as from the right. Then al_l dominates as from the left. By
the same argument as before, al_l dominates a; from the left for all j such that 3 < j < n.
Putting this together with all of the relators we have in this case, and with the relators
from (34), we may assume, after renaming relators up to J-equivalence, that

2 2 -1
S =51,.mn="(a,...,ap| a5 =... =a;, = a2 =a1a2 = a1a; =

-1 -1 -1 _ 1 o
a; a; =aj a; = a;aj = a;a; =0,2<i<j<n).

First interchanging the roles of a; and afl, then some slight reordering of relators and

replacement of a relator up to J-equivalence, and then finally interchanging the roles of aq
and as we get the following isomorphisms:

2 2 -1 _ -1 -1, -1
S = (a,...,an a5 =...=a;, =aga; =a] ay=a; ay =

-1 -1 . .

aaj = aia; = a;a; = a;a; =0,2<i<j<n)
2 2 -1 1 -1

= (a1,...,ap | a5 = ... =a;, = a] a2 = a2a1 = A2a] = = 1043 = Q105 =

azaj:aga-_lzaiaj:aiaj_lzo, 3<i<ji<n)

- -1 _
ala]—ala- = j

J

I

2 2 -1 -1 -1
(at,...,an a3 =...=a; =ay a1 = a1a2 = 105 = A203 = G203 =

aga; = agcfl

_ - -1 _ o a7 = ; ;
;= aa; = aa; s = a0 = aa; =0,3<i<j<n)

2 2 -1 -1 S
= (a1,...,ap a3 =... =a, = a; a1 = aja; = a;a; =0, 1<i<j<n).

Thus, after renaming generators and relators, we may assume
S =58,.n="T. (36)

Suppose next that case (ii) holds. As in the previous case, p1 3 is odd and a; dominates
a3 on the left or right. If a; dominates a3 on the right, then, by inspection, as and ajasas
are nonzero reduced words in S that label different loops at the vertex as in I'g, so that S
has exponential growth, which is impossible. Hence a; dominates a3 on the left. Exactly
as before a; dominates a; on the left for all j > 3. Now, putting all relators together, and
renaming relators up to J-equivalence, we may assume (36) holds.
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Suppose next that case (iii) holds. Interchanging the roles of a; and al_l, we may assume,
up to isomorphism of S, that

S12 = (a1,az2 | agafl = aflag =ajaz =0) = (aj,a9 | a;lal =ajay = alagl =0),

)

and we are back in case (ii). Similarly, case (iv) reduces to case (i), by interchanging the
roles of a; and al_l.

Thus, in all cases, up to isomorphism of S, we may assume (35) or (36) holds. This
proves that S is isomorphic to 17 or T5. O

Remark 7.10. It is not difficult to prove that 77 and 75, defined in the previous proof in
the case n > 3, are not isomorphic. One can see this by considering uniqueness of nilpotent
generators, up to inversion, and the uniqueness of letters a; and as dominating nilpotent
generators from the left: neither of the mappings a; — a1,a2 — ag nor aj — as,as — aq
induce isomorphisms between 17 and T5.

Theorem 7.11. Let S = (A | c1,...,c = 0) be a semigroup given by an irredundant
presentation using n > 2 generators and L = n? — 1 relators. Suppose that exactly n — 2
generators are nilpotent. If n = 2 then S has polynomial growth if and only if there exist
nonnegative integers v1 and o such that v1 +~v2 > 0 and S is isomorphic to

(a,b|lab=ab™! =b"aa 02 =0).

If n > 3 then S has polynomial growth if and only if the generators may be reordered and
the relators rewritten, up to J-equivalence, such that the following hold:

(1) Inv(ay,a2) = {(a1,as | ajay = alagl = agalaflag = 0) for some v,0 > 0 such that

¥4+ >0;
(2) Inv(as,...,ay) is finite given by (n — 2)? relators;
(3) {a1,a2}Inv(as,...,a,) = {0}, using 4n — 8 relators a;a; = am;l =0 fori=1,2

and 3 < j < n.
Proof. Suppose first that n = 2 and S has polynomial growth. By Theorem 2.8,
S = (a,b|ab=a"tb=C=0)
where C divides a?b~'ba? for some integer v > 1. Interchanging the roles of a and b~! we
get
S = (a,b|blal=abt=C"=0) = (a,b|ab=abt =C"=0)

where €’ divides bYaa"'b~7 J bYaa"'bY. But b is not nilpotent. It follows quickly that
C" J baa~1b7? for some nonnegative integers y; and 72 such that v; + 2 > 0. Hence

S = (a,blab=ab" ' =b"aa 2 =0). (37)

Conversely, any semigroup described by a presentation of the form (37) has polynomial
growth, by Theorem 2.8, completing the proof of the statement of the theorem for n = 2.

Hence we may suppose that n > 3. To prove necessity, suppose that S has polynomial
growth. We may assume that A = {ay,...,a,} and

_ b3 _
c1 = as, ..., Cp—a = abr
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for some integers ps,...,p, > 2. Let S’ be any homomorphic image of S that has a two-
standard presentation obtained by choosing relators that are reduced words of length two
that divide ¢y, ..., cy respectively. By Lemma 7.1,

S = (A|d,...,dp =0)

where we may assume ¢, divides ¢; for i = 1,..., L. In particular, we may assume
/2 / 2
€L =03, ..., Cp_og =0, .

Part (ii) of Lemma 7.1 guarantees that a? does not divide ¢; for 3 <i < n and j > n — 2.
By Theorem 7.9, S’ is isomorphic to

2 2 € —1 . .
U, = <a1,...,an]a3:...:an:a2a1:aiaj:aiaj =0,1<i<j<n)

for some € € {£1}. There is no loss in generality in supposing
S = U,.

For 1 < ¢ < j < n, denote by ¢, ¢;; and ¢;; the relators in the presentation of S for
]
presentation S’ = U,,. Thus the presentation for S may be rewritten as follows:

which the relators a5ai, a;a; and a;a; *, respectively, were chosen as divisors in forming the

S=(Ald=...=alr=c=¢;=¢,=0,1<i<j<n).
By Lemma 7.2,
content(c) = {ay,as} and content(c; j) = content(¢; ;) = {a;, a;} ,

for 1 <i< j <n. We have

Sie = (a1,a2 |c=c12=Cl2=0) = <a,b|ab:ab_1:b71aa_1b72:0>

for some nonnegative integers y; and 7 such that ~; + v > 0. We may therefore reorder
the generators and rewrite the relators, up to [J-equivalence, so that

Inv(a,az) = Si2 = (a1,a2 | ajag = alagl = aglalafla'f =0),

completing the proof of part (1) of the theorem.
Suppose that 3 < j < n. Now, we have, by Theorem 7.8 (in the case of two generators),

Inv(ai,aj) = Si1; = (a1,a; ]a?j =c1j=c;=0) = (a,b|lab=ab ' =0b")

for some integer v > 2. The isomorphism is determined by the unique letter, in each
presentation, that dominates the other nilpotent letter and its inverse from the left. It
follows that

{crj, eij} =g {maj, ara;'}.
By a similar argument,

{coj, @} =g {asa;, aga;'} .
Part (3) of the theorem now follows quickly. The proof of part (2) follows exactly as in the
proof of part (2) of Theorem 7.6. This completes the proof of necessity.

To prove sufficiency, suppose that we have a semigroup S given by the presentation

S = (Alec,...,c =0)
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such that (1), (2) and (3) hold. In particular, we may suppose that

a2a; , agcf1

—1 -1
a1a2 y alaj, alra, j

,] )
are relators in the presentation of S for 3 < j < n. We prove that S has polynomial growth.
Put

A1 = {a1,a2} and Ay = {as,...,an}.

Then A; is left orthogonal and A;(As U A;') = {0} in S. By part (1) and Theorem 2.8,
Inv(A;) has polynomial growth. By part (2), Inv(As) is finite. Hence, by Lemma 2.5, S
has polynomial growth. This completes the proof of sufficiency. O

Remark 7.12. Consider the case n = 2 in Theorem 7.11. If v = 0 then
baa 162 = baa"! T bMa ,

so that S = (a,b | ab = ab™! = b7a ), where v = 71 is a positive integer. On the other
hand, if 77 = 0 then

b aa 02 = aa” 62 J b 20 ,

so that S = (a,b| ab=ab~! = bYa ), where now 7 = —7, is a negative integer. Thus, if
v1 = 0 or 2 = 0, then we get the simpler description

S = (a,b|ab=ab"' =ba),

for some nonzero integer . Similarly if n > 2 and p; = 0 or ps = 0 then

S = <a1,...,an\a§3:...:aﬁn:agalzaiaj:aiaj_lzo, 1<i<j<mn),
for some nonzero integer p. If, further p3 = ... = p, = 2 then
G o~ T1 ifpzl,
T, ifp=-—1,

recovering the two-standard presentations given in the proof of Theorem 7.9.

8. AN APPLICATION

We recall from [10] the operator Z that takes a general inverse semigroup presentation
(not necessarily with zero)

II = Inv(A|C;=D; for i=1,...,k),

where A is our usual alphabet and all C;, D; are words over B = AU A~!, and produces
the homomorphic image

in the class Mpy. Clearly, if Z(II) has exponential growth then so does II, and if Z(II)
contains a non-monogenic free subsemigroup then so does II.

The first theorem in this section is an application of our results to deduce connections
between growth of arbitrary finitely presented inverse semigroup and the number of rela-
tions.
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Theorem 8.1. Consider the inverse semigroup
II = Inv(A|C;=D; for i=1,...,k)

defined by k relations where A is an alphabet of size n > 2 and C;, D; are words over B
neither of which is J-related to a single letter for each i. If k < ”22_1 then 11 contains a
noncyclic free subsemigroup, so has exponential growth. If II has polynomial growth and no
C; divides or is divided by Dj, for all i and j, then k > ”22_1.

Proof. Observe that the number of relators in the presentation for Z(II) is L = 2k. Suppose
first that k£ < "2; L so L < n?—1. If condition (v) of irredundancy fails, then Z(II) contains
a noncyclic free subsemigroup for a trivial reason, and hence II does also. Suppose then

that condition (v) of irredundancy holds. If condition (iv) of irredundancy fails, then we
may delete relators that J-divide other relators, yielding an irredundant presentation for
Z(II) using L' < L relators. If condition (iv) holds then we put L' = L. In either case,
L' < L < n?—1, so that Z(II) does not have polynomial growth, by Theorem 5.13, so
contains a noncyclic free subsemigroup, by part (b) of Theorem 2.2. Hence II also contains
a noncyclic free subsemigroup.

Suppose now that II has polynomial growth and no C; divides or is divided by D;, for
all i and j. Certainly Z(II) has polynomial growth. Condition (v) of irredundancy must
therefore hold automatically with respect to its presentation; condition (iv) of irredundancy

eps 2 . 2_1
holds by supposition. Hence L > n* — 1, again by Theorem 5.13, so that k > *——. O

The final theorem is an application of our results to give a sufficient condition that guar-
antees certain finitely generated inverse semigroups (which need not be finitely presented)
possess noncyclic free subsemigroups, so have exponential growth.

Theorem 8.2. Consider the inverse semigroup
II = Inv(A|C;=D; for iel)

where A is an alphabet of size n > 2, I is a nonempty indexing set (not necessarily finite),
and C;, D; are words over B neither of which is J-related to a single letter for each i € I.
Then there exists a finite set M of smallest size consisting of reduced words over AU A™1
of length 2 such that the ideal generated by M in F14 contains all C; and D; fori € I. If
|M| < n? —1 then II contains a noncyclic free subsemigroup, so has exponential growth.

Proof. Clearly M exists (as in the proof of Corollary 5.14). Suppose that |M| < n? —1. By
Corollary 5.14, Z(II) contains a noncyclic free subsemigroup, and the theorem follows. [

We finish with a simple application of our techniques to analyse growth of a novel class
of two-generated inverse semigroups all of which have exponential growth.

Ezxample 8.3. Consider the following hyperword that is infinite to the right:
w = bab 2b?a b3 ab a0 L bR T ab R 2R L
Observe that every finite subword of w is the label of a traversal of some subtree of the word

tree T'(b™ab™™) for some sufficiently large positive integer n. Consider an inverse semigroup
II given by the presentation

II = Inv(a,b|C;=D; for iel)
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where I is some (possibly infinite) indexing set and C; and D; are finite subwords of w
whose Munn trees have at least two edges, for each i € I. Let M denote the set of divisors
of C; and D; that are reduced words of length 2. By inspection of w, we have

M C {b¥’, b2 ba,a b7 ab™t bat} .

If the set of J-classes of elements of M has cardinality < 3 = n? — 1, when n = 2, then the
previous theorem applies, so that Il contains a noncyclic free subsemigroup. Suppose then
that the set of J-classes of elements of M has cardinality 3 (so that the previous theorem
does not apply). Then

S = (a,b|b*=ba=ba"' =0)

is a homomorphic image of II. But S does not have polynomial growth by the charac-
terisation given in Theorem 2.8 (or more directly by observing that (a,b) and (a~!,b) are
adjacent pairs in I'g and then applying part (e)(ii) of Theorem 2.2). It follows now that S,
and hence also 11, contains a noncyclic free subsemigroup. Hence II has exponential growth
in all possible cases.

Acknowledgment:

The authors wish to thank the anonymous referee for his or her careful reading of the
manuscript, comments and suggestions leading to improvements in the final version. The
authors gratefully acknowledge support from the School of Arts and Sciences, Hunter Col-
lege, and the School of Mathematics and Statistics, University of Sydney, resulting in this
ongoing collaborative work. The first author gratefully acknowledges partial support from
the PSC-CUNY Grant Program.

REFERENCES

[1] S.I. Adjan. Identities of special semigroups. Dokl. Acad. Nauk, 143:499-502, 1962 (in Russian).

[2] D. Anick. Generic algebras and CW complexes. In Algebraic Topology and Algebraic K-Theory (Princeton
University Press), 247-321, 1983.

[3] B. Baumslag and S. Pride. Groups with two more generators than relators. J. London Math. Soc., 17:
425-426, 1978.

[4] H. Bass. The degree of polynomial growth of finitely generated nilpotent groups. Proc. London Math.
Soc., 25:603-614, 1972.

[5] R. Bieri. Deficiency and the geometric invariants of a group (with an appendix by Pascal Schweiger). J.
Pure Appl. Algebra, 208:951-959, 2007.

[6] A.H. Clifford and G.B. Preston. The algebraic theory of semigroups. Math. Surveys No. 7,
Amer. Math. Soc., Providence, Vol. I, 1961.

[7] N.G. de Bruijn. A combinatorial problem. Koninklijke Nederlandse Akademie v. Wetenschappen, 49:758-
764, 1946.

[8] P.delaHarpe. Topics in geometric group theory. Chicago Lectures in Mathematics (University of Chicago
Press, Chicago), 2000.

[9] D. Easdown and L.M. Shneerson. Principal Rees quotients of free inverse semigroups. Glasgow Math. J.,
45:263-267, 2003.

[10] D. Easdown and L.M. Shneerson. Growth of Rees quotients of free inverse semigroups defined by small
numbers of relators. Intern. J. Algebra Comput., 23:521-545, 2013.

[11] R.H. Gilman. Presentations of groups and monoids. J. Algebra, 57:544-554, 1979.

[12] E.S. Golod and I.R. Shafarevich. On the class field tower. Izv. Akad. Nauk SSSR Ser. Mat., 28:261-272,
1964 (in Russian).



PRESENTATIONS OF INVERSE SEMIGROUPS WITH POLYNOMIAL GROWTH 47

[13] R.I. Grigorchuk. On Milnor’s problem on the growth of groups. Dokl. Akad. Nauk, 271:31-33, 1983 (in
Russian)

[14] R.I. Grigorchuk. Milnor’s Problem on the Growth of Groups and its Consequences. Frontiers in Complex
Dynamics: In Celebration of John Milnor’s 80th Birthday. Princeton Mathematical Series (Princeton
University Press, Princeton and Oxford), 51:705-773, 2014.

[15] M. Gromov. Groups of polynomial growth and expanding maps. ITHES Publ. Math., 53:53-73, 1981.

[16] P.M. Higgins. Techniques of semigroup theory. Oxford University Press, 1992.

[17] J.M. Howie. An introduction to semigroup theory. Academic Press, 1976.

[18] N. Iyudu and S. Shkarin. Finite dimensional semigroup quadratic algebras with minimal number of
relations. Monatsh. Math., 168(2):239-252, 2012.

[19] G.R. Krause and T.H. Lenagan. Growth of Algebras and Gelfand-Kirillov Dimension. Graduate Studies
in Mathematics, 22, American Mathematical Society, Providence, 2000.

[20] J. Lau. Growth of a class of inverse semigroups. PhD thesis, University of Sydney, 1997.

[21] J. Lau. Rational growth of a class of inverse semigroups. J. Algebra, 204:406-425, 1998.

[22] J. Lau. Degree of growth of some inverse semigroups. J. Algebra, 204:426-439, 1998.

[23] M.V. Lawson. Inverse semigroups: the theory of partial symmetries. World Scientific, 1998

[24] M. Lothaire. Algebraic combinatorics on words Cambridge University Press, 2002.

[25] A. Mann. How groups grow. London Mathematical Society Lecture Note Series, 395, Cambridge Uni-
versity Press, Cambridge, 2012.

[26] J.W. Milnor. A note on curvature and fundamental group. J. Diff. Geom., 2:1-7, 1968.

[27] W.D. Munn. Free inverse semigroups. Proc. Lond. Math. Soc, 29(3):385-404, 1974.

[28] B.H. Neumann. Some remarks on semigroup presentations. Can. J. Math., 19: 1018-1026, 1967.

[29] J. Okninski. Semigroup algebras. Marcel Dekker, 1980.

[30] B. Piochi. Quasi-abelian and quasi-solvable regular semigroup. Le Matematiche, 51: 167-182, 1996.

[31] G. Rauzy. Suite a termes dans un alphabet fini. Séminaire de Théorie des Nombres de Bordeauz, 1-16,
1982-1983.

[32] N.R. Reilly. Free generators in free inverse semigroups. Bull. Austral. Math. Soc., 7:407-424, 1972.

[33] N.S. Romanovskii. Free subgroups in finitely presented groups. Algebra i Logika, 16: 88-97, 1977 (in
Russian).

[34] M. Sapir. Combinatorial Algebra: Syntazr and Semantics. With contributions by Victor S. Guba and
Mikhail V. Volkov. Springer Monographs in Mathematics, 2014.

[35] B.M. Schein. Representations of generalised groups. Izv. Vyss. Ucebn. Zav. Matem., 3(28):164-176, 1962
(in Russian).

[36] K. Shirayanagi. A classification of finite-dimensional monomial algebras. Effective methods in algebraic
geometry (Castiglioncello, 1990). Progress in mathematics, Birkhauser Boston, Boston, MA, 94:469-481,
1991.

[37] A.L Shirshov. On rings with identity relations. Mat. Sb., 43:277-283, 1957 (in Russian).

[38] L.M. Shneerson. Identities in finitely presented semigroups. Logic, Algebra and Computational Mathe-
matics., 2(1):163-298, 1974, Ivanovo (in Russian).

[39] L.M. Shneerson. Free subsemigroups of finitely presented semigroups. Sib. Mat. Zh., 15:450-454, 1974
(in Russian).

[40] L.M. Shneerson. Finitely presented semigroups with nontrivial identities. Sib. Mat. Zh., 23:124-133,
1982 (in Russian).

[41] L.M. Shneerson. Identities and a bounded height condition for semigroups. Intern. J. Algebra Comput.,
13:565-583, 2003.

[42] L.M. Shneerson. On growth, identities and free subsemigroups for inverse semigroups of deficiency one.
Intern. J. Algebra Comput., 25: 233-258, 2015.

[43] L.M. Shneerson and D. Easdown. Growth and existence of identities in a class of finitely presented
inverse semigroups with zero. Intern. J. Algebra Comput., 6:105-121, 1996.

[44] L.M. Shneerson and D. Easdown. Growth of finitely presented Rees quotients of free inverse semigroups.
Intern. J. Algebra Comput., 21:315-328, 2011.



48 L.M. SHNEERSON AND D. EASDOWN

[45] A. Shvarts. A volume invariant of coverings. Dokl. Akad. Nauk SSSR, 105:32-34, 1955 (in Russian).

[46] R. Stohr. Groups with one more generator than relators. Math. Z., 182:45-47, 1983.

[47] V.A. Ufnarovsky. Growth criterion for graphs and algebras given by words. Mat. Zam., 31(3):465-472,
1982 (in Russian).

[48] V.A. Ufnarovsky. Combinatorial and asymptotic methods in algebra. Algebra VI, Encyclopedia of Math-
ematical Sciences, Springer, 1995.

[49] E.V. Vinberg. On the theorem concerning the infinite-dimensionality of an associative algebra. Izv.
Akad. Nauk SSSR Ser. Mat., 29(1):209-214, 1965 (in Russian).

[50] J.S. Wilson. Soluble groups of deficiency 1. Bull. London Math. Soc., 28:476-480, 1996.

[651] J. Wolf. Growth of finitely generated solvable groups and curvature of Riemannian manifolds. J. Dif-
ferential Geom., 2:421-446, 1968.

HUNTER COLLEGE, CITY UNIVERSITY OF NEW YORK, 695 PARK AVENUE, NEwW YORK, NY 10065,
USA
FE-mail address: 1shneers@hunter. cuny.edu

SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY OF SYDNEY, NSW 2006, AUSTRALIA

E-mail address: david.easdown@sydney.edu.au



