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LARGE DEVIATIONS FOR STOCHASTIC GEOMETRIC WAVE
EQUATION

ZDZISLAW BRZEZNIAK, BEN GOLDYS AND NIMIT RANA

ABSTRACT. We consider stochastic wave map equation on real line with solutions
taking values in a d-dimensional compact Riemannian manifold. We show first that
this equation has unique, global, strong in PDE sense, solution in local Sobolev
spaces. The main result of the paper is a proof of the Large Deviations Principle
for solutions in the case of vanishing noise. Our proof relies on a new version of
the weak convergence approach by Budhiraja and Dupuis (Probab. Math. Statist.,
2000) suitable for the analysis of stochastic wave maps in local Sobolev spaces.
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1. INTRODUCTION

Stochastic PDEs for manifold-valued processes has attracted a great deal of atten-
tion due to its wide range of applications in the kinetic theory of phase transitions
and the theory of stochastic quantization, see e.g. [6], [7]-[9], [13]-[17], [21}, 33} 1]
and references therein. In this paper we are dealing with a particular example of
such an equation, known as stochastic geometric wave equation (SGWE), that was
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introduced and studied by the first named author et al. in a series of papers [13],
[15], [17], see also [16].

The aim of this paper is to prove a large deviations principle (LDP) for the one-
dimensional stochastic wave equation with solutions taking values in a d-dimensional
compact Riemannian manifold M. More precisely we will consider the equation

Dtﬁtue = Dmﬁxus -+ \/EYUE (atus, arua) W7 (].].)

where ¢ € (0, 1] approaches zero. Here D is the connection on the pull-back bundle
u™ 1T M of the tangent bundle over M induced by the Riemannian connection on M,
see e.g. [14, 53], and W is a spatially homogeneous Wiener process on R. A precise
formulation is provided in Section [3] Here we only note that we will work with the
extrinsic formulation of , that is, we assume M to be isometrically embedded into
a certain Euclidean space R"™, which holds true due to the celebrated Nash isometric
embedding theorem [42]. Then, in view of Remark 2.5 in [13], equation can be
written in the form

Ot = Ogati® + Aye (0pu°, Opu) — Aye (0pu°, Opuf) + \/2Yye (Ous, Dpu®) W, (1.2)

where A is the second fundamental form of the submanifold M C R"™. More details
about the equivalence of extrinsic and intrinsic formulations of stochastic PDEs can
be found in Sections 2 and 12 of [13].

Due to its importance for applications, LDP for stochastic PDEs has been widely
studied by many authors. However, analysis of large deviations for stochastic PDEs
for manifold-valued processes is very little understood. To the best of our knowledge,
LDP has only been established for the stochastic Landau-Lifshitz-Gilbert equation
with solutions taking values in the two dimensional sphere [9]. Our paper is the first
to study LDP for SGWE.

If e = 0 then equation reduces to a deterministic equation for wave maps. It has
been intensely studied in recent years due to its importance in field theory and general
relativity, see for example [34] and references therein. It turns out that solutions to
the deterministic geometric wave equation can exhibit a very complex behaviour
including (multiple) blowups and shrinking and expanding bubbles, see [3, [4]. In
some cases the Soliton Resolution Conjecture has been proved, see [37]. Various
concepts of stability of these phenomena, including the stability of soliton solutions
has also been intensely studied [27]. It seems natural to investigate stability for wave
maps by investigating the impact of small random perturbations and this idea leads
to equation ([1.2)). Let us recall that the stability of solitons under the influence
of noise has already been studied by means of LDP for the Schrodinger equations,
see [26]. LDP, once established, will provide a tool for more precise analysis of the
stability of wave maps.

Another motivation for studying equation with € > 0 comes from the Hamil-
tonian structure of deterministic wave equation. Deterministic Hamiltonian systems
may have infinite number of invariant measures and are not ergodic, see the dis-
cussion of this problem in [30]. Characterisation of such systems is a long standing
problem. The main idea, which goes back to Kolmogorov-Eckmann-Ruelle, is to
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choose a suitable small random perturbation such that the solution to stochastic
system is a Markov process with the unique invariant measure and then one can
select a “physical” invariant measure of the deterministic system by taking the limit
of vanishing noise, see for example [25], where this idea is applied to wave maps. A
finite dimensional toy example was studied in [2].

In the present work, our proof of verifying the large deviations principle relies on the
weak convergence method introduced in [19]. Tt is based on a variational represen-
tation formula for certain functionals of the driving infinite dimensional Brownian
motion, and was applied to stochastic PDEs in [9], [23], [28] and [57]. In order to
apply the result of [19] we have, differently to the aforementioned papers, to work
in Fréchet spaces associated to the local Sobolev spaces. Recently in [54] the au-
thors have established a LDP for a general class of Banach space valued stochastic
differential equations by a different, but still based on Laplace principle, approach.
However, their result does not apply to SGWE studied in this paper because the
wave operator does not generate a compact Cp-semigroup.

Finally, we note that the approach we follow in the Section [5| can be applied to the
general beam equation studied in [I2], and the nonlinear wave equation with poly-
nomial nonlinearity, with spatially homogeneous noise in local Sobolev spaces. In
particular, this method would generalize the result of [57] and [45]. Our approach
would also lead to an extension of the work of Martirosyan [41] who considers a
nonlinear wave equations on a bounded domain. We believe that the methods of
the present work would allow us to obtain large deviations principle for the fam-
ily of stationary measures generated by the flow of stochastic wave equation, with
multiplicative white noise, in non-local Sobolev spaces over the full space RY.

The organisation of the paper is as follows. In Section [2 we introduce our notation
and state the definitions used in the paper. Section |3 contains some properties of
the nonlinear drift terms and the diffusion coefficient that we need later. In Section
[4] we prove the existence of a unique global and strong in PDE sense solution to the
skeleton equation associated to . The proof of Large Deviations Principle, based
on weak convergence approach, is provided in Section |5, We conclude the paper with
Appendices[A] and [B], where we state modified version of the existing results on global
well-posedness of ((1.2]) and energy inequality from [I3] that we use frequently in the

paper.

2. NOTATION

We write a < b if there exists a universal constant ¢ > 0, independent of a,b,

such that a < ¢b, and we write a ~ b when a < b and b < a. In case we want
to emphasize the dependence of ¢ on some parameters aq,...,ag, then we write,

respectively, <o, 4, and >~ ... We will denote by Bg(a), for a € R and R > 0,
the open ball in R with center at a and we put Bg = Bg(0). Now we list the notations
used throughout the whole paper.

e N ={0,1,---} denotes the set of natural numbers, R, = [0,00), Leb denotes the
Lebesgue measure.
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e Let I C R be an open interval. By LP(I;R"™),p € [1,00), we denote the classical
real Banach space of all (equivalence classes of) R™-valued p-integrable maps on 1.
The norm on LP(I;R") is given by

ol = ( [lutapas) " we iz,
I

where | - | is Euclidean norm on R"™. For p = oo, we consider the usual modification
to essential supremum.
e For any p € [1,00|, Li . (R;R™) stands for a metrizable topological vector space

equipped with a natural countable family of seminorms {p;},en defined by
pi(w) = lullie(s;mey,  u € Lig(R;R"), j € N.

e By H¥?(I;R"™), for p € [1,00] and k € N, we denote the Banach space of all
u € LP(I;R"™) for which Diu € LP(I;R"),5 = 0,1,...,k, where D’ is the weak
derivative of order j. The norm here is given by

[l ow (rmmy = <Z | D UHLp I.R" > ; u € H5P(I;R™).

o We write H10C (R;R™), for p € [1,00] and k € N, to denote the space of all elements
ue LY

e (R;R™) whose weak derivatives up to order k belong to Li (R;R™). It is

relevant to note that H{Zf (R; R™) is a metrizable topological vector space equipped

with the following natural countable family of seminorms {g;}en,

QJ(U> = ”uHHk’P(Bj;R")) u € Hl]f)f(R Rn) .] € N.
The spaces H*?(I;R") and H;"?(R; R") are usually denoted by H*(I; R") and Hf,
respectively.
o We set H := H*(R;R") x H'(R;R"), Hyoe := HE.
e To shorten the notation in the calculation we set rules as:

(R;R")

(R;R"™) x H.

loc (R7 Rn) :

e if the space where function is taking value, for example R", is clear then to
save the space we will omit R”, for example H*(I) instead H*(I;R"™);

o if ] =(0,7) or (—R, R) or B(z, R), for some T, R > 0 and = € R, then in-
stead of LP(I; R™) we write, respectively, L?(0,T;R"), LP(Bg; R™), LP(B(x, R); R"™).
Similarly for H* and Hf_ spaces.

e write H(Bg) or Hg for H*((—R, R);R") x H'((—R, R); R"™).
e For any nonnegative integer j, let C/(R) be the space of real valued continuous
functions whose derivatives up to order j are continuous on R. We also need the
family of spaces Cj(R) defined by

Cl(R) := {u € C/(R);Va € N, < j, 3Ky, || Dt ooy < Ko} -

e Given T > 0 and Banach space E, we denote by C([0,T]; E) the real Banach space
of all E-valued continuous functions v : [0,7] — E endowed with the norm

|ulleqo,rmy := sup [[u(t)| &, u € C([0,T]; E).

te[0,7]
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By (C(]0,T], E) we mean the set of elements of C(]0,7]; £') vanishes at origin, that
is,

oC([0,T], E) := {u € C([0,T], E) : u(0) = 0} .
e For given metric space (X, p), by C(R; X) we mean the space of continuous functions
from R to X which is equipped with the metric

oo

(F.9) = D 5 minfl, swp p(f(0),9(t))}

j=1 te[—7,j]
e We denote the tangent and the normal bundle of a smooth manifold M by T'M and
N M, respectively. Let (M) be the set of all smooth R-valued function on M.
e A map u:R — M belongs to HF (R; M) provided that fou € Hf (R;R) for every

loc loc
0 € F(M). We equip Hf (R; M) with the topology induced by the mappings

Hﬁ)c(R; M)suwr—0ouc€ HZZC(R;R), 0eF(M).

Since the tangent bundle TM of a manifold M is also a manifold, this definition
covers Sobolev spaces of T'M-valued functions too.

e By % (H,, Hs) we denote the class of Hilbert—Schmidt operators from a separable
Hilbert space H; to another Hs. By L(X,Y) we denote the space of all linear
continuous operators from a topological vector space X to Y.

e We denote by S(R) the space of Schwartz functions on R and write S'(R) for its
dual, which is the space of tempered distributions on R. By L? we denote the
weighted space L*(R,w, dz), where w(z) := e~ x € R, is an element of S(R). Let
H: (R),s > 0, be the completion of S(R) with respect to the norm

Hy () = (/R(l + lez)slf(w”%)(x)IQdI)é,

where F denoted the Fourier transform.

ul

3. PRELIMINARIES

In this section we discuss all the required preliminaries about the nonlinearity and
the diffusion coefficient that we need in Section [ We are following Sections 3 to 5
of [13] very closely here.

3.1. Wiener process. Let pu be a symmetric Borel measure on R, such that

/R(l + ]2*)? p(dz) < . (3.1)

An §'(R)-valued process W = {IW(t),t > 0}, on a given stochastic basis (€2, §, (&¢)t>0, P),
is called a spatially homogeneous Wiener process with spectral measure g provided
that
(1) for every ¢ € S(R), {W(t)(¢),t > 0} is a real-valued (§;)-adapted Wiener
process,
(2) W(t)(ap + ¥) = aW (t)(¢) + W(t)(¥) holds almost surely for every ¢ > 0,
a € Rand ¢, € S(R), R

(3) E{W(t)(@)W (t)(x))} = t{(®, %) 12w holds for every ¢t > 0 and ¢,9 € S(R).
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It is shown in [49] that the Reproducing Kernel Hilbert Space (RKHS) H, of the
Gaussian distribution of W (1) is given by

Hy = {p: v € (R, 1, ©), () = b(~2),x € R},

where L?(R%, 11, C) is the Banach space of complex-valued functions that are square
integrable with respect to the measure p. Note that the Hilbert space H, is endowed
with the inner-product

(i), o= [ n(ayiata) ).

Recall from [49, [50] that W can be regarded as a cylindrical Wiener process on H,
and it takes values in any Hilbert space F, such that the embedding H, — £ is
Hilbert-Schmidt. Since we explicitly know the structure of H,, in the next result,
whose proof is based on [47, Lemma 2.2] and discussion with Szymon Peszat [48], we
provide an example of E such that the paths of W can be considered in C([0,T]; E).
Below we also use the notation F(-), along with =, to denote the Fourier transform.

Lemma 3.1. Let us assume that the measure p satisfies (3.1)). Then the imbedding
i: H, — H2(R) is a Hilbert-Schmidt operator.

Proof of Lemma [3.1 To simplify the notation we set L?S) (R, 1) to be the space

of all f € L*(R,u;C) such that f(z) = f(—z), * € R. Let {ex}reny C S(R) be an

orthonormal basis of L2 (R, u). Then, by the definition of H,, {F(exu)}ren is an
() H

orthonormal basis of H,,. Invoking the convolution property of the Fourier transform

and the Bessel inequality, we obtain,

> lewlie = Z/R(l + [ F (0P F(erp)) ()] da
/R (14 |z|?) (Z | F ( 1/2.7-" (enp)) (@ )|2> dx

= [y (

< [+ iprF (W) (@ = )P u(dz) do
- /Rzu o+ 2P)F (w!?) (@) p(dz) da

< 2|2 / (1+ |2P)? u(dz).
Hence Lemma [B.1] O

1/2 x—z)ek() p(dz)

>dx

It is relevant to note here that H2(R) is a subset of HZ.(R). The next result,
whose detailed proof can be found in [44], Lemma 1], plays very important role in

deriving the required estimates for the terms involving diffusion coefficient.
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Lemma 3.2. If the measure ju satisfies (3.1), then H, is continuously embedded in
CZ(R). Moreover, for any g € H’(B(x, R); R™), where z € R, R > 0 and j € {0,1,2},

the multiplication operator
H, > ¢ g-€ € H(B(z, R);R"Y),
is Hilbert-Schmidt and 3 ¢ > 0, independent of R, x, g, & and j, such that
1€ = g &l i, 1 (B R)yRY) < llgl a5 (B2, R)RM)-

Remark 3.3. It is a crucial observation that in the case of spatially homogeneous
noise the constant ¢ in Lemma des not depend on the size and position of the
ball. However, if we consider a cylindrical Wiener process, then this constant will
also depend on the centre x but will be bounded on bounded sets with respect to x.

3.2. Extensions of non-linear term. By definition A, : T,M x T,M — N,M,
p € M, where T,M C R" and N,M C R" are the tangent and the normal vector
spaces at p € M, respectively. It is well known, see e.g. [30], that A,, p € M, is a
symmetric bilinear form.

Since we are following the approach of [7], [13], and [35], one of the main steps in
the proof of the existence theorem is to consider the problem in the ambient
space R™ with an appropriate extension of A from their domain to R™. In this section
we discuss two extensions of A which work fine in the context of stochastic wave map,
as demonstrated in [13].

Let us denote by £ the exponential function

TR" > (p,&§) —p+E R,

relative to the Riemannian manifold R™ equipped with the standard Euclidean metric.
The proof of the following proposition about the existence of an open set O containing
M, with some essential required features, which is called a tubular neighbourhood of
M, can be found in [46, Proposition 7.26, p. 200].

Proposition 3.4. There exists an R™-open neighbourhood O around M and an N M -
open neighbourhood V- around the set {(p,0) € NM : p € NM} such that the re-
striction of the exponential map E|y : V — O 1is a diffeomorphism. Moreover, the
neighbourhood V' can be chosen in such a way that (p,t&) € V whenever t € [—1,1]
and (p,&) € V.

If there is no ambiguity, we will denote the diffeomorphism &|y, : V- — O by €&.
Using Proposition [3.4] the diffeomorphism i : NM > (p, &) — (p, =€) € NM and the
standard partition of unity, one can obtain a function T : R” — R"™ which identifies
the manifold M as its fixed point set. We have the following result.

Lemma 3.5. [13, Corollary 3.4 and Remark 3.5] There exists a smooth compactly
supported function YT : R™ — R™ which has the following properties:

(1) restriction of T on O is a diffeomorpshim,
(2) T|O =E0i0&71: 0 — O is an involution on the tubular neighborhood O of

(3) Y(Y(q)) = q for every g € O,
(4) if g € O, then Y(q) = q if and only if ¢ € M,
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(5) if p € M, then

£, provided § € T,M,
—¢  provided £ € N, M.

The following result is the first extension of the second fundamental form that we
use in this paper.

Proposition 3.6. [I3, Proposition 3.6] If we define

St
By(a,b) = ———(q)a;b; = T (a,b), qg€eR" a,beR", (3.2)
i1 0q;0q;
and
1
Ag(a,b) = 5Br(T'(@)a, T(q)b), g €R", abeR", (3.3)

then, for everyp € M,

Ap(f»n) = Ap(fﬂ?)» 5777 € T;DM7

and
Ar(Y'(q)a, Y'(q)b) = T'(¢)Aq(a,b) + By(a,b), g € O, a,b € R™. (3.4)

Along with the extension A, defined by formula (3.3)), we also need the extension

2/, defined by formula (3.5]), of the second fundamental form tensor A which will be
perpendicular to the tangent space.

Proposition 3.7. [I3, Proposition 3.7] Consider the function
o R" xR" xR" 3 (q,a,b) — (a,b) € R,
defined by formula

Ay(a,b) = > awi()b; = Ag(mg(a), my(b)),  ¢E€R", a€R", beR", (35)

1,j=1

where m,, p € M 1is the orthogonal projection of R" to T,M, and v;;, for i,5 €
{1,...,n}, are smooth and symmetric (i.e. v;; = vj;) extensions of v;;(p) = Ap(mpes, Tpe;)
to ambient space R™. Then <f satisfies the following:

(1) < is smooth in (q,a,b) and symmetric in (a,b) for every q,

(2) (&) = Ap(&m) for everyp € M, {,n € T,M,
(3) <, (a,b) is perpendicular to T,M for every p e M, a,b € R™.

3.3. The Cy-group, extension operators. Here we recall some facts on infinitesi-
mal generators of the linear wave equation and on the extension operators in various
Sobolev spaces. We refer to [I3], Section 5] for more details.
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Proposition 3.8. Assume that k,n € N. The one parameter family of operators

defined by
cos[t(—A)Y?Ju! +  (=A)V2sinft(—A)V2o!
u\ cos[t(—A)Y2|u" + (—A)"2sin[t(—A) Y2
S ( v ) | (=) 2sin[t (A ut + cos[t(—A)/ 2!
(=AY Zin[f(=A) 2+ cosfH(—A)Y2un

1s a Cy-group on

HF = HM(R;R") x HY(R;R"),
and its infinitesimal generator is an operator G¥ = G defined by

D(G") = H*(R;R") x H*"(R;R"),
o(1) - (&)
The following theorem is well known, see e.g. [40] and [31, Section II1.5.4].

Proposition 3.9. Let k € N. There exists a linear bounded operator

E*: H*((—-1,1);R") — H*(R;R"),

such that
(i) E*f = f almost everywhere on (—1,1) whenever f € H*((—1,1); R"),
(ii) E*f vanishes outside of (—2,2) whenever f € H*((—1,1);R"),
(iii) E*f € CH(R;R")), of f € C*([~1,1];R™)),
(iv) if j € N and j < k, then there exists a unique extension of E¥ to a bounded linear
operator from HI((—1,1);R") to H7(R;R™).
Definition 3.10. For k € N, r > 0 we define the operators
Ey: H((—r,r);R") » H/(RiR"),  jEN,j <k,

called as r-scaled E* operators, by the following formula
x
(BEN@) = By = foml} (5), weR (3.6)
forr >0 and f € H*((—r,r); R").

The following remark will be useful in Lemma [4.4]

Remark 3.11. We can rewrite as (EXf)(x) = (E*f,)(%), f € H*((—r,7); R™)
where f,: (=1,1) > y — f(yr) € R™. Also, observe that for f € H'((—r,r); R")

||fT||12L11((71,1);R") < (7’_1 + 7”)||f“§11((fr,r);w)-
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3.4. Diffusion coefficient. In this subsection we discuss the assumptions on diffu-
sion coefficient Y which we use only in Section [l We note that due to a technical
issue, that is explained in Section [5 we need to impose stricter conditions on Y in
establishing the large deviation principle for (1.2). Here Y, : T,M x T,M — T,M,
for p € M, is a mapping satisfying,

|§/17(£777)|TpM S Cy(l + ‘€|TPM + |77’TPM)7 p e M7 fﬂl S Tva

for some constant C'y > 0 which is independent of p. By invoking Lemma [3.5| and
[13, Proposition 3.10], we can extend the noise coefficient to map ¥ : R” x R” x R" 3
(p,a,b) — Y,(a,b) € R" which satisfies the following:

Y.1 for ¢ € O and a,b € R,
Yy (T'(g)a, T(q)b) = Y'(q)Yy(a, b), (3.7)

Y.2 there exists an compact set Ky C R"™ containing M such that Y,(a,b) = 0,
for all a,b € R™, whenever p ¢ Ky,

Y.3 Y is of C%-class and there exist positive constants Cy.,i € {1, 2,3} such that,
with notation Y (p,a,b) :=Y,(a,b), for every p,a,b € R",

[Yp(a,b)| < Cyy (1 + |al + [b]), (3.8)
oY

o (.0.8) < Gyl al 4B, =1 39)
oY )4

g(p,a,b)‘+‘%(p,a,b)‘ SCYQ’ izl?"'vn (310)

9’y .
m(p,a, b)| < Cy,, z,y €{p,a,b} and i,j € {1,...,n}. (3.11)
jYYi

4. SKELETON EQUATION

The purpose of this section is to introduce and study the skeleton (deterministic)
equation associated to (1.2]). Define

JHY2(0, T3 H,) = {h e ,C([0,T],E) : h € L*(0, T HM)} .

Note that (H'*(0,T; H,) endowed with the norm

T
hll ooz, = ( [ o, dt)

, is a Hilbert space and the map

1/2

t
L*(0,T;H,) > h— h= {t > / h(s) ds} € H"Y(0,T; H,),
0

is an isometric isomorphism. For h € (H'*(0,T; H,), we will consider the so called
skeleton equation associated to problem (|1.2)):

Y%u:amu+AA@%amy—Adamawy+xﬁyh@mh,

w(0, ) = ug, Gu(0,-) = vq. (4.1)
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The main result of this section is the following deterministic version of [13, Theorem

11.1].
Theorem 4.1. Let T > 0, h € (H"*(0,T; H,) and (ug,vo) € Hp, x HL.(R; TM) be

given. Then for every R > T, there exists a function u: [0,T) x R — M such that:

(1) [0,T) 3t — u(t,") € H*((—R, R);R") is continuous,

(2) [0,T) 2t — u(t,") € H'((—R, R);R") is continuously differentiable,
(3) u(t x) € M for every t € [0, T) and x € R,

(4) u(0,2) = up(x) and Owu(0,z) = vo(x) for every x € R,

(5) for every t € [0,T) the following holds in L*((—R, R); R"),

Oyu(t) = v + /0 [@mu(s) — Au(s)(Ozu(s), 0pu(s)) + Aus)(Opu(s), atu(s))} ds

+ /0 You(s) (Qru(s), dpu(s))h(s) ds. (4.2)

Moreover, if there ezists another map U : [0,T) x R — M which also satisfies the
above properties then

Ut,x) =u(t,z) forevery |z|<R—t and te€]|0,T).

Proof of Theorem [{.1 The method of proof is motivated by Sections 7-11 of [13].
We will seek solutions that take values in the Fréchet space HZ (R; R™) x HL _(R;R™).
To this end we will localize the problem using a sequence of non-linear wave equations.

For a given R > 0, fix r > R+7T, and k € N. Let ¢ : R — R be a smooth function
such that ¢(z) =1 for x € (—r,r) and ¢(x) = 0 for x ¢ (—2r,2r). Next, with the

convention z = (u,v) € H, we define the following maps

0
F, : [0,T] xH>(tz) s < B Au(0.0) — A, ()] ) e,
F,.(t,z2), if |z|y,_, <k
Foo @ [0T)xH>(tz) =< (2—1lzlw_,) Frlt,2), if k<|zly,_, <2k €H,
0, if 2k < |zfn,
0
G, [OaT] xH> (t,z) = ( (Ei_tyu(v’ux», ) € 32(HM»IH)7
G.(t,2), if |zl , <k
G @ [0,T)xH2 (t2) =< (2—tlzln_,) Gt 2), if k< |zln,_, <2k € L(H,H),
O, if 2k S |Z’Hr—t
. - T(u)
Q. : Hozw ( - T/ (uo ) € H,

where (E!_,Y,(v,u;))- means that, for every (u,v) € H, E' ,Y,(v,u,) € H.,
and the multiplication operator defined as

(Eq}—tyu(%ux))' tH, 3§ (Ei—tYu(Uaux)) £ € HI})C(R;R"),

satisfy Lemma |3.2]
The following two properties of Q,. are taken from Section 7 of [13].

(R; R™)
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Lemma 4.2. If z = (u,v) € H is such that u(x) € M and v(x) € Ty M for x| <r,
then Q,.(z) = z on (—r,7).

Lemma 4.3. The mapping Q, is of C'-class and its derivative, with z = (u,v) € H,
satisfies

/ _ 12 T/(U)wl — (o] 2
Q. (z)w = ( o [X"(w)(v, wh) + Y (w)w?] ) , w=(w,w) EH.

The next lemma is about the locally Lipschitz properties of the localized maps
defined above.

Lemma 4.4. For each k € N the functions F,, F,, G,, G, are continuous and
there exists a constant C.j > 0 such that

”Fﬁk<t7 Z) - FT,k(t7 w)“% + ||Gr,k(t7 Z) - GT,k(ta w)”i"z(HM,"H) < OT,kHZ - w||Hr7t7
(4.3)

holds for every t € [0,T] and every z,w € H.
Proof of Lemma[{.]) Let us fix t € [0,7] and z = (u,v),w = (@,7) € H. Note
that due to the definitions of F, ; and G, , it is sufficient to prove (4.3) in the case
12 [3,—e» lwll,—, < .

Let us set I, := (t —r,r —t). Since in the chosen case F, ;(t,2) = F,(t,2) and
F,;(t,w) = F.(t,w), by Proposition and Remark [3.11} there exists Cg(r,t) > 0
such that

[Fyi(t, 2) — Frp(t,w)ly < Cp(r,t) [|AL(v, v) — Aa(0,0) || 1 (1,0)
| Au(te, uz) — Aﬁ(ﬂxaam)HHl(m)] : (4.4)
Since T is smooth and has compact support, see Lemma, 7 from observe that
A:R">5q¢— A, € LR" x R";R"),

is smooth, compactly supported (in particular bounded) and globally Lipschitz. Re-
call the following well-known interpolation inequality, refer [9] (2.12)],

[ullz () < K2llullznllull gy, w € HY(I), (4.5)
where [ is any open interval in R and k, = 2 max {1, ﬁ} Note that since r > R+T

and t € [0, T, |I,+] = 2(r —t) > 2R and we can choose k. = 2 max {1, Then,

1
\/|R|}
using the above mentioned properties of A and the interpolation inequality (4.5]) we
find that

[ Au(v,v) = A0, 0) | L2(1,0) < [[Au(v,v) = Aalv,v) |21,
+ [[Aa(v,v) = Aa(0,0)|| L2z,
+ || Aa(v,v) — Aa(v
< Lalloll7ee g llu = @ll22(r,0)

+ Ba [llvllzoo o) + 10l o (1,0)] v = 0ll 22(1,0)

all, v )||L2 )
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< O<LAvB.A7R7 k? ke>HZ _wHHT—t7 (46)

where L4 and By are the Lipschitz constants and bound of A, respectively. Next,
since A is smooth and have compact support, if we set L 4 and B 4 are the Lipschitz
constants and bound of

A R"> ¢~ dyA e LR" x R" x R R™),
then by adding and subtracting the terms as we did to get followed by the
properties of A" and the interpolation inequality we have
lde [Au(v,v) = Aa(0,0)] || 12(1,.)
< lduA(v,v)(ue) = da A0, 0) () | 22(1,4) + 2| Au(va, v) = Aa(2; 0)[|L2(1,0)
< Lzl poe (o 101200 (1,0 0 = @l 2 (1,0) + Barlvl|Zoe g, 100 = Gl 22(1,0)
+ B [[[v]lzoe () + 110l oo (1)) 110 = 0l 21,0 18] 2o (1,09
+2 [Lallu = @l oo 0l oo o 102l 2 (1) + Baallve = 02l 2 [0l oo (10)

+Ballv = 0l oo (1,010 ]| 221,
SLaBAL B ke [HU — all w2 llull g2 1013 ) + e = @l ol F
o = 0lla gy ola g + 10la ] Nl a2, + v = allma) ol .,

o = ollma ([l + 18] m0)]
i 2 = wllag, s (4.7)

where the last step is due to the case ||z||«,_,, ||w|x,._, < k. By following similar

procedure of (4.6) and (4.7) we also get
[Aw(te, ) = Aa(tia, Ue) | 11(10) SLaBaLwBakek 12— W5, .-

Hence by substituting the estimates back in (4.4) we are done with (4.3) for F, ;-term.

Next, we move to the terms of G, . As for F,.; we only show the calculations in
the case ||z||n,_,, |wllx,_, < k. By invoking Lemma [3.2] followed by Remark we
have

G (t, 2) = Gkt )2 a1, 90 < 1(Er - Ya(v,ua)) - —(EryYa(0, ) - a1, z))
< ¢y Cp(r,t) [|Yu(v,u,) — Yﬁ(~aaa:)||%{l(ln)-

Recall that the 1-D Sobolev embedding gives H'(R) < L>*(R). Consequently, by
Taylor’s formula [22] Theorem 5.6.1] and (3.9)-(3.10|) we have

1Yo (v, 0pu) = Ya (0, )72,y < /1 Vi) (0(), 12 (&) — Yo (v(2), s ()2 da
+/I |Ya(x)(v(w),ux(x)) _Ya(x)(v(w),ﬂx(x)”? dr

—l—/I |Ya(x)(v(x),ﬁx(x)) — Yﬁ(w)(@(x),ﬂw(ar))P de

< (1 Il + Null | e = @liagr,
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+ O3, It = all ) + 10 = 33, |
Skoy.oy, 12 —wl, (4.8)
For homogeneous part of the norm, that is L?norm of the derivative, we have

s [Ya(v; 0) = Ya(®, )] 1724,

: /Irt Z; {‘8Y(u(m>’v(x>’ %(x))%(x) - aY(ﬂ(ﬂc), o(x), ﬂa,-(x))cg ()

Op;

oYy dv’ Y _ B R Aot
+ 7. (u(r),v(x), uz (7)) o (z) — 7, (a(x),v(x), Uz (7)) o (z)
)4 dul. oy do,it  |?
+ b, (u(r),v(r), us(x)) o “(r) — o, (a(x),0(x), Uz (7)) o (z) }d:r

—: Y, 4 Y + Vi (4.9)

We will estimate each term separately by using 1-D Sobolev embedding, Taylor’s

formula and (3.9)-(3.11]) as follows:

oy du’ oy ) da’

s /12_; 2 o), o), ) ) O ), 5,0 0) ()
</ > {‘ 2 o), 00, ) o) = S, (), ) G 0 2
i ‘;;f (82 0(0). () 2 ) — g;” (82 0(@), @) 2 () 2
|2 ), o), ) B )~ 22 ), 90,0 2 )]
O ). o), ) G (o) — () ) ) G 0 } "
< Y llu = all 2o lwalin g, + O [1 + ol + Hux‘|§p(bt): s — o

+ 012/3”11 UHL2 (Irt) HUIHHl (o) T 012/ vz — ﬂa:||%2(1”)”ﬂx|’%11(jm)
5k,CYQ7CY37CY1 ||Z - w”’Hr,t' (410)

Terms Y5 and Y3 are quite similar so it is enough to estimate only one. We do the
calculation for Y5.

Y:/IE—; Ty () 0D ) = 00, 00,0 0]
< ;{ T (DD 1) ) — o )00 ) )] e
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oY . dv’ oYy . dv’ 2
H O o), 000, () T () = S ) 60) ) )| i

oy dvi oy 5 dvi P

(o4t

+ 7. (a(x), 0(x), us(x)) I (z) — 7. (a(x),v(x), U, (x)) T (z)| dx
) dv’ ) dvt . |?
+ 2. (a(x), 0(x), U, (7)) T (z) — 7. (a(x),v(x), U, (7)) I (2) dx}

S 052/3||u - ﬂ||%11(m)||vx||%2(1”) + 032/3”” - 77||%11(1M)||7Jx||%2(1ﬁ)
+ 012/3||Ua: - ﬂx||§{1(1”)||vm||%2(m) + 012/3Cr,t||va: - f’ac”%mrt)
r§k7cr,tCY3 ||Z - w”’?‘[r_t' (41]‘)

Hence by substituting (4.10)-(4.11)) into (4.9)) we get

Hdi [Yu(’l), ua?) - Yﬁ(ﬁa aﬂﬁ)] H%%[M) S./kycr,tch27CY3:CY1 HZ - w”’?{rﬂ'

which together with (4.8)) gives G, part of (4.3). Hence the Lipschitz property
Lemma (4.4l O

The following result follows directly from Lemma [£.4] and the standard theory of
PDE via semigroup approach, refer [I] and [39] for detailed proof.

Corollary 4.5. Given any & € H and h € (H“?(0,T; H,), there exists a unique z in
C([0,T); H) such that for all t € [0,T]

z(t) = S +/0 Si—sF. 1 (s, 2(s))ds +/0 Si—s(Gyi(s, 2(s))h(s)) ds.

Remark 4.6. Here by G, x(s, 2(s))h(s) we mean that both the components of Gk (s, 2(s))
are acting on h(s).

From now on, for each r > 2T and k € N, the solution from Corollary will be
denoted by z,; and called the approzimate solution. To proceed further we define
the following two auxiliary functions

~ 0
Fop - [O,T] X H > (t72) — ( - T/(U)ngk(t, Z) + QOBU(U,U) _ @Bu(ux,uszs) )

- ( A h(w) +02% W (w)ug ) €H,

and

~ 0
Here F? (s, z1(s)) and G2 (s, z.x(s)) denote the second components of the vectors
F, i(s,z-x(s)) and G, x(s, z.k(s)), respectively. The following corollary relates the
solution z,; with its transformation under the map Q, and allow to understand the
need of the functions F, ; and G, .
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Corollary 4.7. Let us assume that & := (E?uq, E}vg) and that z.;, € C([0,T]; H)
satisfies

Zri(t) = St§+/0 St—sFr i (s, zrk(s)) ds—l—/o Si—o(Gri(s, zri(5)h(s)) ds, t €[0,7T].

(4.12)
Then z., = Q,(2.x) satisfies, for each t € [0,T],

Zo(t) = S,Q.(6) + /O Si_oFop(s, zoi(s)) ds + / Si_o(Grk(s, 2 (s))h(s)) ds.

0

Proof of Corollary[4.7. First observe that by the action of Q. and G on the
elements of H from Lemma and (3.8)), respectively, we get

Q) (214(5)) (Fri(5, 20(5)) + G, zi())() )
0
- ( o - {07 (DI F2 (5, 20())) + [0 () ) (G2 (5, 20 ())(5)) }
(4.13)

Moreover, since by applying Lemma [4.3| and (3.8) to z = (u,v) € H we have

G OOe o - [T'(w)](v)
F(Z) = QrgZ gQ, ( Q- {[T”(u)](v,v) + [T’(u)](u”)} >

. o [T/(w)(v)
(v s2e - e Lo e « o o )+ 019

substitution z = zrp(s) = (uri(s),vrx(s)) € H in (4.14) with (4.13) followed by
definition gives, for s € [0,77,

Q;(zr,k(s)) (Fr,k<57 2 k(8)) + Grk(s, 2rk(8))) + F(zrk(5))
0
= ( @ [k (S)IEFF (5, 200(5))) + @ - [T (wrp(8)] (vrk (), vr1e()) )
= [T (ur ()] (Ozuri (), Outir(s))
-( 0 )
—¢" - T (urn(5) + 20" [ (ur k()] (Ouuirk () + 0 - [T (ur o (8))](GE 1 (5, 21,1:(5)))
= Nrjk(s, Zrk(8)) + énk(s, 2rk(8)).

Hence, if we have

T
| (it o+ 1Gslo zoasDi)l] ds < o0, (4.15)
0
then by invoking [13, Lemma 6.4] with

L= Qr7 K=U= H7A =B = gag(s) = 07 f(S) = Fr,k(sa Zr,k<3))+Gr,k($> Zr,k(s))h(s)a

we are done with the proof here. But (4.15)) follows by Lemma , because h €
oH (0, T; H,) and the following holds, due to the Holder inequality with the abuse
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of notation as mentioned in Remark [4.6]

/0IIGr,k(&Zr,k(S))h(S)llﬂds=/0 1G24 (5, 20 (8))1(8) [ 111y s

T i, T 3
g( / H(Gik@,zr,k(sm-Hf%(H,L,Hl(R))ds) (/ |rh<s>r|%fuds) -
U]

Next we prove that the approximate solution z,; stays on the manifold. Define
the following three positive reals: for each r > R+ T and k € N,

o =inf {t € [0,7T] : [|20%()|J2,_, > K},
2 =inf {t € [0,T] : [|Zx(#)|l2,_, >k},
0 =inf{t € [0,7]: 3z, |2| <r —t, uyp(t,z) ¢ O},

Tk = Tkl/\Tg/\T,?.

(4.16)

Also, define the following H-valued functions of time ¢t € [0, T

an(t) = S + /0 St Loy (5)Fo(ss 2r(s)) ds + /0 St (Lo (5) Gk (5, 20 (5))a(5)) ds
an(t) = S,Q,(€) + /0 St Lo (8) Frk(s, zok(s)) ds + /0 Si—s(Ujory (8) Gk (s, zri(5))h(s)) ds.
(4.17)

Proposition 4.8. For each k € N and £ := (E?uq, E}vy), the functions ay, ak, 2k
and Z, coincide on [0, 7). In particular, u,;(t,x) € M for |x| <r —t and t < 7.
Consequently, 7, = 1} = 77 < 77.

Proof of Proposition [{.8 Let us fix k. First note that, due to indicator function,

A = Zrk and Zik = g,«,k on [0, Tk). (418)
Next, since E} _f = f on |z| < r — s, see Proposition , and ¢ =1 on (—7,7), by
Lemma followed by (3.4) we infer that

{H[O,Tk)<s>[§r,k<s, 2rk(8))](2) = Lo (5)[Fre(5, Zr(5))](2), (4.19)

Ljo.7) (8)[Gri (8, 20k (8)) el (@) = Lo, ()[Grie (s, Zr ()€l (), e € K,
holds for every |z| <r —s,0 < s <T. Now we claim that if we denote

p(t) = llaslt) = O3,

then the map s — p(s A 7x) is continuous and uniformly bounded. Indeed, since, by
Proposition 3.9} £(z) = (uo(z),vo(z)) € TM for |z| < r, the uniform boundedness is
an easy consequence of bound property of Co-group, Lemmatald.2land[4.4 Continuity
of s — p(s A7) follows from the following:

(1) for every z € H, the map ¢ — ||z||3, _, is continuous;
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(2) for each t, the map
t
L2(R) 5 u s / [u(s)[2 ds € R,
0

is locally Lipschitz.
Now observe that by applying Proposition for
k=1,L=I1T=rx=0 and =z(t)= (u(t),v(t)) = ar(t) — ax(t),
we get e(t, z(t)) = p(t), and the following

e(t,2(t)) < e(0, 2) +/0 V(r,z(r))dr. (4.20)

y12(8,) T (W) F(8)) 128, ) + (Dav(t), Oa f(8)) 12(5, )
+ (W), 9(0) r2(B,—) + (D2v(1), B2 (t)) 12(B, ),

( f?t) > = Ljo,r) (8) [Fri(, 20k (1) — Fr(s, 2 (1)),

( g?t) ) 1= Lio.7) () [Gre(8, 20k (E)(E) — Gri(s, 2k (t)) a(2)].

Due to the extension operators E? and E! the initial data £ in the definition (4.17)
satisfies the assumption of Lemma[1.2] 5,Q, (&) = S:&, and so e(0,2(0)) = p(0) = 0.
Next observe that by the Cauchy-Schwarz inequality we have

1 3 1
Vit 2(0)) < ShuOBam, o + 5100 Eaa,_ + 510 Exa ) + 1000 s,
1 1 1
10 F OB, + 51O Esqs, o + 51000 xcs,

1 1
< 3p(t) + —Hf(t)l\?p(B,.,t) + 5l .-

Using above into and, then, invoking equalities (4.19) and (4.18), definition
(4.16)), Lemma (3.2 E and Lemma we have the followmg calculatlon for every t €

[07 T]?

t 1 t ~
p(0) < [ 305t 5 [ Lo GIFL (s 2ra(5)) = F2alo.ZealoDlincs,
0 0

1

t
+3 /0 Lio.r) ()G (5, 2ni(5)) = GLe(s: 2t () | a1, 0 5, )

|(s)II%, ds

t 1 t _
<3 [ o)t 508 [ Ton(6)lanls) =l ds

t
+ 5@%/{) Lio,n) (8)l120(8) = Zoe(9) I3, _ 1R (5) |, ds
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t
<@+ Cf,k)/o p(s)(1+ [[h(s)II%,) ds. (4.21)
Consequently by the Gronwall Lemma, for ¢ € [0, 7],
t
p(0) St pO)exp | [ (04 G, s (422
0

Note that the right hand side in is finite because h € (H?(0,T; H,). Since
we know that p(0) = 0 we arrive to p(t) =0 on t € [0, 7] . This further implies that
ai(t,x) = ax(t,z) hold for |x| <r —t and t < 7. Consequently, z,x(t,z) = 2 x(t, )
hold for |z| < r —t and t < 7. So, because z.x(t,2) = Q,(z.4(t)) and ¢ = 1 on

(—T, T’),
Ui (t, ) = Y(upp(t, z)), for |z] <r—t, t<1. (4.23)

Since, by definition of 7., uri(t, ) € O, equality and Lemma , gives
ui(t,z) € M for |x| < r—t and t < 7. This suggests that 7, < 72 and hence
7 = 7 A 7f. It remains to show that 71 = 77. But suppose it does not hold and
without loss of generality we assume that 7} > 72. Then by definition and the
continuity of z,; and Z,; in time we have

>k

o (7its M, p <k but Zw( ), 2 s

T—T T—T

which contradicts the above mentioned consequence of p = 0 on [0, 7;]. Hence we
conclude that 7} = 772 and this finishes the proof of Proposition [4.8] O

Next in the ongoing proof of Theorem we show that the approximate solutions
extend each other. Recall that r > R 4 T is fixed for given 7" > 0.

Lemma 4.9. Let k € N and ¢ = (F?ug, E'vg). Then z441(t,x) = z.4(t,2) on
lz] <r—t,t <, and T < Tgi1.

Proof of Lemma [{.9 Define

1
p(t) = §Hak+1(t> - ak(t)H?Jl(Br,t)xLQ(Br,t)'

As an application of Proposition by performing the computation based on ({4.20))
- (4.21), with £ = 0 and rest the same, we obtain

t 1 t
plt) <2 / p(s)ds+ / 1L meny (SVE2(5, 2t (5)) — Loy (VF2(5, 204(5)) B, s
0 0

1 [t . .
# 5 M0 ()G 2eaea(5))5) = Loy (G5 (), .
(4.24)

Then, since F, and G, depends on ;. ;(s), u,x+1(s) and their first partial derivatives,
with respect to time ¢ and space x, which are actually bounded on the interval
(—(r —s),r — s) by some constant C, for every s < 7441 A Tk, by evaluating
on t A 741 A 7 following the use of Lemmata and we get

t
Pt A Trwr A1) < 2/ p(s A Tryr A7) ds
0
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1 ENTEL1N\TE ) ) )
b [ I (o) = B 50 s,y s
0
1 t/\Tk+1 /\Tk 9 9 . 9
b [ G s e (6))C() — G ma (D g
0

t
sy/p@AmHAmxrwm@wgww
0

Hence by the Gronwall Lemma we infer that p = 0 on [0, 7511 A 7%].

Consequently, we claim that 7, < 73,1. We divide the proof of our claim in the
following three exhaustive subcases. Due to (4.16)), the subcases when |||, > k+1
and k < ||¢]|ln,. < k+ 1 are trivial. In the last subcase when |||, < k we prove
the claim 7, < 7541 by the method of contradiction, and so assume that 7, > 751 is
true. Then, because of continuity in time of 2, and 2,41, by we have

H%,k(TkH)HHT_TkH <k and ”Zr,k+1<7-k+1)HHT_7.k+l > k. (4.25)

However, since p(t) = 0 for t € [0, 7411 A 7] and (ugp(x),vo(x)) € TM for |x| < r,
by argument based on the one made after , in the Proposition , we get
Zrk(t, @) = zppp1(t,x) for every t € [0, 7411] and |z| < r —¢. But this contradicts
and we finish the proof of our claim and, in result, the proof of Lemma . O

Since by definition and Lemma the sequence of stopping times {7x }x>1
is bounded and non-decreasing, it makes sense to denote by 7 the limit of {74 }r>1.
Now with the help of [13, Lemma 10.1], we prove that the approximate solutions do
not explode which is same as the following in terms of 7.

Proposition 4.10. For 7 defined in (4.16), 7 := klim e ="T.
—00

Proof of Proposition [{.10. We first notice that by considering a particular case
of the Chojnowska-Michalik Theorem [24], when the diffusion coefficient is absent,

we have that for each k£ the approximate solution z,;, as a function of time ¢, is
H'(R;R") x L*(R; R")-valued and satisfies
t t t
Zrk(t) :£—|—/ Gz i(s) ds—l—/ Fnk(s,zr,k(s))ds—l—/ G k(8 zri(s))h(s) ds, (4.26)
0 0 0
for t < T'. In particular,

urg(t) = &1 + /t Uk (s) ds,
for t < T, where £, = FE?uq and the integraloconverges in H'(R;R™). Hence
Orttr (8, ) = vk (s, ), for all se€[0,7],z € R.
Next, by keeping in mind the Proposition [1.8] we set
1) = a7 5,_xr2m,_) and  q(t) :=log(1+ aw(t)l3,_,).

By applying Proposition [B.1] respectively, with & = 0,1 and L(z) = z,log(1 + z),
followed by the use of Lemma [£.4 we get
t

I(t) §1(0)+/0 l(s) ds+/0 Lio,7,) (8)(vrk(5), 0(5)) 12(B,_,) ds
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[ Boy(6)0a(s) 06N s, w2

and

0 <aoys [ Wi,

)
L+ flar(s)I, .

! (Urk(8),0(8)) L2(B,_.)
+/0 1[0,71@](5) 1+ ||Clk(8)||fHT S ds +
P(s))L

+/0 ]]-[O,Tk;](s) <U7“k( )

L+ ||ak(8)||m .

8 L Ur i (S), Oz

(5)]>L 2(By—s)

T flan(s) s
(
)

||%T

s)|)r2

||HT .
(4.28)

]]-07';€

—s
S

8 vnk(s),@m[@b
1 + ||(lk(8

dS—I— :H-[OTk] Br—:) ds.

|
/

Here
©(s) = Au, () (0rp(5), k() = A, 1 (5) (Oatirp(5), Oztirp(s)),
U(s) ==Yy, (s)(Ouri(s), axu,ﬁ,k(s))h(s).
Since by Proposition 4.8 u, (s, z) € M for |z| < r — s and s < 7%, we have
Urp(s,v) € M and  Oyuri(s,v) = vei(s,x) € Ty, (s.0)M,
on the mentioned domain of s and z. Consequently, by Proposition |3.6, we get

Aunk(s,m) (Ur,k(sa l.)v Ur,k(sa .I')) = Auryk(s,x) (Ur,k(sa 33), Ur,k(S, LC)), (429)
Au, 1 (s,2) (Oetr (5, ), 00t (8, 7)) = Au, (s,2) (Ontir (8, 7), Optiy (5, 7)),

on |z| <r—sand s < 7. Hence, since v,x(s,2) € Ty, ,(s2)M, and by definition,
Aur,k(m) € Ny, . (s.0) M, the L?-inner product on domain B,_, vanishes and, in result,

the second integrals in (4.27]) and (4.28)) are equal to zero.

Next, to deal with the integral containing terms v, we follow Lemma and we
invoke Lemma [3.2] estimate (3.8)), and Proposition to get

(0 k() Yo, () (Orttr i (5), Bt o (8))R(5)) 25, )

S More($)1Z2(5, _) + [Yay ) (Bettre(5), xtir(5))l5) | 2(s,_,

< ors() s,y + 02 (14 Tomsk() oo, .+ 1020rs(5) oo,y ) ()1,

S (L 1)+ s)IF,). (4.30)
for some C, > 0, and estimates - yields

(Vri(8)s Yoy ) (D1t (8), Doty () (8)) 123, )

- (D0 (5), Bu[Ya, o (6) (Brtir (5), Dt () ()] 125,
S Nvra ()12 5, ) + 1Y) Ortiri(5), Dateri () () s,
< lork($)7r(s, ) + Hh(S)HHH [C%OCE (1 + [lor ()72, ) + Haxur,k(S)H%Q(Br—s))

O3, (1 o) s,y + 100t () s,y ) N5,
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O3, (o) s,y + 10tk () Facs, )|

Serey, (LHUs)) (L llar(s)lIF, )+ 1A(s)lIE,), i=0,1,2 (4.31)
By substituting the estimates (4.29)) and (4.30) in the inequality (4.27) we get
t
[(t) 5l(0)+/0 Liomg (8)(1 +U(s)) (1 + [|A(s)I7,) ds. (4.32)

Now we define S; as the set of initial data whose norm under extension is bounded
by j, in precise,

S; = {(uo,v0) € Hioe = |||, < j where € := (Eug, Elvg)}.
Then, for the initial data belonging to S;, the Gronwall Lemma on (4.32) yields
1—|—lj(t/\7'k) SKr,j, t<T, j€N, (433)

where the constant K, also depends on ||Al r2(0,1;1,) and [; stands to show that

(4.33) holds under S; only.
Next to deal with the third integral in (4.28)), denote by O its integrand, we recall

the following celebrated Gagliardo-Nirenberg inequalities, see e.g. [32],

(70 sy < [WlT2(p, ) + 210 128, [Pl 1208, Ve H' (B,_y). (4.34)
Then by applying [13, Lemma 10.1] followed by the generalized Holder inequality
and we infer
Jo_ 000m k] |00ty | [0rk|* + |Ontir ] | Oty i [P V7 k| + 10007 ]| Ot P} di

1+ [lar(s)l1%, _,

[0(s)] < Ljo.m)(s)

< Lo (s) [(s)llar(s)[1%, _.
~ 40,7%) 1+ Hak(S)H%{FS

So, by substituting (4.29)), (4.30) and (4.35)) in (4.28]) we have
t
q(t) S 1+4(0) +/ Lio,ry(8)(L +U(s)) (1 + [h(s)ll%,) ds
0

Consequently, by applying (4.33)), we obtain on 5,

< T (s)(1+1(s)). (4.35)

%aww51+wm+Ah+@wwmuer@ﬁ)@

<G, ||h||L2(O7T;HH)7 JeNte0,T], (4.36)

for some C,; > 0, where in the last step we have used that » > T" and on set S; the
quantity ¢;(0) is bounded by j.
To complete the proof let us fix ¢ < 7. Then, by Proposition [4.§]

|ak(7—k>’7{r_-rk = ‘zr,k(Tk)‘Hr_fk Z k  whenever Tk S t.
So for every k such that 7, <t we have

log(1 + k*) < q(73) = q(t A 7).
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Then by restricting us to S; and using inequality (4.36)), we obtain
log(l -+ kz) S Qj (t A Tk) 5 C’r,thHLQ(O,T;Hﬂ)‘ (437)
In this way, if klim T = to for any tg < T, then by taking k — oo in (4.37) we get
— 00

CMHhH r2(0,1:1,) = o0 which is absurd. Since this holds for every j € N and ¢y < T,
we infer that 7 = T". Hence, the proof of Proposition [4.10] is complete. OJ

Now we have all the machinery required to finish the proof of Theorem [4.1] which
is for the skeleton Cauchy problem (4.1]). Define

_( Erur(t)
wne(t) = ( Er_uen(t) )’
and observe that w,j : [0,7) — H is continuous. If we set
zp(t) == lm w, (1), t<T, (4.38)
k—o0

then by Lemma [4.9|and Proposition [4.10]it is straightforward to verify that, for every
t < T, the sequence {w, k() }ren is Cauchy in H. But since H is complete, the limit
in converges in ‘H. Moreover, since by Proposition 2k (t) = 2, (t) for
every ky > k and t < 7, we have that z,.(t) = w,x(t) for t < 7. In particular,
[0,7) 5t 2.(t) € H is continuous and z,(¢,x) = z,.(t,x) for |z| <r —tif t < 7.

Hence, if we write z,.(t) = (u,-(t),v.(t)), then we have shown that w, satisfy the
first conclusion of the Theorem [A.I] In the remaining proof of the existence part
we will show that the z,., defined in @, will satisfy all the remaining conclusions.
Evaluation of at t A\ 7, together applying the result from previous paragraph
gives

tATY tATY tATE .
Zrk(EATE) = £+/ Gzri(s) ds+/ F.(s, zrk(s)) ds+ G, (s, zrk(8))h(s) ds,
’ ’ ’ (4.39)
and this equality holds in H'(R;R") x L?(R;R"). Restricting to the interval (—R, R),
becomes
tATE

Z(LATE) =€+ /o " Gz (s)ds + /o " F.(s,2:(s))ds + G, (s, z(s))h(s) ds,

0

under the action of natural projection from H'(R; R™)x L*(R; R") to H*((—R, R); R™)x
L*((—R, R);R™). Here the integrals converge in H'((—R, R); R") x L*((—R, R); R").
Taking the limit £ — oo on both the sides, the dominated convergence theorem yields

() = £+ /0 G (s) ds + /0 F, (s, 20(s)) ds + /0 G (s, 2 (s)i(s)ds, t<T

in H'((—R, R);R") x L*((—R, R); R"). In particular, by looking to each component
separately we have, for every t < T,

ur(t) = up +/O v.(s) ds, (4.40)



24 ZDZISLAW BRZEZNIAK, BEN GOLDYS AND NIMIT RANA

in H'((—R, R); R™), and

v (t) = vy + /0 [@xxu,,(s) + Ay, (5)(0r(5),vr(8)) — Au, (5)(Ozur (), 8xur(3))} ds

+/0 YuT(s)<UT(S)7axur(s))h(s)ds’ (441)

holds in L?((—R, R); R™). Tt is relevant to note that in the formula above, we have
replaced A by A which make sense because due to Proposition and Proposition
4.10) u,(t, ) = upi(t,z) € M for |x| <r —t and t <T. Hence we are done with the
proof of existence part.

Concerning the uniqueness, define

Z(t) = ( EE%?U('Z) ) . t<T,

and observe that it is a H-valued continuous function of ¢ € [0,T"). Define also
o =t ANnf{t <T : || Z(t)|l3,_, > Kk},

and the H-valued function, for t < T,

t ¢
B(t) == S +/0 St—s110,0,)(5)Fr1(s, Z(s)) ds —l—/ St—s110,0,)(8)Gr i (8, Z(5))h(s) ds.

0
In the same vein as in the existence part of the proof, as an application of the
Chojnowska-Michalik Theorem and projection operator, the restriction of 8 on Hg,
which we denote by b, satisfies

t t
0
bt=+/gb d+/( )d
(O =&+ | G ds+ |\ 4y(@U(s),0U(s) — Apo (0:U(s),0,U(s)) ) %
—i—/t ( 0 ; ) ds
o \ Yu((U(s), 0,U(s))h(s) ’
where the integrals converge in H'((—R, R); R™) x L*((—R, R); R™). Then since U (t)
and 0,U (t) have similar form, respectively to (4.40) and (4.41]), by direct computation
we deduce that function p defined as

p(t) = b(t) - ( o ) ,

p(t) = /0 Gp(s) ds, t < oy

Since above implies that p satisfies the linear homogeneous wave equation with null
initial data, by [13, Remark 6.2}, p(t,z) = 0 for |z| < R —t, t < o). Next we set

q(t) = [1B(t) — ar(t)|3_,-
and apply Proposition [B.I] with k = 1,7 = r, L = I, to obtain

q(t Noy) < 2/0 qu(s) ds+/0 IFyk(s, Z(s)) — Frils, an(s))|3, ds

t < oy,

satisfies
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+/0 h |Gk (s, Z(s))h(s) — Gy (s, ak(s))h(s)Hgd ds. (4.42)

But we know that r —¢ > R — t, and by definition o} < 75, which implies
Fr,k(t> Z) = FRJC(t, Z), Gryk(t, Z) = GRJg(Zf, Z) on (t — R, R — t),
whenever ||z]|y, , < k. Consequently, the estimate (4.42)) becomes

q(t Aoy) < 2/0 N q(s) ds +/0 : IFri(s, Z(5)) — Frals, an(s))llz] ds

+/0 : G r(s, Z(5))(s) — Grals, a(s))(s) 3 ds.

Invoking Lemmata [4.4] and [3.2] yields

o0 < Cr [ a1+ i), ) ds.

Therefore, we get ¢ = 0 on [0,0%) by the Gronwall Lemma. Since in the limit
k — oo, o, goes to T as 7, by taking k to infinity, by Proposition [4.§] we obtain
that w,(t,z) = U(t,z) for each t < T and |z| < R —t. The proof of Theorem
completes here. O

5. LARGE DEVIATION PRINCIPLE

In this section we establish a large deviation principle (LDP) for system via
a weak convergence approach developed in [19] and [20] which is based on variational
representations of infinite-dimensional Wiener processes.

First, let us recall the general criteria for LDP obtained in [19]. Let (2,F,P) be
a probability space with an increasing family F := {F;,0 < ¢t < T} of the sub-o-
fields of § satisfying the usual conditions. Let Z(FE) denote the Borel o-field of the
Polish space E (i.e. complete separable metric space). Since we are interested in the
large deviations of continuous stochastic processes, we follow [23] and consider the
following definition of large deviations principle given in terms of random variables.

Definition 5.1. The (£, #(E))-valued random family {X*°}__,, defined on (Q2,F,P),
15 said to satisfy a large deviation principle on E with the good rate function I if the
following conditions hold:

(1) Z is a good rate function: The function T : E — [0,00] is such that for
each M € [0,00) the level set {¢ € E: Z(p) < M} is a compact subset of E.
(2) Large deviation upper bound: For each closed subset F' of E

limsup elogP [X® € F| < — inf Z(u).

e—0 ucF
(3) Large deviation lower bound: For each open subset G of E

limiglf elogP[X*® € G] > — inf Z(u),
e—>

ueG

where by convention the infimum over an empty set is +00.
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Assume that K, H are separable Hilbert spaces such that the embedding K — H
is Hilbert-Schmidt. Let W := {W(¢),t € [0, 7]} be a cylindrical Wiener process on K
defined on (€2, §,F,P). Hence the paths of W take values in C([0,7]; H). Note that
the RKHS linked to W is precisely H"?(0,T; K). Let . be the class of K-valued
Si-predictable processes ¢ belonging to (H?(0,T; K), P-almost surely. For M > 0,
we set

T
Sui={he 2 0.1K): [ i) lfeas <.
0

The set Sy, endowed with the weak topology is the Polish space, see [20], with the

metric
o

di(h, k) := 221

=1

’

/0 (h(s) — k(s), ei) i ds

where {e; }ien is a complete orthonormal basis for L?(0,T; K). Define .#); as the set
of bounded stochastic controls by

S ={¢ €. :d(w) € Sy, P-as.}.

Note that Up;~0-%y is a proper subset of .. Next, consider a family indexed by
e € (0,1] of Borel measurable maps

J: ,C([0,T], H) = E.

We denote by p® the “ image” measure on E of P by J¢, that is,
W= J(B), e u(A)=P((J)(A), AcB(E).
We have the following result.
Theorem 5.2. [19, Theorem 4.4] Suppose that there exists a measurable map J° :

oC([0,T),H) = E such that

BD1: if M > 0 and a family {h.} C Sy converges in law as Syr-valued random
elements to h € Sy as € — 0, then the processes

oCU0,T), H) 3w s J¢ (w + % /0 he(s) ds) €F,

converges in law, as € \, 0, to the process J° <f0 hg(s) ds),
BD2 : for every M > 0, the set

{JO (/O'fi(s)ds) :heSM},

1s a compact subset of E.
Then the family of measures p° satisfies the large deviation principle (LDP) with the
rate function defined by

1

T(u) = inf {5 /OT ()% ds : (H2(0,T: K) and u = J° (/0 () ds) } )

with the convention inf{(} = +oc.
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5.1. Main result. In is important to note that in transferring the general theory
argument from Theorem in our setting we require some information about the
difference of solutions at two different times, hence we need to strengthen the as-
sumptions on diffusion coefficient. In the remaining part of this paper, we assume
Y:M>pw— Y(p) € T,M is a smooth vector field on M such that its extension,
denote again by Y, on the ambient space R", defined using [13, Propositon 3.9], is
smooth and satisfies

Y .4 there exists a compact set Ky C R” such that Y(p) =0 if p ¢ Ky,

Y.5 for g € O, Y(Y(q)) = T'(¢)Y (q),

Y.6 for some Cy > 0

Vil < b, (5

forpe Ky,i,j=1,...,n.

Remark 5.3. (1) Since Ky is compact, there exists a Ck such that |Y (p)| < Ck
for p e R™.
(2) For M = S? case, Y(p) = p x e,p € M, for some fized vector ¢ € R?® satisfies
above assumptions.

Since, due to the above assumptions, Y and its first order partial derivatives are
Lipschitz, by 1-D Sobolev embedding we easily get the next result.

Lemma 5.4. There exists Cy.g > 0 such that the extension Y defined above satisfy
1) Y (W)llaisr < Cvir( + lullmisr), 7=01,2,
(2) MY () =Y (0)llz2r) < Cvirllu = vllL2(sg),
(3) 1Y () = Y()lm s < Cvirlle = vl sp) (14 lullm@a + 10l @) -

Now we state the main result of this section for the following small noise Cauchy
problem

Opt® = Opatt® + Ay (Opu®, Opu®) — Aye (0u°, 0u) + \/EY(uE)VV7
(u(0), 9u(0)) = (uo, vo)

with the hypothesis that (ug,vy) € HE, x HL (R, TM) is Fo-measurable random
variable, such that uy(z,w) € M and vy(x,w) € Tyyy(zw)M hold for every w € Q2 and
x € R. Since the small noise problem (5.2)), with initial data (ug,vg) € Hoc(R; M),
is a particular case of Theorem [A.T] for given e > 0 and T > 0, there exists a unique
global strong solution to (5.2)), which we denote by 2 := (u®, dyu®), with values in

the Polish space
Xp = C ([0, T]; Higo(R; R")) x € ([0, T]; Hjo, (R; R™)) |
and satisfy the properties mentioned in Appendix [A] Then there exists a Borel mea-
surable function, see for e.g. [19] and [43, Theorems 12.1 and 13.2],
J% 1 ,C[0,T], B) — X, (5.3)
where space E can be taken as in Example B.1] such that 2°(-) = J¢(W(-)), P-almost
surely.

(5.2)
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Recall from Section [3|that the random perturbation W we consider is a cylindrical
Wiener process on H, and there exists a separable Hilbert space H such that the
embedding of H, in H is Hilbert-Schmidt. Hence we can apply the general theory
from previous section with the notations defined by taking H, instead of K.

Let us define a Borel map

J?:,C([0,T), E) — Xr.
If h € ,C([0,T],E)\ (H"“*(0,T; H,), then we set J°(h) = 0. If h € (H"*(0,T; H,)
then by Theorem there exists a function in X7, say 2, that solves
Ot = Dugtt + Ay (Opu, Oput) — Ay (O, D) + Y (u) (5.4)
u(0, ) = ug, Qu(0, ) = vy, '

uniquely and we set JO(h) = z,.

Remark 5.5. At some places in the paper we denote J°(h) by J° <f0 h(s) ds) to
make it clear that in the differential equation we have control h not h.
The main result of this section is as follows:

Theorem 5.6. The family of laws {ZL(2°) : € € (0,1]} on Xr, where 2° := (u, OpuF)
is the unique solution to (5.2)) satisfies the large deviation principle with rate function
T defined in (5.1)).

Note that, in the light of Theorem in order to prove the Theorem it is
sufficient to show the following two statements:
Statement 1: For each M > 0, the set Ky, := {J°(h) : h € Sy} is a com-
pact subset of Xr, where Sy C (H"*(0,T; H,) is the centred closed ball of
radius M endowed with the weak topology.

Statement 2: Assume that M > 0, that {e, },en is an (0, 1]-valued sequence
convergent to 0, that {h,},en C S converges in law to h € ) as e — 0.
Then the processes

oC([0,T],E) 5w J" (W() + \/15_ / hin () ds) € Ar, (5.5)

converges in law on X to J° <f0 h(s) ds).

Remark 5.7. By combining the proofs of Theorem[A.1], which is proven by the first
author and M. Ondrejdt in [13], and Theorem we infer that the map (5.5)) is

well-defined and J&r (W() + \/%7 N hin(s) ds) solves the following stochastic control
Cauchy problem
O™ = Dygti® + Ayen (Opuf™, Dpuf™) — Ayen (8,05, Dpus) + Y (1) Py
+VE Y (U)W, (5.6)
(u=(0), Bpu=(0)) = (uo, vo) ,
for the initial data (ug,vo) € HE, x H}

loc loc

(R; TM).
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Remark 5.8. [t is clear by now that verification of the LDP consists in proving two
convergence results, see [11, 10 I8, 23, 55]. As it was shown first in [9], the second
convergence result follows easily from the first one via the Jakubowski version of the
Skorokhod representation theorem. Therefore, establishing LDP, de facto, reduces to
proving a single convergence result: for the deterministic controlled problem known
also as the skeleton equation. This convergence result is specific to the SPDE in ques-
tion and requires techniques related to the equation considered. Thus, for instance,
the proof of [9, Lemma 6.3] for the stochastic Landau-Lifshitz-Gilbert equation, is dif-
ferent from the proof of [23, Proposition 3.5] for stochastic Navier-Stokes equation.
The proof of this convergence result, i.e. Statement 1, is the main contribution of
our paper.

5.2. Proof of Statement 1. Let {2, = (un,v,) := J°(hn)}nen be a sequence in
the set K corresponding to the sequence of controls {h,},en C Sy Since Sy is
a boudned subset of Hilbert space (H'*(0,T; H,), Sy is weakly compact. Conse-
quently, see [5], there exists a subsequence of {hy, } nen, we still denote this by {h, }nen,
which converges weakly to a limit h € (H"%(0,T; H,). But, since S is weakly closed,
h € Syr. Hence to complete the proof of Statement 1 we need to show that the sub-
sequence of solutions {z, },en to , corresponding to the subsequence of controls
{hn}nen, converges to z, = (up,vy) which solves the skeleton Cauchy problem ([5.4))
for the control h. Before delving into the proof of this we will establish the following
a priori estimate which is a preliminary step required to prove, Proposition the
main result of this section.

Lemma 5.9. Fiz any T > 0, x € R. Then there exists a constant B > 0, which
depends only on ||(vo, Vo) || 1(B(,r)), M and T, such that

sup sup e(t, z(t)) < B. (5.7)
heSyy tG[O,T/Q]

Here zp, is the unique global strong solution to problem ((5.4) and
1 1
e(t,z):= §||Z||3{B(M_t) — 9 {HUH%Q(B(I,T—t)) + ||a$u||%2(B(x,T—t)) + HU”%Q(B(x,T—t))
H10nstl 32 0oy + 100 aaiaz—y o 2 = (u,0) € He

Moreover, if we restrict © on an interval [—a,a] C R, then the positive constant
B :=B(M,T,a), which also depends on ‘a’ now, can be chosen such that
sup sup sup e(t,zp(t)) < B.
z€[—a,a] heSn t€[0,T/2]
Proof of Lemma [5.9 First note that the last part follows from the first one. In-
deed, by assumption (ug,vy) € Hiee, in particular, [[(uo,vo)|m(—a—1atr) < 00 and
therefore,

S[up ] | (w0, vo) [|2(B (1)) < || (%o, v0)||2(—a=T 1) < 0O.
re|—a,a

The procedure to prove (5.7)) is based on the proof of Proposition [4.10] Let us fix
h in Sy and denote the corresponding solution z; := (up,vy) which exists due to
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Theorem [4.1] Since z is fixed we will avoid writing it explicitly the norm. Define

1
1) = S un(®) ol zyxr2se tE€0,T]
Then invoking Proposition , with k = 0 and L = I, implies, for t € [0, 77,

1(t) < 1(0) + / (1), vn(5)) 22y s + / (0n(5), J(8)) 23y ds
+ / (on(5), Y (un())(5)) 12(5y._.) ds. (5:8)

where

Ju(r) == A, ) (U (1), (1) — Au,, () (Opun (1), Opun(r).
Since vy (r) € Ty, (M and by definition A, )(-,-) € Ny, M, the second integral
in ((5.8) vanishes. Because u,(r) € M, invoking the Cauchy-Schwartz inequality,
Lemmata [3.2] and [5.4] implies

1(t) < 1(0) + (CYcT +2) /O (L+1())(L+ [li(s)]13,) ds.

Consequently, by appying the Gronwall Lemma and followed by using h € Sy, we
get

(1) Sev.er A+1O) [T+ 1, | < (T+M)A+10).  (5.9)

Next we define

q(t) = log(1 + [|za(t)ll3,_,)-
Then Proposition [B.1 with k£ = 1 and L(z) = log(1 + z), gives, for ¢ € [0,7/2],

q(t)Sq(O)—i-/ot HZh(S)HHT; s

Lt [lzn ()17,

(s o) ey [ (@rtn(s), el s
*fo T B, / T o

+/t (n(s), ¥ (un(s)h(s)) r2pr_) +/t (0ovn(5), DulY (un($))2(5)]) 128y )

L+ [l2n(8) 113, 1+ [l2n ()3,

Since by perpendicularity second integral vanishes, by doing the calculation based

on (4.31)) and (4.35)) we deduce

t1(s)||zn ()]
o0 5o+ [ T

C 1)) (U ()2 )+ [R(s)I3)
+/0 T+ [20)|B,

<10+ [ @)+, b

ds.

ds

ds
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which further implies, due to (5.9) and h € Sy,
q(t) S 1+ q(0) + (T + M)*(1 + 1(0)).
In terms of zj,, that is, for each z € R and ¢ € [0,7/2],
(OB gy S 50 110, 00) ) (T + M|

Since above holds for every ¢ € [0,T/2], h € Sy, by taking supremum on ¢ and h we

get the required ([5.7)), and hence the proof of Lemma O
Remark 5.10. Since B(z,T/2) C B(z, T —t) for every t € [0,T/2], Lemmal[5.9 also
implies

1
Sup sup sup o {Huh(ﬂ”%l?(B(LR)) + ||Uh(t)”%11(3(x,3))} < B(M.T,a),
z€[—a,a] heSar t€[0,T/2]

for R=T)2.

Now we prove the main result of this subsection which will allow to complete the
proof of Statement 1.

Proposition 5.11. Fiz T > 0. The sequence of solutions {z,}nen to the skeleton
problem (5.4) converges to zy, in the Xy-norm (strong topology). In particular, for
every T, M > 0, the mapping

Sy € hw J°(h) € X7,
1s Borel.

Proof of Proposition |5.11| First note that second conclusion follows from first
immediately because continuous maps are Borel. Towards proving the first conclu-
sion, let us fix any n € N. Recall that in our notation, by Theorem , zn = (up, vp)
and z, = (uy,, vy), respectively, are the unique global strong solutions to

{aﬁuh = Oyt + Au, (Dyun, Oyup) — Au, (Byun, Dyun) + Y (up)h, (5.10)
(un(0),v,(0)) = (ug,v0), where v,h := sup,
and
{8ttun = Doty + Ay, (Bytin, Optin) — Ay, (Bytin, Opti) + Y (tp) frm, (5.11)
(un(0),v,(0)) = (up,v9), where v, := Oyuy,.

Hence 3,, := (u,,,,) = 2, — 2, is the unique global strong solution to, with null initial
data,

8ttun = OgzUn — Auh (axuha ax“h) + Aun (axuna 8xun) + Auh (atufw atuh)
Ay, (Optin, Oyuy,) + Y(uh)h — Y(un)hn, (5.12)

where v,, := Osu,,. This implies that

salt) = /St S(M ) ) ds—{—/OtSt_s(gn(()s) ) ds, te[0,T).
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Here

Jn(8) = = Ay, (5)(Oxun(s), Oxun(s)) + Au,(s)(O2tn(5), Optin(s)) + Au,(s)(Orun(s), Opun(s))
- Aun(S) (Drun(s), Orun(s)),
and . .
gn(s) =Y (un(s))h(s) = Y (un(s))hn(s).
We aim to show that

dn —— in C ([O’ﬂ’HI%c(RQ Rn)) xC ([O,ﬂ,Hﬁ)C(R; Rn)) )

0
n—0
that is, for every R > 0 and = € R,
ts[lél% [HuN(t)H?{?(B(m,R)) + ||Un(t)||%11(3(x,R)):| — 0 as n — oo. (5.13)
S E]

Without loss of generality we assume x = 0. Since a compact set in R can be
convered by a finite number of any given closed interval of non-zero length, it is
sufficient to prove above for a fixed R > 0 whose value will be set later. Let ¢
is a bump function which takes value 1 on Bgr and vanishes outside Bsg. Define
U (t, ) = up(t, z)e(x) and uy(t, x) = up(t, z)e(x), so

Un(t, ) = p(x)v,(t, x), op(t, ) = p(x)vp(t, ),
and with notation u, := u, — up,
attﬁn - :r:a:ﬁn
- [Aun (@tuna atun) - Aun (a:vunu 8:5”71) - Auh (8tuh7 8tuh) + Auh (8zuha a:l?“h)] @
— (Up, — Up)Orap — 2(Dytin, — Oy pp + | Y () by — Y (up)h|

= fn + Gn-
Here
ful(s) = [Aun(s)((?tun(s), Oty (8)) — Au,(5)(Oztn(5), Optun(5)) — Au,,(5)(Orun(s), Opun(s))
+Au,(s) (Drun(s), aruh(s))] © = (Un(8) = un(5))Orzp — 2(02tun(s) — pun(s)) 0w,
and
3n(s) = |V (ta()ha(s) = Y (wn(s)(s)| 0. s € 0,71,

Next, by direct computation we can find constants C,, C,, > 0, depend on ¢, ¢/, ¢”,
such that, for ¢ € [0,T7,

8 () 12—,y + 102 (D71 —rory < ColltnO T2 rory + 100171 (- .1y
< Colltn® 2 pry + 10Ol rpy  (5:14)
Hence, instead of (5.13)) it is enough to prove the following, for a fixed R,

Jup 13—y + 1B ()3 iy = 0 28 = 0. (5.15)
€ ’

Let us set

~

T:=4T and R::ZZT.



LDP FOR SGWE 33

The reason of such choice is due to the fact that ((5.15]) follows from
Jup 2y + 180 ()10, — 0 28 n = o0, (5.16)
S )

Indeed, because for every ¢t € [0, R], T —t > 2R, and we have
18 () 2y + 00O (50) < MO Fr2(,m) + 10211 (5,9

< sup {18001 Bra(y ) + 150 sy |-
te[0,R]

Next, we set I(t,z) = 3|z[3,_,, for z = (u,
Proposition [B.1], with null diffusion part and k

t €0, R],

v) € Hipe and t € [0, R]. Invoking
=1,L =1,z =0, implies, for every

I(t.5.()) < / V(r,34(r) dr, (5.17)
where 3,(t) = (fin(t), 0a(t)) and

V(t,30(t) = (Wa(t), 00(t)) £2(By ) + (00 (t), fult)) r2(8r )
+ <8x6n(t)’ alfn(t)>L2(BT—t) + < n(t)7gn(t>>L2(BT—t)
+ <am6n(t) a$gn(t)>L2(BT t)

+ Vy(t, 5n(1))-

)
We estimate V¢(t,3,(t)) and Vg t,3n(t)) separately as follows. Since T'—t > 2R for
every t € [0, R] and ¢(y), ¢'(y) = 0 for y ¢ Byg, we have
t

/0 | [ |l o@)ontro) + £0)ontr ) )

+&' ()0 (1, 1) 0 fu (r, y) + ©(y)0u00 (1, 9) O fu(ryy) } dy] dr

t

t
Sow [ 1050 dr + /0 TG

and

/0 (Bu (1), 3o (7)) 2050 + (a8 (1), 0un (1) £2(5,.) i

:/0 (<6n(r>vgn<r>>L2(ng) + <8x6n<r)>azgn(r»LQ(BzR)) dr.

Let us estimate the terms involving f,, first. Since u,, u, takes values on manifold M,
by using the properties of ¢ and invoking interpolation inequality (4.5, as pursued
in Lemma [4.4], followed by Lemma we deduce that

()12 8oy Soierie 1Ay (Wn(r), vn (1) = Au,r) (Wn (1), vn ()22 (5,
+ [ Au ) (0n (1), 0 (1) = Auy 0y (Va (1), 0 (1)) [ 2B
+ [ Au ) (Va (1), 0n(7)) = Au ) (0n(1), 0 (1)) 72, )
+ 1| Au () (Ot (1), Ot (7)) = Ay (1) (Dten (1), Dt (1)) | 23, )



34 ZDZISLAW BRZEZNIAK, BEN GOLDYS AND NIMIT RANA

+ | Ay () (Onttn (1), Datin (7)) = Awy () (Dt (), Bt (1)) | 223, )
+ (| Ay ) (Oxtin (1), Oxtin (1) = Auy ) (Oxtin (1), Dotin (1)) | T2y
+ un (1) = un (1) 72,5 + 20100tn (1) = Sptn(r)|72(5, )

Seaar [n(r) = un(r)]| 22 (o) 100 (7) | 2o (Bom)
+ v () = on ()22 By (10n ()]l 2oe (o) + N10n ()| oo (B )
+ [l (r) = wn ()| 2282 10010 () | F e ()
+ [10ptun (r) — Optun (1) || 72y (102100 (1) |00 (Bose) + 0xtin (7) | £ (Bo))
+ un (1) = un (1) 72,5 + 20100tn (1) = Suun(r) 1725, )

SeaBarkes 5 3mm S U aa(r)). (5.18)

Similarly by using the interpolation inequality (£.5) and Lemma 5.9 based on the
computation of (4.7)), we get

10s Fu (") 172(By) SraBaiies 1T 3n(r)),

where constant of inequality is independent of n but depends on the properties of ¢
and its first two derivatives, consequently, we have, for some C > 0,

/ an(r)H%l(Bm) dr < Cf/ (7,3, (r)) dr. (5.19)
0 0

Now we move to the crucial estimate of integral involving g,. It is the part where we
follow the idea of |23, Proposition 3.4] and [28, Proposition 4.4]. Let m be a natural
number, whose value will be set later. Define the following partition of [0, R],

01~R 2-R 2™ R
72m72m7 ) 2m Y

and set

k+1)- k+1)-
rm::MandtkH::(z#ifre{

2m

k'R (k+1)-R
om * om '

Now observe that

[ 60800y
— /0 t<5n<7~), (Y (un(r)) = Y (un(r) (1)) 111 (B
N /Of@—,n(r) = B0 (), 9V (un (1) (i (1) = (1)) 111 (o
N / B lron)s Y () — Y (un(ron))) () — B sy

+ /O (On (1), @Y (un (7)) (i (1) = B(r))) 11 ()
= Gl(t) + GQ(t) + Gg(t) + G4(t). (520)
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For GG1, since T'— r > 2R , Lemmata , and followed by implies
G (8) / 160 () 201300 r + / 1Y () = Y (un () s 5, o ()2
< / 190 ()21, I
+ / o) — un) o (1 Htn ) By + 101 ) N ()1,
s | (Ut ) (L4 D)) (5.21)

To estimate Gy(t) we invoke (h, k:>H Bor) < Pl 22(Bom) | Bl 2 (2R)) followed by the
Holder inequality and Lemmata [3.2] [5.4] - 5.9/ and [5.13] to get

|Ga(t) Nm/ 10(r) = 02 () | 2o Y (wn (1)) | 12 B 1o (1) = 12(7) |11, i

%
S ([ 10ur) = )
0

t
o ( Bn ) i 14 B W) = ) )
t 3
SVIL([r=raldr)” s B, [14 1),
0

rel0,7/2]
R\/M, R /M
S Qm/g”éggml(r,zh(r))[1+l(r,zh(r>)]g s BOL+B),

1
2

where in the second last step we have used

1
t 3 R 3 2" ety kR 2 R
(/0 |r—rm|dr) §(/0 |r—rm|dr> :(Z/t T—Z—m'dr> §—2m/2.
k=1 tk—1

Moreover, in the third last step we have also applied the following: since hy, — h
weakly in L2(0,T; H,,), the sequence h,, — h is bounded in L*(0,T; H,,) i.e. 3M,, >0
such that

/ Von(r) — ()3, dr < M, V. (5.22)

Before moving to G3(t) note that, since 2R = T'/2, due to Remark for every
s, t€10,7/2],

t
[un(t) = un(s)llm(Bar) < / lon (") l112 B2y dir < VBt — 5.
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Consequently, by the Holder inequality followed by Lemmata [3.2] [5.13] and we
obtain

Gl <. ([ [an<rm>||m(3m o) ) )

2

< ([ 1Y) = Y i)~ o, )
St ( / ot (1) = ) sy |1 1) sy o) i

1

$in(r) = h(r) I3, dr)”

Sra ([ 1= vl Whalr) = HOIE, dr);
(Z [ halr) = (1) 3, dr)2

\/Zn(/ i (r "), cl?“)é < \/r% te o, 7).

Finally we start estimating G4(t) by noting that for every t € [0, R],
(ky—1)-R k:t-R>

2m Toom
Note that on such interval r,, = £ Then by Lemma we have

am

there exists K; < 2™ such that t € {

h

Gt |<k§ (e (50) e (s (57)) o)
; / <an (B o (o (Y ) o - h<r>>>H1(BQR) ar
(5 (555 v (i (551)) [ Gt - “””T>H1(BJ

i 1) R>

+ sup sup
1<k<2m ¢ <t<t_

(o (45 o (w (S5 [ i) |

2" . . e, .
<> |lon (T) ‘ Y <uh (l‘cnf’)) / (hn(r) — h(r)) dr
Pt 2 HY(Bap) 2 tho1 H(Bap)

+ sup sup
1<k<2m ¢, <t<t}_1

By, (W) ‘ . Y <uh (W)) /t:l(hn(r) — h(r))dr

( (5+)) /t“mn(r)—h(r))dr

H1(BzR)

H1(B3R)
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V(o (B [ dat i

= G+ G?, (5.23)

where the right hand side does not depend on ¢. By invoking Lemmata the
Holder inequality, and Lemma we estimate G as

v (o (S51)) . ( / () — i), dr>
o () Hl(Bm)] ( JAZCRE dr)é

1

" 2
SrrTB SUp  sup ( / IIhn(T)—h(T)H%HdT)

1<k<2m 1, <t<tp—1 th_1

1

ti . . 2

< sup (/ th(r)—h(r)H?q#dT> :
1<k<2m \ Je,

For G2 recall that, by Lemma , for every ¢ € H'(B(z,r)) the multiplication
operator

+ sup sup
1<k<2m ¢ <t<ty_y

D=

1
Gy Srr sup  sup
L<k<2m 1, <<ty

Sk Sup sup 1+

1<k<2™ b <t<tj_1

Y(¢): K3k Y(¢) ke H(B(x,r)),

is y-radonifying and hence compact. So Lemma [5.12| implies the following, for every

k,
o (58)) [ -

Hence, for fix m, each term of the sum in G2 goes to 0 as n — oco. Consequently, by
substituting the computation between ((5.21]) and (5.23)) into (5.20)) we obtain

—0asn—0. (5.24)
HY(B2r)

t

/0 0.3t S i / (L 10,3 (r))) (14 In ()3, ) dr

M e, . :
s T3 s ([ ) = o), dr
2m ack<om \ Sy, .
2 k- R o :
+3 |y (uh (z—m)) /t (ha(r) — h(r)) dr
k=1 k=1
Therefore, with (5.19) and (5.14]), from (5.17) we have
t
ltan(®) S [ (L4 U300) (L a0, ) dr

0

M te | . :
I / V() — W), dr
2m gck<am \ iy, g

H1(B3R)
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+§ % (uh (%)) /t::(hn(r) i) dr e

and by the Gronwall Lemma, with the observation that all the terms in right hand
side except the first are independent of ¢, and h,, € Sy, further we get

M te | . :
sup 1(t,3,(t)) < e T—m“ + sup / |hn (1) — R(r)||% dr

t€[0,R] 2 1<k<zm \ Ji,
} . (5.25)
H'(B3Rr)

+:§m; y (u (";—mR» /t::(hn(r) — h(r))dr

Now by [52, Theorem 6.11], for every o > 0 we can choose m such that

o, . : M
sup / |hn(r) — h(P)||5; dr | + T—m“ < a,
1<k<2m \ Ji, # 2

1

and for such chosen m, due to (5.24) by taking n — oo in ([5.25) we conclude that,
for every a > 0,
0< lim sup I(t,3,.(f)) < a.

N0 1[0, R]
Therefore, due to (5.14) we get (5.16)) and hence the Proposition [5.11] O

Now we come back to the proof of Statement 1. Previous Proposition shows, for
fix T' > 0, that every sequence in K,; has a convergent subsequence. Hence K, is
sequentially relatively compact subset of Xr. Let {2, }neny C Ky which converges to
z € Xp. But Proposition shows that there exists a subsequence {u,, }xen Which
converges to some element z, of K, in the same strong topology of X7. Hence z = z;
and K, is a closed subset of Xr. This completes the proof of Statement 1.

Below is a basic result that we have used in the proof of Proposition 5.11

Lemma 5.12. Let X, Y be separable Hilbert spaces such that the embedding i : X —
Y is compact. If g, — g weakly in L*(0,T; X), then

z/ gn(s)ds —i/ g(s)ds —0asn—o00 in C([0,T];Y).
0 0
Proof of Lemma [5.12. Define G, : [0,T] > t — fot gn(s)ds € X. Then the se-
quence of functions {G,, }nen C C([0,T7; X). Next, since weakly convergence sequence
is bounded, the Holder inequality gives

t2 1 T 1
[Gutt2) = Goltlx < [ an(o)lds < It =i ([ (9B ds) < Gyl = i
0

t1
for some C; > 0. So the sequence {G,, } ey is equicontinuous and uniformly bounded
on [0,T]. Hence, {G, }nen is a bounded subset of L*(0,T; X) because C([0,T]; X) C
L?(0,T; X). Consequently, since the embedding X Y is compact, due to Dubinsky
Theorem [56, Theorem 4.1, p. 132], {iG, }nen is relatively compact in C([0,7T];Y),
where iG,, : [0,T] > t — i(G,(t)) € Y. Therefore, there exist a subsequence, which
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we again indexed by n € N, {iG, },en and F' € C([0,T];Y) such that iG,, — F, as
n — oo, in C([0,7;Y"). This implies, for each t € [0,T], G,,(t) = F(t) in Y.

On the other hand, by weak convergence of g, to g, we have, for every x € X and
te[0,T],

T
<Gn(t)7$>x :/ <9n(3),$1[0,t](5)>x ds = <9m$ﬂ[0,t]>L2(o,T;X)
0

— (g, 2Lj0,9) 20,mix) = (G(t), 7)x

n—oo
Hence, for each t € [0,T], {G,(t)}nen is weakly convergent to G(t) in X. Since

X < Y is compact, {i(Gp(t))}nen strongly converges to i(G(t)) in Y. So by the
uniqueness of limit in Y, i(G(t)) = F(t) for t € [0,T] and we have proved that every
weakly Convergent sequence {gn fnen has a subsequence, indexed again by n € N,
such that i [; g.(s) ds converges to i [; g(s) ds in C([0, T];Y).

Since the same argument proves that from every weakly convergent subsequence in
L?(0,T; X) we can extract a subsubsequence such that the last statement convergence
holds, we have proved the Lemma [5.12 U

The following Lemma is about the Lipschitz property of the difference of solutions
that we have used in proving Proposition [5.11]

Lemma 5.13. Let h,,h € Sy and I = [—a,a]. There exists a positive constant
C:=C(R,B,M,a) such that for t,s € [0,7/2] the following holds
1
su[I) 10,(t) — 0n(S) || 2(B@r) S C |t — 5|2, (5.26)
xe

for R =T/2, where v,, is defined just after (5.11)).

Proof of Lemma [5.13 Due to triangle inequality it is sufficient to show
sup [[vs(t) = vn(8) | 2(pemy S Clt = sl2,  t,s € [0,T/2).
zel

From the proof of existence part in Theorem we have, for t,s € [0,7/2],

t
[vn(t) = vn(s) |l 2B, m)) S/ [0zt (7) || 22(B(a, ) dr

t
+/ /()| 28@r) + N9 ()| 22| dr,  (5.27)
where

Fu(r) = Au ) (0n(r), on(r)) = Auy 0 (@un(r), Opun(r), and gn(r) ==Y (un(r))h(r).
But, since h € Sy, the Holder inequality followed by Lemmata[3.2] [5.4 and [5.9] yields

1
2

t t
p [ on(r) oy < 16— s ( [ 50 1Y ) e )H%uds)

zel

<psu |t—s|z,  for t,sel0,T/2,
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and, based on ([5.18]), we also have

t
sup / )] 2y

zel

1
1 t 2
<1t = sl (5 Ly 000, 00D B

zel

1 t %
= s} ( [ 51l @), ) oy dr)

zel

1
1 t 2
e sl (s om0ty 10060 ey + 105 ) )

zel

<|t—s| B2 for t,s€[0,7/2].
Finally, by the Holder inequality and Lemma we obtain, for ¢, s € [0,T/2],

1 1
t t 3 t 3
su];})/ |0zt (5)|| L2(B(2,R)) dr < (/ 1dr> (/ SUII) Huh(r)H?{z(B(%R)) dr)
xe S S S xTe
< VBt — 5.
Therefore, by collecting the estimates in (5.27)) we get the required inequality ({5.26])
[

and we are done with the proof of Lemma |5.13]

5.3. Proof of Statement 2. It will be useful to introduce the following notation
for the processes

Z’n, = (Unyvn) - Jan (W + h’ ) ? ZTL = (unavn) = Jo(hn)

1
Ve "
Let us fix any x € R and T" > 0. Then set N a natural number such that N >
|| (o, vo) || (B(1))- To simplify the notation we write Hy instead H(B(x,T')). For
each n € N we define an .%;-stopping time

To(w) :=inf{t > 0: | Z,(t,w)||lny_, = N}AT, weQ. (5.28)
Define, for z = (u,v) € Hige,

1 1
eft,2) = 5 {lulgo,_y + [ls,_ | = 5ol tE0.T) (5.20)

In this framework we prove the following key result.

Proposition 5.14. Let us define Z,, := Z, — z,. For 1, defined in (5.28) we have

lim E

n—0o0

sup e(t A7, Z,(t A1p))| = 0.
te[0,7]

Proof of Proposition [5.1]). Let us fix any n € N. First note that under our
notation 7, = (Uy,, V,,) and z, = (uy,v,), respectively, are the unique global strong
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solutions to the Cauchy problem
OuUn = 0uuU, + Av, (0,Un, iU,) — Au, (0:Us, 0:U) + Y (Up) g,
+VEY (Un)W,
(U,(0),0,U,(0)) = (ug,v0), where V,, := 9,U,,
and .
Oy, = Opztly, + Au, (Optiy, Optiy) — Ay, (Optln, Optiy) + Y () By,
{ (un(0), Opun(0)) = (ug,vo),  where v, := dyu,.
Hence Z,, solves uniquely the Cauchy problem, with null initial data,
Oulhy, = Opulhyy — Ay, (0,U,,, 0.U,,) + Ay, (Oxtin, Opuy) + Au, (01U, 0U,)
— Ay, (Dt Opt) + Y (Un) iy — Y () + /2 Y (U)W,
where V,, := 9. This is equivalent to say, for all ¢ € [0, T7,

Z,(t) = / S, ( e > ds+/0tSt_s ( gn‘zs) ) AW (s).  (5.30)
Here

fu(8) = =Au,(5(0aUn(s), 0:Un(5)) + Au,(5)(Oatin(s), Oztin(s)) + Auv,5)(Va(s), Va(s))
- Aun(S) (Un(8), vn(s)) + Y(Un(s))hn(s) Y(un(s))hn(3)7

and

gn(8) == VEnY (Un(s)).
Invoking Proposition [B.1], with that by taking &k = 1, L = I, implies for every ¢ €
[0, 77,

o(t, Z,(1)) < / V(r, Z,(r)) dr + / Vo), gulr )W () 2
+ / OV (), e g ()W ()]} 208r - (5.31)

with
V(t, 2,(t)) = Un(), Va()) 287 _) + (Vall), fa(O) r28r )

+ (02 Vn(t), Ou fu(t >>L2 (Br_y) T 5 Z | gn(t 6J||L2(BT ¢)

1 o0
D (AR AP

j=1

for a given sequence {e,};en of orthonormal basis of H,. Let us define

U,(t) = E [sup e(s/\Tn,Zn(s/\Tn))} —E { sup e(s,Zn(s))] .

0<s<t 0<s<tATp
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Observe that, for any 7 € [0, T, by the Cauchy-Schwartz inequality

tATh TNTp
sup / V(r, Z,(r)) dr < 2/ e(r,Z,(r))dr
0 0

0<t<r

1 TNTh,
w3 ] (e + ) Bagnsn-.n) dr

(5.32)

where g,,(r)- denotes the multiplication operator in the space % (H,, H'(B(z, R))),
see Lemma [3.21
Next, we define the process

Y(t) = / V), 9P W () 11151, (5.33)

By taking fo r) dW (r) with

5(7’) : H,u > k— <Vn(r)7gn(r)<k‘)>H1(BT,,.) S R?
a Hilbert-Schmidt operator, note that

:/Otg(r)o

is quadratic variation of R-valued martingale ). Then

</ i ) s = / €00,
:/ Z’f (e; \er_/ on(P) () rmp P dre ¢ € [0,T).

(5.34)
On the other hand by the Cauchy-Schwartz inequality

> V(). (1) e

Therefore,

<Ay lgn(r) - 1% it (e

t
< [ I B, ol9nr) - P mior e (539)
0

Invoking the Davis inequality with (5.35)) followed by the Young inequality gives

E [ sup |Y(t A Tn)|:| < 3E [ Q(r A Tn)}

0<t<r

< 3E

1
TNATn 3
sup  [[Vo(E A7) 11 7-) {/0 1gn(7) - H?%(H#,Hl(BTfr)) dr} ]

0<t<TATh

1 TNTn
<3Ele s OFowa+ g [ 1) oo

0<t<TATh
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3 TNTn
<6sE| sup e(t, Z,(t +—E/ n(1) - || 1 dr}.
Lo etz )] + 1| [ 1) B
(5.36)

By choosing ¢ such that 6e = % and taking supy<,<, followed by expectation E on

the both sides of (5.31)) after evaluating it at 7 A 7,, we obtain

E{ sup e(s,Zn(s))} SE{sup /0 n V(T,Zn(r))dr} —i—]E[sup y(mfn)}.

0<s<tAmy 0<s<t 0<s<t

Consequently, using (5.32)) and (5.36)) we infer that

E[ sup e(s,Zn(s))] < 4E { /0 " et zn(r))dr] +E[ /O T L) B dr]

0<s<tATh

tATn
+ 19E { /0 190 (r) - 1o, 11 (B ) dr} . (5.37)
Now since the Hilbert-Schmidt operator g,(r)- is defined as
H,>kvw gu(r) -k € H(Br,),
Lemmata [3.2] and [5.4] gives,

tATh tATn
E |:/(; “gn(r) ’ H?QQ(Hule(BTfr)) d7’:| S’T E |i/0 H\/ZY(UTL(T))H?{I(BTLT) dT:|
tATn
ST En E |:/ <1 + HUTL(T)H?{l(BT,T)) d/r:|
0

S%EMWXHwawmm)ﬂ

<ren (1+N?). (5.38)

~Y

To estimate the terms involving f,, we have
£ 5y S 1Av.e) (0l (1), 0:Un (1)) = Ay (Ot (1), Qutin (M) 718,
+ ([ Av, o) (Va(r), Va (1) = A0y (0 (1), v (0) 13128,
Y (Un () B () = Y (1 (7)) (7)1 5,
= fo+ i+ [ (5.39)
By domg the computation based on Lemmata [£.4] and [5.4] we obtain
S 1 Av, ) (0:Un(r), 0:Un(r)) = Au,(r) (0cUn (), 0uUn(r) 515,
+ 14w, () (02Un (1), 0uUn(r)) = Auyy ) (Ontin (r ) U)o (51
+ [|Au,(r) (Oatin (1), 0 Un(r)) — Aun(m (Ozun(r), awun(r»H%{l(BT_,«)
S 00 = ) By (1 10000 By + 100015, )

$ (1 Jun() iz
o ) ey N0 U () = ()] s 1Ot (]
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SN2, [(1+ 120N, ) (14 o)) + Iz, ]
(5.40)

and, by similar calculations,

£2 50 120, (1412000, ) (1 o)) + )]
(5.41)

Furthermore, Lemmata [5.4] and [3.2] implies
13 S M0nr) = a0 sy [UH N0 Brs sy + Nt ) i | W),
S 1200, (141200 e+ 120 e ) 1) (5.42)
Hence by substituting (5.40)-(5.42) in (5.39)) we get
1) By S 1200 B [(14 1200 B ) (14 Do lBer, ) + a0
2, (11200 e + 2B ) T,

consequently, the definition of 7,, and Lemma 5.9 suggest

B[ 1 imn ot | SE[ [ {1200, (04N (045 + B

2 e, (L4 N2+ B2) (14 B2) hn(r) 3, } ]

tATn .
SE| [ etnzu) Cxn (14 1n0)IE,) .
0
(5.43)
for some constant Cy s > 0 depends on N, B, Then substitution of (5.38) and ({5.43))

in ((5.37) implies

E { sup e(s,zn(s))] <ren (14+N?)

0<s<tATh,

+Cna | [ s elo 20 (14 [0, ) ]

0<s<rAty

Therefore, invoking the stochastic Gronwall Lemma, see [28, Lemma 3.9], gives,

E { sup e(s, Zn(s))} Sren (L+ N exp [Cyp(T + M)). (5.44)

0<s<tATp
Since ¢, — 0 as n — oo and
E [ sup e(s,Zn(s))} =E [sup e(s A\ Tp, Za(s N\ Tn)):| ,
0<s<tATn 0<s<t
inequality (5.44) gives lim E [supy<;<p €(t A T, Z,(t AT,))] = 0. Hence we are done
n—oo - -

with the proof of Proposition [5.14] O

To proceed further we also need the following stochastic analogue of Lemma [5.9]
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Lemma 5.15. There exists a constant B := B(N,T, M) > 0 such that

limsup E

n—00 te[0,T]

sup e(t A7, Z,(t A Tn))] < A.

Proof of Lemma [5.15 Let us fix sequence {e;};en of orthonormal basis of H,.
Let us also fix any n € N. With the notation of this subsection, Proposition
with k = 1, L = I, implies for every t € [0, T,

elt, Z(1)) < /0 V(r, Z,(r)) dr + /0 (Vi) ga(r)AW (1)) 150,

with
1 [ee)
V(t, Zn(t)) = (Un(1), V(1)) 2(Br_p) + (Va(t), fu()) (B + 5 > llgn®eilin sy,
j=1
and

Fa(s) = Au, (9(Va(5), Va(8)) = Av, () (0:Un(5), 0Un(5)) + Y (Un(8))in(s),
gn(s) = VEnY (Un(s)).

Next, we set

U (t) :=E [sup e(s A Tn, Zn(s A Tn)):| , telo0,T].

0<s<t

We intent to follow the procedure of Proposition [5.14, By the Cauchy-Schwartz
inequality, for 7 € [0, T], we have

tATh TNTn
sup / V(r, Z,(r))dr < 2/ e(r, Z,(r))dr
0 0

0<t<r

1 TN\Tn
w3 O s+ M) By

Since the g,, here is same as in Proposition [5.14} the computation of (5.33))-(5.38)) fits

here too and we have

tATh tATh
E { sup e(s, Zn(s))l <rE [/ e(r, Zn('r’))dr] +E {/ an<7’)”§{1(BT7T) dr}
0<s<tATn 0 0
+en(1+ N?). (5.45)

Invoking Lemmata [3.2] and [5.4] implies
£ 8o,y S 1AL (BaUn(r), BUn (M) in 55—,y + [ Avary (Valr), Va(r) I (8,

+ Y (Ua(0) b (1) 315,

St (L 100V Brsgsry) |1+ 10:Un () sy
FIValr) sy + o) I,

S (1120, ) [1+ 120 By, + W),
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So from (5.45)) and the definition (5.28)) we get

E| sup e(s,Z,(s))| <o N°E[t A1)+ en(1+ N?)

0<s<tATp

tATh .
+(1+N*)E [/ (1 +N? + hn(r)||§{#) dr}
0
Sy N?*T + (1 4+ N)T + M +¢,(1 + N?).

Since lim ¢, = 0, taking limsup,,_,., on both the sides we get the required bound,

and hence the Lemma B.15. 0

Lemma 5.16. Given T > 0, the sequence of Xp-valued process {Z,}nen converges
in probability to 0.

Proof of Lemma [5.16, 1t is sufficient to show that, for every R,d,a > 0 there
exists ng such that

P

t€[0,T]

weQ: sup [|Z,(tw)|u, > 5] <a forall n>n,.

As before it is sufficient to prove above for R = T'/2 which will be a particular case
if we show the existence of ng such that

P

weN: sup e(t,Z,(t) > 5] <a foral n>mng.
te[0,7/2]

Let us fix §,a > 0. Choose N > [|(ug, vo)||#, such that, based on Lemma [5.15]

1
—supE | sup e(t AT, Z,(tATy))| < g, (5.46)
N nen  |teo,1/2] 2
and ng € N | due to Proposition [5.14]
Yo’
E| sup e(tA7, Z,(tAT))| <— forall n>ng. (5.47)
t€[0,7/2] 2

Then the Markov inequality followed by using of (5.46|) ad (5.47)), for n > ng, gives

P [ sup e(t, Z,(t)) > (5]
te[0,7/2]

<P| sup e(t,Z,(t)>dand 7, =T |P| sup e(t,Z,(t)) > N
t€[0,7/2] t€(0,7/2]
1 1
<iE| sup et Zu(tw)| + =E| sup eft, Zu(t,w))
te[0,7/2] te[0,7/2]
< .

Hence the Lemma [5.16l 0
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Now we come back to the proof of Statement 2. Recall that S, is a separable
metric space. Since the sequence {Z(h,,) }nen of laws on S, converges weakly to the
law .Z(h) by assumption, the Skorokhod representation theorem, see for example [38]
Theorem 3.30], yields the existsence of a probability space (Q S IP’) and processes
(hn, h, W) defined on this space, such that the joint distribution of (h,, W) is same
as that of (h,, W), the distribution of & coincide with that of h, and h, — h,

n—oo

P-a.s. pointwise on €2, in the weak topology of Sy;. By Lemma [5.11] this implies that
J'0h, = J%0h in Xp P-as. pointwise on Q

Next, we claim that
L(zy) = Z(2,), foralln
where
2 =J%0h:Q— X and 3, := Jooﬁn:Q%XT.
To avoid complexity, we will write J°(h) for JY o h. Let B be an arbitrary Borel

subset of Xr. Thus, since from Lemma JO . Sy — Xp is Borel, (J°)7Y(B) is
Borel in Sy;. So we have

Z(2)(B) =P [J(hn)(w) € B] =P [h,* (/) (B))] = Z (k) (J°)1(B)) -

But, since Z(h,) = £ (h,) on Xp, this implies .Z(z,)(B) = Z(%,)(B). Hence the
claim and by a similar argument we also have .Z(z,) = Z(2;).

Before moving forward note that from Proposition [5.14] the sequence of Xp-valued
random variables, defined from Q, Jé»(h,) — J°(h,) converges in probability to 0.
Consequently, because Z(h,) = £ (hy,) and Jer — JO is measurable, we infer that

Je (hy) — J°(hyy) L 0 asn — co. Therefore, we can choose a subsequence {75 (hyy) —
Jo(ﬁn)}neN, indexed again by n, of Xp-valued random variables converges to 0, P-
almost surely.

Now we can conclude the proof of Statement 2. Indeed, for any globally Lipschitz
and bounded function ¢ : Xr — R, see [29] Theorem 11.3.3], we have

() dZ (T (hn)) = ; U(x)dL(J°(h))

- | [ stz - [ vwazori)
_ /Qw (7% (hn)) d]f”—/@qﬁ (7o) dﬁ»‘

[ {0 () = v (26 }
/Qw(JO(ﬁn)) dP—/Qw(JO(B)) dP’.

Since .JO(h,) — J°(h), P-a.s. and ¢ is bounded and continuous, we deduce that
n—oo

the 2nd term in right hand side above converges to 0 as n — oo. Moreover we claim

IN

+
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that the 1st term also goes to 0. Indeed, it follows from the dominated convergence
theorem because the term is bounded by

Lo [ 1) = 5°(h) B
Q

where L, is Lipschitz constant of ¢, and the sequence {JE"(iLn) — Jo(ﬁn)}neN con-
verges to 0, P-a.s.
Therefore, Statement 2 holds true and we complete the proof of Theorem [5.6]

APPENDIX A. EXISTENCE AND UNIQUENESS RESULT

In this part we recall the existence and uniqueness result for global solution, in
strong sense, to problem

{aﬁu = Oyptt + Ay (O, D) — Ay (Opu, Opu) + Yy (Byu, Oyu) W,

A.
U(O, ) = Uo, atu(t, ‘)\t:() = 1. ( 1)

In this framework, [I3] Theorem 11.1] gives the following.

Theorem A.1. FizT > 0 and R > T. For every §o-measurable random variable
ug, vo with values in HE (R, M) and H} (R, TM), there exists a process u : [0,T) X
R xQ — M, which will be denoted by u = {u(t),t < T}, such that the following hold:
(1) u(t,z,-) : Q — M is F-measurable for everyt <T and x € R,
(2) [0,T) > t + u(t,",w) € H*((—R, R);R™) is continuous for almost every
w € Q,
(3) [0,T) >t — u(t,,w) € H'((—R, R);R"™) is continuously differentiable for
almost every w € €,
(4) u(t,z,w) € M, for everyt < T,z € R, P-almost surely,
(5) u(0,z,w) = up(z,w) and Jwu(0,z,w) = vo(x,w) holds, for every x € R, P-
almost surely,
(6) for everyt >0 and R >0,

Oyu(t) = v + /0 [&mu(s) — Ay(s)(Ozu(s), Opu(s)) + Aus)(Opu(s), 8tu(s))} ds

n / Vi (Oru(s), dru(s)) AW (s),

holds in L*((—R, R); R"), P-almost surely.
Moreover, if there exists another process U = {U(t);t > 0} satisfy the above prop-
erties, then U(t,z,w) = u(t,z,w) for every |x| < R —t and t € [0,T), P-almost
surely.

APPENDIX B. ENERGY INEQUALITY FOR STOCHASTIC WAVE EQUATION

Recall the following slightly modified version of [I3, Proposition 6.1] for a one
(spatial) dimensional linear inhomogeneous stochastic wave equation. For [ € N, we

use the symbol D'h to denote the R™*!'-vector (dlhl dhi ., dlhn) .

dxl ' dxl ) da!



LDP FOR SGWE 49

Proposition B.1. Assume that T > 0 and k € N. Let W be a cylindrical Wiener
process on a Hilbert space K. Let f and g be progressively measurable processes with
values in HE (R;R™) and Z,(K, HE (R; R™)) respectively such that, for every R > 0,

T
/0 {Hf(S)HH’“((fR,R);]R") + Hg(s)HiﬂQ(KHk((_RB);Rn))} ds < o0,
P-almost surely. Let zy be an Fy-measurable random variable with values in
HE = HPYR;R™) x Hf (R;R™).

loc

Assume that an HE -valued process z = z(t), t € [0,T), satisfies

A1) = Stz[)—i—/o S, . ( f&) ) ds+/0t S ( g(os) ) aW(s), 0<t<T

Given x € R, we define the energy function e : [0, T] x HE — Rt by, for z = (u,v) €
Hloc’

k
1
e(t,z) = 2 {HUH%Q(B(:E,Tt)) + Z [||Dl+1u||2L2(B(a:,T7t)) + ||DZU||%2(B(Q;,T4))] } .

=0

Assume that L : [0,00) — R is a non-decreasing C*-smooth function and define the
second energy function E : [0,T] x HE — R, by

E(t,z) = L(e(t,2)), z = (u,v) € Hi,.
Let {e;} be an orthonormal basis of K. We define a function V : [0,T] x HF . —

by
k

V(t,z) = L'e(t, z)) [<U7U>L2(B(x,Tt)) —1—2( v, D' f(t ) L2(B(a,T—t))

=0

1
+ §L/ ZZU}I )e; |L2 (@T—t) T

J

]‘ //
" gt )
Then E is continuous on [0,T] x Hf ., and for every 0 <t < T,

E(t,2(t)) < E(0,z) /

+

k

Z ])L%B@,Tt))] , (t,2) € [0,T] x Hy,.

+Z/Urz<ﬂ0ﬂummmbm P-as.
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