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Abstract

This paper investigates the uniform convergence for the Nadaraya-Watson es-
timators in a non-linear cointegrating regression. Our results provide a optimal
convergence rate without the compact set restriction, allowing for martingale in-
novation structure and the situation that the data regressor sequence is a partial
sum of general linear process including fractionally integrated time series. We also
investigate the uniform convergence for functionals of general non-stationary time

series, which is of interests in its own right.
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1 Introduction

The past few decades has witnessed significant developments on cointegration analysis,
particularly linear models have dominated empirical work in the applications of these
methods. While it is convenient for practical implementation, linear structure of the
traditional cointegration model is often too restrictive for modeling propose. Empirical
examples in this regard can be found in Granger and Terédsvirta (1993). In such situa-

tions, given the prevalence of nonlinear relationships in economics, it is expected that



nonlinear cointegration captures the features of many long-run relationships in a more
realistic manner.

Typical non-linear cointegrating regression model has the form
Y = .f(xt)_l_utv = 1727"'777’7 (1)

where {u;} is a zero mean equilibrium error, x; is a non-stationary regressor and f(-)
is an unknown real function on R. With given observations (x,y;) which may include
non-stationary components, the point-wise estimation and inference of the unknown f(-)
have been becoming increasing interests in literature. Phillips and Park (1998) studied
nonparametric autoregression in the context of a random walk. Karlsen and Tjgstheim
(2001) and Guerre (2004) studied nonparametric estimation for certain nonstationary
processes in the framework of recurrent Markov chains. Karlsen, et al. (2007) developed
an asymptotic theory for nonparametric estimation of a time series regression equation
involving stochastically nonstationary time series. Karlsen, et al. (2007) address the
function estimation problem for a possibly nonlinear cointegrating relation, providing
an asymptotic theory of estimation and inference for nonparametric forms of cointegra-
tion. Under similar conditions and using related Markov chain methods, Schienle (2008)
investigated additive nonlinear versions of (1) and obtained a limit theory for nonpara-
metric regressions under smooth backfitting. More recently, Wang and Phillips (2009a,
2009b, 2011) and Cai, et al. (2009) considered an alternative treatment by making use
of local time limit theory and, instead of recurrent Markov chains, worked with partial
sum representations of the type x; = 22:1 &§; where &; is a general linear process. For
other related current works, we refer to Kasparis and Phillips (2009), Park and Phillips
(1999, 2001), Bandi (2004), Gao, et al (2009a, b), Choi and Saikkonen (2004, 2010),
Marmer (2008), Chen, et al (2010), Wang and Phillips (2012), and Wang (2011).
Different from these aforementioned point-wise asymptotic work, this paper is con-
cerned with the uniform convergence for the Nadaraya-Watson estimator f(z) of f(z)

in the non-linear cointegrating regression model (1), defined by

S K — 2)/H]
) = S R, — o)/

where K(x) is a nonnegative real function and the bandwidth parameter h = h,, —

(2)

0 as n — oo. In this regard, for a near I(1) regressor x;, Wang and Wang (2011)

established uniform consistency for both the regression and the volatility functions under



a compact set. Without the compact set restriction, Gao, et al. (2011) derived strong and
weak consistency results for the case where the x; is a null-recurrent Markov chain, but
imposed the independence between uy and . More currently, Wang and Chan (2011)
investigated the uniform convergence for a class of martingales. As a direct application
of their main result, Wang and Chan (2011) removed the restriction on the independence
between uy, and zj, as required in Gao, et al. (2011), but their result only works for the
zj, to be a recurrent Markov chain.

Using some quite different techniques, in this paper, we establish the uniform con-
sistency of f(z) defined by (2) with sharp (probably optimal) convergence rate without
the compact set restriction, under very general settings on the regressor x; and the er-
ror presses u;. Explicitly, our model allows for the regressor x; to be a partial sum of
general linear process and for a martingale innovation structure. We also investigate the
uniform convergence for functionals of general non-stationary time series. This result is
of interests in its own right.

This paper is organized as follow. Section 2 presents our main results. The uniform
convergence for functionals of general non-stationary time series is considered in Section
3. Technical proofs are postponed to Section 4. Throughout the paper, we denote

constants by C, C4, Cs, ... which may be different at each appearance.

2 Main results

Let {¢;,j > 1} be a linear process defined by

§ = Z Pk €j—k;s (3)
k=0

where {€;, —00 < j < oo} is a sequence of iid random variables with Eey = 0, Ee} = 1,
Eleo|* < oo for some k > 2 and the characteristic function ¢(t) of €, satisfies [~ (1 +
t])|(t)|dt < oco. Throughout the paper, the coefficients ¢, & > 0 are assumed to satisfy

one of the following conditions:
C1. ¢ ~ k" p(k), where 1/2 < p < 1 and p(k) is a function slowly varying at oo.

C2. ZZO:O |¢k| < oo and ¢ = ZZO:O O 7é 0.

We also make use of the following assumptions in the asymptotic development.



Assumption 2.1. z; = Z;zl &;, where ¢; is defined as in (3).

Assumption 2.2. {u;, F;}+>1 is a martingale difference, where F; = o(xy, ..., @41, ug, ..

satisfying E(uf | Fi—1) —bas 0° < 00, as t — oo and sup,; Elu|* < oo, where
p > 14 [1/d] for some 0 < d§y < o, where

pw—1/2, under Cl1,
= (4)
1/2, under C2.

Assumption 2.3. The kernel K satisfies that sup, K (z) < oo, [*°_(1+|s|)K (s)ds <
oo, and

[K(z) = K(y)| < Clz —yl.
for any z,y € R, whenever |z — y| is sufficiently small.

Assumption 2.4. There exists a real positive function g(x) such that

f(y) — f(z)] < Cly—=z|’g(x),

uniformly for some 0 < § < 1 and any (z,y) € €, where € can be chosen sufficient small
and Q. = {(z,y) : [y — z| < e,z € R}.

Assumption 1 allows for the regressor x; to be a fractionally integrated process (under
C1) and also a partial sum of short memory linear process (under C2). The condition
C2 is used in Wang and Wang (2011) as well as Wang and Chan (2011). The condition

C1 is new. Putting d> = Ez?, we have

c,n* 2 p?(n), under C1,

d2 = Ex? ~
»*n, under C2.

()

where ¢, = 1/((1 — p)(3 — 2p)) [ a™#(x + 1) *dx. See, e.g., Wang, Lin and Gulati
(2003) for instance. This notation and fact will be repeatedly used later without further
explanation.

Assumption 2.2 is standard as in the stationary situation in which we impose a
martingale structure so that cov(uiy1,2:) = ElviE(uy | Ft)] = 0. This conditional
orthogonality conditions is the same as in Wang and Wang (2011) as well as Wang and
Chan (2011), but weaker than that in Gao et al (2011), which assumes x; and wu; are



independent.

Assumptions 2.3 and 2.4 are standard conditions on the kernel K (z) and the unknown
functional f(z), which are the same as in Wang and Wang (2011). Assumptions 2.3 does
not restrict the kernel to have a finite compact, as required in most of the previous works.
Assumption 2.4 hosts for a wide set of functionals, including that f(x) = 0; + 02+ ... +
01 f(@) = 01 + 0y F(z) = 2(1 +02) (2 = 0); f(@) = (0 +0ye) /(1 + ¢2).

We have the following main result.

Theorem 2.1. Under Assumptions 2.1-2.4, for any B, < Myd,/log™n, any h satis-
fying h — 0 and n®%h — oo, we have

sup |f(.21:) — flz)] = Op[(al—;;)l/2 log1/2n+hf35n], (6)
||<Bn n

where My > 0 is a fived constant, 6, = supj,<p, 9(v), and

4(23;;25), under C1 and 9/10 < p < 1,
o= %, under C1 and 1/2 < p < 9/10,
4, under C2 .

Remark 2.1. A better result can be obtained if we are only interested in the point-
wise asymptotics for f(x) Indeed, as in Wang and Phillips (2009a, b) with minor

modification, we may show that, for each fized point x,

dp

E)l/2 + 1. (7)

f(x) = fl@) = Op[(
Furthermore f () has an asymptotic distribution that is mizing normal, under minor
additional conditions to Assumption 2.2.

In comparison to the stationary regressor situation, where the sharp rate of conver-
gence in (6) is Op[(logn/nh)'/?] (see Hansen (2008), for instance), the convergence
rate in (6) is sharp (probably optimal). There is an essential difference for the rate of
convergence between stationary and non-stationary time series. The reason behind the
difference is mainly because, in non-stationary case, the amount of time spent by the

process around any specific point is of order d, rather than n. More explanation can be
found in Remark 3.3 of Wang and Phillips (2009a,).



Remark 2.2. The bandwidth condition n® %h — oo is related to the moment con-
dition of the martingale sequence wy. If high moments of w; exists, we can choose
do to be sufficiently small. When |ux| < C, we can obtain better bandwidth condition
n“hlogfe n — oo, where 0 is a real number depending only on . In (6), h* 5, — 0 is
necessary to gquarantee the uniform consistency of f (x). If the regression function f(x)
has thin tail, e.g. f(x) = (a+pe*)/(1+€"), 6, will be bounded by a constant. In a point-
wise situation, the term hP can be improved if we put a bias term in the left hand of (7).
See Wang and Phillips (2011). It is not clear at the moment whether there are similar
properties for the uniform consistency (6). The issue seems to be difficult, since we have
to consider the uniform convergence for zero energy functionals of non-stationary time

series, which is not available at the moment. We leave this topic for future work.

Remark 2.3. The result (6) improves Theorem 3.2 of Wang and Wang (2012), even
assuming r is in a finite compact set. As stated in Remark 2.1, our rate of convergence
may be optimal for this kind of uniform convergence. In a specific situation that x, =
23:1 €j, that is, zy is a random walk, Wang and Chan (2011) proved that the range
|z| < B,, in Theorem 2.1 can be improved to |x| < My\/n. It is not clear at the moment
whether the similar result still holds under our general regressors. It seems that a quite
different techniques is required to attack this problem and hence leave for future work.

See Remark 3.2 for more details in this regard.

Remark 2.4. To outline the essentials of the arguments in the proof of Theorem 2.1,
we split the error of f(a:) — f(z) as

S ukK(w-a)/h) | S [Fe) — @) Kl - )/
J@) 1@ = S Rl T S Kl(e — )i
= O,(z) + Og, (). (8)

Under Assumptions 2.3 and 2.4, it is readily seen that, whenever n is sufficiently large,

sup |Og,(z)] < CRP6,.

|z|<Bn

Under Assumption 2.2, {S,(x), Fi }1>1 is a class of martingale, where S, (z) = > ¢ w K [(x;—
x)/h|. In order to estimate the ©y,, by Theorem 2.1 of Wang and Chan (2011) (See



Appendiz for a restatement of the theorem), it suffices to show the following results:

n

e A Y Kk —x2)/h] = Op(nh/dy), (9)

n

[ if ST K[(a—a2)/R)]T = Oplda/(nh)], (10)

|z|<Mo dn/log?0n P

for any h, satisfying h — 0 and n®hlog™®n — oo, where 0 is a real number depending
only on 7. The results (9) and (10) is a direct consequence of Theorem 3.2, together
with Remark 3.1, where we established the uniform consistency for functionals of non-

stationary time series .

To end this section, we introduce the following examples which satisfy the condition
C1 and C2 respectively.
Example 1. Let {Y;} be an ARMA(p,q) process, defined by

¢(B)Y; = 0(B)er, (11)
where ¢ and 6 are the p** and ¢'* degree polynomials
d(z) =1— 12— ... — P2 (12)
and
0(2) =1+ 6012+ ...+ 0,27 (13)

and B is the backshift operator, {¢;, —oo < j < oo} is white noise with mean 0 and
variance o%. Suppose that ¢(-) and 6(-) have no common zeroes. If §(z) # 0 for all z € C

such that |z| < 1, Y; can be represented as

Y, = Z%Et—k (14)
k=0

where ¢(z) = 0(2)/¢(z), |z| < 1 satistying > 2~ [1x] < 0o and Yo ¢y # 0. See, e.g.
Brockwell and Davis (1987). That is, Y; is a linear process satisfying the condition (C2).



Example 2. Let {Z;} be a fractionally integrated process {Z;} initialized at Zy = 0,
defined by

(1-B)Z = «, (15)

where 0 < d < 1/2, B is a backshift operator, and {¢;, —0o < j < oo} is a sequence
of i.i.d. random variables with Eey = 0, Ee = 1, and characteristic function ¢(t) of €
satisfying [*°_(1+[t[)[¢(t)|dt < co. The fractional difference operator (1—B) is defined

by its Maclaurin series (by its binomial expansion, if v is an integer):

= I . X s*le73ds, if 2 >0
Z 7 + J) B’ where T(z)=<"° (16)
= (= j+1) 00, if z=0.
If 2 <0, I'(2) is defined by the recursion formula 2I'(z) = I'(z + 1).
We may present Z; as Z, =y .- a(k)e;y with
I'k+d 1
a(k) = Lk +d) J (17)

T(k+1)I(d) ~ T(d)

as k — oco. See Wang, et al. (2003) for instance. That is, Z; is a linear process satisfying
the condition (C1) with =1 —d.

3 Uniform bounds for functionals of non-stationary

time series

Consider a triangular array x5, 1 < k < n,n > 1 constructed from some underlying time
series. In most practical situations, y, is equal to xy/d,,, where xy is a partial sum and
0 < d, — oo in such a way that z, /d,, has a limit distribution. The functional of interest

Sy of z,,, is defined by the sample average

= Zg[cn (Ten +2)], zE€R,

where ¢, is a certain sequence of positive constants and ¢ is a real function on R.
Such functionals commonly arise in non-linear regression with integrated time series

[Park and Phillips (1999, 2001)] and non-parametric estimation in relation to nonlinear



cointegration models [Phillips and Park (1998), Karlsen and Tjostheim (2001), Wang and
Phillips (2009a, 2009b, 2011)]. The limit behavior of S, (z) in the situation that ¢, — oo
and n/c, — oo is particularly interesting and important for practical applications as it
provides a setting that accommodates a sufficiently wide range of bandwidth choices to
be relevant for non-parametric kernel estimation.

For a fixed z, the limit distribution of S, (z) has been established by Wang and
Phillips (2009a, 2009b, 2011) under very general setting on xy,. The aim of this section
is investigate the uniform (upper and lower) bound for S, (z) on a compact set or on
R. As discussed in Section 2, these results will be useful in the investigation of uniform
convergence for kernel estimates in a non-linear cointegrating regression. We make use

of the following assumptions in the development of main results.

Assumption 3.1. sup, [g(z)| < oo, [*_|g(z)|dz < 0o and |g(z) —g(y)| < Clz—y|

whenever |x — y| is sufficient small on R.

Assumption 3.2. There exists a stochastic process G(t) having a continuous local
time La(t,s) such that 2y, = G(t), on D[0, 1], where weak convergence is understood

w.r.t the Skorohod topology on the space DI0,1].

Assumption 3.3. For all 0 < k <l <n,n > 1, there exist a sequence of constants
dign ~ Coln/(l — k)]7¢ for some 0 < d < 1 and a sequence of increasing o-fields
Frn (define Fo, = o{¢,Q}, the trivial o-field) such that xy, are adapted to Fy, and,
conditional on Fip, (10 — Tkp)/dign has a density hyjn(x) satisfying that hyjn(x) is

uniformly bounded by a constant K and uniformly for j — k sufficiently large
sup |higen(y + w) — hyga(y)] < Cmin{|ul, 1}. (18)
y
Theorem 3.1. Under Assumptions 3.1 and 3.3, we have

sup |Sn(x)| = O[(n/cy)logn], a.s., (19)

ja| <nmo

for any ¢, — oo and c,/n — 0, and any fired constant 0 < mgy < oco. If there exist
positive constants m (allow to be sufficient large) and k (allow to be sufficient small)

such that nsup|,js,m s |g(cn )| = Ol(n/cy) logn] and n="% 371" | |2y, |" = O(1) a.s., then

sup |Sp(x)| = Ol(n/c,) logn|, a.s. (20)



We mention that the additional conditions to establish (20) are close to minimal.
The bound can be improved if we are only concerned with convergence in probability,

as stated in the following theorem.

Theorem 3.2. Under Assumptions 3.1-3.3, we have

sup  [Sp(x)| = Op(n/cn), (21)

|z|<Mo/ log™ n

where

(%), if 0<d<3/5,

4

(22)
() (1%), if 3/5<d<l.
for any fived My > 0, ¢, — 0o and (n/cy)log™?n — oo, where = (1 — d)y/d. If in
addition [ g(x)dx # 0, then

—1
- -1
il 0@l = sup 1,1 @)] = Oplen/n) (23)
Remark 3.1. The requirement on dyj, s mild. Indeed, in most practical situations,
Tpp = Z?:l n;/dn, where d% = var(Z?zl n;) ~ Con?® for some 0 < d < 1, as stated
in the following examples. It is hence natural to assume dyg,, ~ Co[n/(l — k)]~ This
condition can be generalized to dyy.., ~ Colnp(n)/(l—k)p(l — k)], where p(n) is slowly
varying function at infinity or more generally to those as in Assumption 2.3 (i) of Wang
and Phillips (2009a) without essential difficulty. We omit this kind of generalization

here for notation convenience.

Remark 3.2. [t is readily seen that dy ., ~ Co[n/(l— k)] for some 0 < d < 1 satisfies
Assumption 2.3 (i) of Wang and Phillips (2009a). If in addition to Assumptions 3.1-3.3,
f:oo g(z)dx # 0. Theorem 2.1 and Remark 2.1 of Wang and Phillips (2009a) yield that

n o)
Cn

S glen o+l o [ gla)deLa(Ly) 24)

whenever ¢, — 00, n/c, — oo and y, — y, where Lg(1,0) is the local time process
defined by

Lg(t,s) = limi/O I{|G(r) — s| < e}dr.

e—0 Q¢

10



Note that P(0 < Lg(1,2) < 00) =1, for any fivzed x € R and Lg(1,2) — 0, as x — oo.
It might be possible to improve the range |x| < My/log™ n in (21) and (23) into x € R
and x| < My (not possible for |x| < b, in (23) where b, — 00), respectively. However,

to do this, we require a quite different technique, and hence leave it for future work.

The essential behind the proof of Theorem 3.2 is a fact that S, (z) can be approxi-

mated by S, (0) under a reasonable rate. Explicitly we have the following theorem.

Theorem 3.3. Let v > 0. Under Assumptions 3.1-3.3, we have

sup  [Su(2) — Su(0)] = Op[(n/eca) log' ™, (25)

le|<Mo/ log™ n

for any fized My > 0, ¢, — 0o and (n/c,)log™®n — oo, where = max{\ + 1,7},

X (1—d)272/:1;(2d_1)7 if1/2<d<1and~y >d(bd—1)/(2d —1), (26)

1+7)(1—d)—2d .
%, otherwise,

and

YA+ -2d)/(1—d), if 0<d<1/2,
n=9q7v-1 if d=1/2, (27)
(1 —d)vy/d, if 1/2<d< 1.
To end this section, we introduce the following examples on x,, which satisfy As-
sumptions 3.2 and 3.3.

Example 3.1. Let {¢;,7 > 1} be a stationary sequence of Gaussian random variables
with E& = 0 and covariances (j — i) = E§;¢; satistying the following condition for some
0<f<2and A >1,

di= Y yi—i)~n" and |G| < Ndrdit, (28)

1<ij<n

as min{k,l — k} — oo, where

Yk = Z Z Y(j — 1) (29)

i=1 j=k+1

11



Let g, = Z?Zl ¢/dn, 1 <k <n. Then x, satisfies Assumptions 3.2 and 3.3 with
G(t) = Ws)a(t). See Corollary 2.1 of Wang and Phillips (2009a).
Here and below, Wjs(¢) denotes fractional Brownian motion with 0 < 5 < 1 on DJ[0, 1],

defined as follows:

w@@yzzﬁﬁt[;{u—sw1”-4—@ﬁVﬂavw)+zﬂt—@ﬁlﬂav®%

where W (s) is a standard Brownian motion and
1 % 2 \1/2
mm_Q—+/ (14 2 = 02 )
26 Jo

Example 3.2. Let z,, = x1/d,, where x is defined as in Assumption 2.1 and d,, is
defined as in (5). Then zy, satisfies Assumptions 3.2 and 3.3 with

W, _3/(t), der C1,
G(t) _ u 3/2( ) under (30)
W (t), under C2.

The verification of zy, satisfying Assumption 3.2 and 3.3 are largely similar to that the
proof of Corollary 2.2 of Wang and Phillips (2009a). The only additional work is to
check (18), which is given in Appendix.

4 Proofs of main results

This section provides proofs of the main results. we start with a lemma, which will be
heavily used in the proof of main results. Throughout this section, we denote constants

by C, C1, Cs, ..., which may be different at each appearance.

Lemma 4.1. For any real function l(x) satisfying sup, [l(z)| < oo and [_|l(z)|dz <

00, there exist a constant Hy not depending on ty,ts,t3 and m such that

t3
sup E(| Y len (wrn + )™ | Fo)

z k=to

< CHP (mA+1)Ind e (ts — 0) 1+ {(ts — o) "0l e . (31)

for all 0 < t; <ty <ty < n and integer m > 1. In particular, by letting t; = 0,15 = 1

12



and t3 = n, we have
sup E| Y llen (wpn + 2)][™ < H* (m+ 1) (n/c,)™. (32)
r k=1
Proof. First recall that, given on F ., (¢, — Zsn)/disn has a density hy s, (z) which

is uniformly bounded by a constant K. Simple calculations show that, for 1 < s <t <n,

E{lllen(zn + ]| | Fon) = / Ueadssmy + cn(@an + )] hsn(y)dy

—00

K o0
= udion oo 1y + Cn(xs,n + z)]|dy
S Kll/(cndt,s,n)a (33)

where [} = [*_|l(x)|dz. By virtue of this estimate, it follows from conditional arguments
repeatedly that, for any to < ky < ky < ... < k;,, < t3,

E(|tfen(@mn + )] Uen(@n + )] | Fos)
E(|ten(rn + )] - Uen(@hson + )| E(Hen(@hnn + D] | Ftrs) | Fass)

< Kie dit o B(llennn + )] o len(@ o+ 2)]| | Fun)

IN

IN

IA
=

m —m j—1 —1 -1
) Cn dkhthn dkz,khn T dkm,km—hn'

13



Therefore, by recalling d; 5, ~ Co[(n/(t — 5)]7¢ for some 0 < d < 1 and letting Hy =
max{1, K lyl; Cy} where ly = sup, |l(z)|, we have

E(| 5 e (o -+ )" For)

k=to

maX{l,lg‘_l}[ i E(“[Cn(xt,n + )] | ]:n,tl)

<
k1=to
2 3 E(ifen@in + )] en(wian + )] | Fasy) +
to<ki1<ko<ts
+m! Z E(|l [en(@py 0+ 2)] o [en (@ + )] ] fn,tl)}
to<k:<..<km<ts
t3
S Hén [Tld C;l Z (kl — tl)id
ki=to
+2 ’n,2d C;Q Z (kl — tl)id(kg — kl)id =+ ...

to<ki<ka<t3
—|—m‘ nmd C,;m Z (k?l — tl)_d(kfg — kl)_d...(k’m — k?m_1>_d]
to<ki<...<km<ts
< CHP (mA+ 1) nd e (s — 0) U+ {(ts — o) 0l e .

This proves Lemma 4.1. O

We are now ready to prove the main results.
Proof of Theorem 3.1. Let

g = =" =1 i, = 0,12, my, (34)

where m!, = [(n/c,)/?c%] and m,, = 2([n™] + 1)m/,. It follows that

sup |Sn(:v)‘ < max sup Z ‘g[cn(a:m + )] — glea(@in + yj)H

|z[<n™0 0sismn—L gefy; ;4] =1

0<j<mn .

= /\1n + )\2n. (35)

+ max ’Zg[Cn(xt,n‘f’yj)H
1

14



It follows from Assumption 3.1 that
Ain < Cncno max ]yj+1 —y;| = O[(n/cn)l/ﬂ, (36)

which yields A\, = O(n/c,), a.s., as n/c, — oo.
We use Lemma 4.1 to estimate Ay,. To this end, let m = logn in (32). It follows from
Markov inequality and the Stirling approximation of (m+1)! that, for any My > e™ T3 H,

where Hj is given as in Lemma 4.1,

(li?i‘iin Zg eol(@e +y;)|] > My (n/ec,) logn, ZO)
SILIEOZZPQZg cn(Ten + ) H [Mo (n/cy) 1ogn}m)
n=s j=1
m m
< lim - mmaxE’ cnx+~)
_SHOOZ [ My (n/c ) logn} 1<j<mp ;g[ (1 y])}
1 v

< lim Z + 1)

§—500 MO logn

m0+1 Hm 1\ m+1
<C’hmz 27T(m—|—1)<m+ >
$—500 MO log n} e

< : —(mo+3)logn . mo+1
<(C SILIEOZe n logn
< ' 2 =
< SILIEOZn 0. (37)

This proves Ay, = Ol(n/c,)logn], a.s. Taking the estimates of Ay, and Ay, into (35), we
obtain the required (19).
To prove (20), we first write

Y glen (@rn + )] =) glen (@ +2) (|2ea] < n™/2)

+ Y glen (@hn + ) (J200] > n™/2)

= A () + Aan(2) (38)

15



It follows from (19) and nsup,~,m |9(cn, )| = O[(n/c,) log n] that

sup (A ()] < sup A (2)| + sup |[An(2)]

zER |z|<n™ |z|>nm

< O[(n/cy)logn]+n sup |g(c,z)| a.s.
lz|>n™/2

< O[(n/ey)logn]  a.s., (39)

As for Ay, (z), we have

TER P —1

sup [Agn ()] < C D I(|wenl > n™/2) < Cn7™ 2N "y, |*
=1
=0(1) a.s., (40)

Combining (38)-(40), we prove (20). The proof of Theorem 3.1 is now complete. O

Proof of Theorem 3.2. It follows immediately from Theorem 3.3 and Remark 3.2.
We omit the detalis.

Proof of Theorem 3.3. Let 7, = (n/c,)log™*n, b, = [nlog™" n], where v =
(A+1)/(1 —d), and let T,, be the largest integer s such that sb, < n. Also write
y; = —My/log"n + j/ml,j = 0,1,2,...,m,, where m!, = [(n/c,)"/?] and m, =
[Mom!,/log” n] + 1. It is readily seen that

n/b, ~log’n, Tyb, <n, m,<Cn? (41)

due to ¢, — oo and ¢,/n — 0. Furthermore, by recalling the definitions of A and 7,

tedious but elementary calculations show that, whenever v > 0,
dv—n<1-=2\ (d—=1v+r<—-1, 2dv—y<1-—A\ (42)

We now return to the proof of Theorem 3.3. Using the similar arguments as in the

16



proof of (35), we have

sup | Sn(z) — 5,(0)]

|z[<Mo/log? n

S sup |Sn(yj) - Sn(o)l + Oa.s.[(n/cn)l/Q]
|2|< Mo/ log"
Th—1
. , 1/2
< max | Z; Ans(yi)] + max An(y;) + Oas [(n/cn) ),
where, for s =1,...,T, ,
(s+1)bn
Ans(l’) = Z (g[cn(xn,t + (13)] - g(cn mn,t))a
t=sbn+1
2bn, n
A, (z) < <Z+ Z > }g[cn(a:n,t + )] — g(en asnt)|
t=1  t=Tnbn

Recall 1, = (n/c,)log™ n. Using Theorem 3.1, it is readily seen that

 Jax An(y;)) < C[(bn+ |n—T,ba|)/ca] logn
< C(n/cy) log"™"n < Cny,logn, a.s.

This, together with (43), implies that (23) will follow if we prove

max (132 Al 1D Au)l) = Opln logn)

1<j<my, 5
S=
s€even s€odd

(43)

(44)

We only prove (44) for s € even. The other is similar and hence the details are omitted.

To this end, let F} /= Fp @ui1)p,,v = 0, and M; > 0 is chosen later,

Ars(@) = Aoy (@)1(|An2s(2)] < Mimy),
A:,S(x) = A;L,S(x) - E(A;z,s<x) ’ 'F;,s—l)'

17



Under these notation, to prove (44) for s € even, it suffices to show

T /2

AMp =  Jax |Z AY (y;)| = Op(n, logn), (45)
Tn /2

don = max. IZE n2s () | Fraoa)| = Op(na logn), (46)
Tn/2

Am:1$§QXM%%I%MM>M%)
E [ A5 (03) (1 Bns(y)| > Mim) | o)

= Op(n, logn). (47)

We start with (46). Note that, for any 2sb, < t < (25 + 1)b, and |z| < My/log” n
(letting s, = (25 — 1)b,),
f’*

nsfl

fn,sn}

\EM%um+xﬂ—m%%m = | Elglen(en +2)] - glen i)

= ‘/ Cn xsnn +dtsn ny—i_x)] - Q[Cn (xsnn +dtsn ny)]> htsnn dy‘

< dtsl n / glen(y + s, .n)] ‘ht,sn,n[(y — ) /di s, m] — ht,sn,n(y/dt,sn,n” dy

<Cc'dpsn 1} < Claf e (n/ba)*

< C ¢, og?™ ™ p, (48)

m1n{|x|dt ,Sn,Nn?

due to Assumption 3.3 and d; 4, ~ Co[n/(t — s))]7¢. It is readily seen that

Tn/2
)\Qn S Zlg@ﬁ ‘E( nQS(yj>’ n,s— l)’
s=1
< C(n/ey) log*™ ™" n = Op(n, logn), (49)

due to (42), which yields (46).
Next for (47). Using Lemma 4.1 with ¢; = 0,t, = 2sb,, + 1 and t3 = (25 + 1)b,,, for
any integer m > 1,
sup E[Ao0(2)[™ < HP'(m+ 1) (n/eq) {1+ [(n/ca)(n/b) "1}

< 2H"(m+ 1)!(n/c,)™(n/by, )d Dm-1),

18



whenever (n/c,) log~ M i — 0o. By virtue of this fact, we have

mn Tn/2

Elgyn < 2> ) EAL(y) (1 Ans(y;)| > Miny)

7 (et
Ml 77n

< Cn*(Hy/M)™ (m+ 1) og= ™V,

< 2m,T, H™m + 1)!(n/cn)[

due to (41) and (d — 1)v + A < —1 by (42). Taking m = logn and letting M; > 5H,, it

follows from the Stirling approximation of (m + 1)! that
EXs, < Cn*log’nexp{—(M;/H,) logn} < Cn *log’n — 0, (50)

which implies that A3, = op(1). Hence (47) follows.
We finally consider (45). First note that, similarly to the proof of (48),

Iy = [E({glen(@ns + )] = glentngl} | Far)|
< db [ glenonn 9l isally — 0/ dsa) = isnly/dia)] dy
S C Cr:1 d]ili,n min{|x|d;l}:,n7 1}

Cc;' [n/(j — &) min{|z|[n/(j — k)], 1},

IN
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for any k < j. This, together with (33), implies that, for any |z| < M,/ log” n,

B[N (@) F 1] < 2B[A7 50(2)| F 25— 1]

(25+1)bn,
< Z E({ g[cn(xn,t + I)] - g[cnxn,t] }2 | ]:n7(25—1)bn>
k=2sb,+1
2 Y [B({glealmns + @) - glentasl)

25bp+1<k<j<(2s5+1)bp

{glen(n + )] = gleatnsl} | Fogacn, )|

<C (n/0n>(n/bn)d_l +2 Z E(lg[cn(xn,k + )] = gleanil| [ 1] fnv(QS—l)bn>
25bn+1<k<j<(25+1)by
< C(n/c,)(n/by) ™ +Cn*c 2 ¢ Z (j — k) min{nlog " n(j — k)¢ 1}
by +1<k<j<(25+1)by
bn
< C(nfe,)(n/by)t + Cn* e, ? b Z k™ min{(n/k)*log " n, 1}
k=1
< C(n/cy)(n/by,)* ! [1+ (n/c,)log™"n], (51)

where we have used the fact: for 0 < d < 1, letting ¢ = v/d,

bn
Z k~4min{(n/k)*log" " n, 1}
k=1

n/logt n bn
< Z E~+nllog ' n Z k2
k=1 k=n/log¢ n+1
< Cn*4log "n.

and 7 is given in (27). It follows from this estimate that

T /2
*2 ) %
N 2 E[AS(Y;) | Fooil

< C(nfea)n/b)[1+ (nfca) log™" 7]
< C(n/ey)? log™™"n < Cn?logn,

due to (42) and (n/c,)log™"n — oco. This, together with the facts that |AY (y;)| < 1,

ns

and for each j, {A;,(y;), Fy } forms a martingale difference, it follows from the well-
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known martingale exponential inequality (see, e.g., de la Pana (1999)) that, there exists

a My > 3 such that, as n — oo,

P\, > Myn, logn|
Tn/2

< Pz Mon logn, max > EIAZ(y) | Fi] < O logn| +o(1)
<j<mn =
Tn/2 Tn/2
< ZP[ZAM ui) = Momn logn, > EIAZ(y) | Fiuoa) < O logn| +o(1)
5= s=1
M2 log*n
< m, — 0 } 1
= m exp{ 2C'logn + 2Mylogn +ol)
< m, exp{—Mylogn}+o(1) = 0, (52)

where the last inequality follows from (41). This yields Ay, = Op (nn log n) Combining
(49)-(52), we establish (44). O
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Appendix 1. Example 3.2: Verification of Assumption 3.3. Write

! J

x; = Z Z €i¢j—i

j=1 i=—o0

t s l J
= ap+ Z Z €iPj—i + Z Z €Pj—i

j=s+1 i=—00 Jj=k+1 i=s+1
L * /
= T+ Ty, (53)

The similar arguments as in the proof of Corollary 2.2 in Wang and Phillips (2009a)
yields that x},/d,_y, where d, is defined as in (5), has a density hx(2) and [7 (1 +
1t])|erk(t)|dt < oo uniformly for 0 < k < I < n, where ¢ x(t) = Eel®ii/4-r due to
J(1+ [¢])|Ee™|dt < co. Hence, conditional on Fy,,, = o(e;, —0o < j < k),

(X1 — i)/ dikn has a density hy,(x — x,’;l/dl_k) (54)
where z;,, = x/d,, and d,, = dj_i/d,. Furthermore, for any v € R, we have

sup |hug(z — aj,  /di—g + u) — hyg(z — aj, /diy)|

S sup |hl7k<l’ + U) - hl,k(.f)‘
< C / (e—it(m+u) _ e_m)@l,k(t)dt’
<

C min{|u|,1} / (14 |t]) |k (t)|dt < Cy min{|u|, 1}.

That is, Assumption 3.3 is satisfied for z;,, = x;/d,, where x; is given as in Assumption
2.1. O

Appendix 2. Uniform convergence for a class of martingales. This
result comes from Theorem 2.1 of Wang and Chan (2011). Let (ug,xy) with x, =

(g1, ..., Tra), d > 1, be a sequence of random vectors.

Assumption 2.1. {u;, F;}+>1 is a martingale difference, where F; = o(xq, ..., X441, U1, ...

satisfying E(uf | Fi—1) —ra.s. 02 < 00 and supys; Eluy|* < oo for some p > 1 specified in
Assumption 2.4 below.

Assumption 2.2. f(z) is a real function on R? satisfying sup,cpa |f(x)| < oo and
|f(z) — f(y)] < C ||z —yl| for all z,y € R? and some constant C' > 0.

Assumption 2.3. There exist positive constant sequences ¢, 1T oo and b, with
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b, = O(n*) for some k > 0 such that

sup S f(w+2)/h] = Oplen). (55)

el <bn =
Assumption 2.4. h — 0,nh — oo and nc,P? log? ' n = O(1), where ¢, is defined
as in Assumption 2.3 and p is defined as in Assumption 2.1.

We have the following main result.

Theorem 4.1. Under Assumptions 2.1-2.4, we have

n

sup | 3 f[(xt+:p)/h]’ — Op[(calogn)*?)]. (56)

[lz[|<bn t=1

If (55) is replaced by

n

sup ZfQ[(a:t—i—x)/h] = O(¢n), a.s., (57)

llzll<bn 3=

the result (56) can be strengthened to

n

sup Z u fl(xe + ) /h] ‘ = O[(calogn)'’?], a.s. (58)

[lz[|<bn t=1
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