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Abstract

We consider boundary scattering for a semi-infinite one-dimensional deformed Hubbard
chain with boundary conditions of the same type as for the Y=0 giant graviton in the AdS/CFT
correspondence. We show that the recently constructed quantum affine algebra of the deformed
Hubbard chain has a coideal subalgebra which is consistent with the reflection (boundary Yang-
Baxter) equation. We derive the corresponding reflection matrix and furthermore show that
the aforementioned algebra in the rational limit specializes to the (generalized) twisted Yangian
of the Y = 0 giant graviton.
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1 Introduction

The Hubbard model was introduced in order to study strongly correlated electrons [I], and later
due to many generalizations (e.g. [2, 3]) it grew into a large family of models (see e.g. [4, []).
Recently, the interest in the Hubbard model has been renewed due to remarkable successes
in solving similar models appearing in the context of the AdSs x S® correspondence (see for
instance review [6] and references therein).

An interesting relation between the Hubbard model and the AdS5 x S° string was found
by studying the centrally extended U,(su(2]2)) algebra Q [7]. The integrable model with this
underlying algebra turns out to describe a variety of quantum deformed Hubbard models as
well as the AdSs x S® superstring in the rational ¢ — 1 limit. This makes it an interesting
model to study since it offers a unified description of all of these systems. We will simply refer
to it as the deformed Hubbard model.

It was found that the deformed Hubbard model is actually invariant under the affine ex-
tension, @, of the symmetry algebra [8]. In the rational ¢ — 1 limit this algebra becomes
the Yangian symmetry of the AdSs x S° superstring [9]. The fundamental R-matrix can be
found by requiring invariance under Q alone, but the affine extension plays a crucial role in the
determination of S-matrices in higher representations. The fundamental S-matrix was found
in [7] and in the rational limit is equivalent to Shastry’s R-matrix [10) 11, 12]. The S-matrix
describing bound state scattering has also recently been derived [13]. Its construction relies
heavily on the affine generators in Q. This is similar to the situation in AdSs x S5, where this
part was played by the Yangian charges instead [14].

When studying integrable models with periodic boundary conditions, the spectrum is gov-
erned by the S-matrix and thus indirectly through the underlying (bulk) symmetry algebra.
However, for integrable systems with boundaries, there is another object, called the reflection
matrix, which describes the scattering of excitations off the boundary. Generically, boundaries
preserve a subalgebra of the bulk Lie algebra and this subalgebra then determines the corre-
sponding reflection matrix. However this is usually not enough to determine the bound state
reflection matrix and a coideal subalgebra of the corresponding bulk Yangian or quantum affine
algebra is required.



Open boundary conditions for the one-dimensional Hubbard model have received less at-
tention than their closed chain counterpart, but they exhibit a rich variety of structures (see
e.g. [15, [16], 17]). The reflection matrices for open boundary conditions for the deformed Hub-
bard chain have been studied in [I8]. Drawing from similarities with open spin chains in the
context of AdS/CFT [19], two types of boundary conditions were formulated corresponding to
Y =0 and Z = 0 brane configurations. In this paper we will study boundary conditions cor-
responding to the Y = 0 system applied to bound states. For this configuration, the boundary
representation is a singlet and the boundary conditions preserve half of the supersymmetries.

The aim of this paper is twofold. Firstly, we want to identify the symmetry algebra that
governs boundary scattering. For the AdS; x S® superstring this algebra is a (generalized)
twisted Yangian [20, 21]. Here we find it to be an affine coideal subalgebra B of Q. Its
structure turns out to be governed by the notion of quantum symmetric pairs which have been
heavily studied in the context of semisimple Lie algebras [23| 24, 25, 26]. Inspired by these
results we explicitly construct the boundary algebra B.

Secondly, having found the symmetry algebra B we use it to compute the reflection matrix
of arbitrary bound states and show that it satisfies the reflection (also called boundary Yang-
Baxter) equation. Conversely, we explicitly solve the reflection equation and find that our
reflection matrix is the unique solution, thus proving that B is indeed the correct and unique
symmetry algebra. Finally, we also show that in the ¢ — 1 limit we reproduce the results for
the Y = 0 configuration for the AdS; x S° superstring found in [27].

It is worth to note, that somewhat similar boundary scattering problems for quantum affine
algebras of the Lie algebras of classical type have been considered in [28] 29], where again the
scattering is governed by some coideal subalgebra B, which in some cases is called a g-Yangian
[30]. Boundary scattering has also been intensively studied for sine-Gordon and affine Toda
field theories [31), [32), B3] [34]. The investigation of reflection equation bearing on the quantum
symmetric pairs constructed by G. Letzter was considered in [35] [36].

This work is organized as follows. In section 2 we discuss the relevant notation and def-
initions of the bulk algebra and its bound state representations. In section 3 we present the
required axiomatic formulation of the coideal subalgebras and quantum symmetric pairs. Then
in section 4 we present the general form of reflection matrix for arbitrary bound states and
discuss its properties. We end with some concluding remarks. The Appendix is reserved for
the ¢ — 1 limit of Q and also for a brief review of the twisted Yangian of the Y = 0 giant
graviton.

2 Deformed quantum affine algebra

In this section we shall review the quantum affine algebra constructed in [§] and its bound state
representation constructed in [I3].

Quantum affine algebra Q. The algebra O of the quantum deformed one-dimensional
Hubbard chain was recently constructed in [8] and is a deformation of the centrally extended
affine algebra ;[(2\2) It is generated by four sets of the Chevalley-Serre generators K; = ¢'’7,
E;, F; (i=1, 2, 3, 4) and two sets of the central elements Uy and Vj (k = 2, 4) with U being
responsible for the deformation of the coproduct.

Let us start by recalling the symmetric matrix DA and the normalization matrix D asso-



ciated to the Cartan matrix A for g[(2|2):

D = diag(1,-1,—1,—1). (1)

The algebra is then defined accordingly by the following commutation relations

KE; = ¢"" B K, KF; = ¢ "M FK,
{Bs, Fy} = —ga~ (K4 — DU, 'Ky ), {Es, Py} = gat (Ky — UsUy ' K1,

K- K L
[Ej,Fj}:Djjﬁ, [Ei, Fj} =0, i#j, i+j#6. (2)

These are supplemented by a set of Serre relations (j =1, 3)

[Ej, [Ej, Ex]] — (¢ — 2+ ¢ Y F;FLF; =0, [Er, Es] = EsEy = E4Ey = {E3, E4} =0,
[Fy, [Fj, Fyl] — (¢ — 2+ ¢ 1) F;FpFy = 0, [F1, B3] = Foly = FyFy = {Fy, Fy} = 0. (3)

Central elements are related to the quartic Serre relations (for k = 2, 4) as follows,

{[E1, By, [Es, Ey]} — (q — 2+ ¢ ") ERE1 B3 By, = grog(1 — V2UR),
{[F\, By, [Fs, Fil} — (g — 2+ ¢ P FL B Ey = gpay, ' (Vi 2 = UL, (4)

This algebra has three central charges

C, = K K3Ks,
Cy = {[Ea2, E1|,[E2, B3]} — (¢ —2+q ") E2E1 B3 By,
Cs = {[F, )[R, F3)} — (g—2+q¢ FRFI F3F,. (5)

The central elements V}, are constrained by the relation K| 'K & 2K3_ 1= sz.

Hopf algebra. The group-like elements X € {1, K;, Uy, Vi.} (j =1,2,3,4 and k = 2,4) have
the coproduct A defined in a usual way, A(X) = X ® X, while for the remaining Chevalley-
Serre generators they are deformed by the central elements Uy. Similar considerations work for
the antipode S and co-unit €. Summarizing we have

A(Ej) = Bj @1+ KU U @ Bj, A(F)) = F; @ K; + Uy U " @ Fj. (6)

Representation. We shall be using the g-oscillator representation constructed in [13]. The
bound state representation is defined on vectors

m,n, k, 1) = (al)™ (a})" (a])* ()" [0), (7)

where the indices 1, 2 denote bosonic oscillators and 3, 4 - fermionic and the total number of
excitations k+[{+m+n = M is the bound state number and the dimension of the representation
is dim= 4M. This representation constrains the central elements as U := Uy = U; ' and
V=V, = V[l and describes a spin-chain excitation with quasi-momentum p related to the
deformation parameter as U = €.



The triples corresponding to the bosonic and fermionic sl,(2) in this representation are

given by
Hilm,n, k1) = (I — k)|m,n, k1), Hslm,n, k,1) = (n —m)|lm,n, k1),
Eilm,n, k,l) = [klqg|m,n, k — 1,1+ 1), Eslm,n,k,l) = |m+1,n—1,k,),
Film,n, k,l) = [llgm,n, k+ 1,1 — 1), Fslm,n, k1) =|m—1,n+1,k,1). (8)

The supercharges act on basis states as

H2|m’nakal> = - {C_ w} |m,n, k,l>’

2
Eslm,n,k,l) = a (—1)"[l]g/m,n+1,k,1—1) +b |m—1,n,k+1,1),
Folm,n, k,l) = c [klgim+1,nk—1,1) +d (—=1)" |m,n — 1,k, 1 + 1). 9)

Here [n], = (¢" — ¢ ")/(q — ¢~ ') and C is the g-factor of the central element V = ¢“ and
represents the energy of the state. The representation labels a, b, ¢, d satisfy constraints

M Mo 4 _M Mo
ad—qQV_q vV bc—q 2V —q2V
qM_qu ’ qM_qu ’
-1
go 27,2 go -2 -2
ab=——(1-U*V?), cd = (V=2 =-U), (10)
[M]q [M]q

which altogether give the multiplet shortening (mass—shell) condition

2 My/—1 —My/—1
g -2 -2 21,2 VgV IV -—qg V)
——(V7*-U 1-UV*) = . 11
A ! ) PREPEUE )
The explicit % parametrization of the representation labels is
q g axr — xt
a=,/—=—, b= \/ ~ — ’
[M], Mlgy =
g 7 igq* p g ggrVat—a (12)
C = e — 5 = R .
[M]gaV g(zt +¢€) M]g igy &t +1
The central elements in this parametrization read as
72— 1 T+ ¢ infx_—i—l’ 2 _ 1 &xt qM:U x4+ & (13)
gM x— + ¢ = Ext +1 M £z +1 x-at + &

here ¢ = —ig(q — ') and 3> = ¢°/(1 — g*(¢ — ¢ 1)?).

The action of the affine charges Hy, Ey, Fy is defined in exactly the same way as for the
regular supercharges subject to the following substitutions C' — —C and (a, b, ¢,d) — (a,b,¢,d).
Then the affine labels @, b, ¢, d are acquired from (I2)) by replacing

1 Zd"}/ 2 ~

1
V-)V_l, xi%x—i, ’Y-}x—_i_, Oé-}Oéd, Oé-}-a (14)

Finally, we introduce the multiplicative spectral parameter of the algebra

1—U2y2 (A +1/(8x))
V2 U2 g_ 571 ’

z= (15)

=q M(a") = ¢"M¢(@T) with ((2) =

which will play an important role in describing the reflection algebra.



3 Coideal quantum affine algebra

We define the boundary conditions for the deformed one-dimensional Hubbard chain to be of the
same type as those of the Y = 0 giant graviton [I8|[19] (see Appendix (Bl for details). This kind
of boundary conditions are described by a quantum version of the symmetric pair (g, g’) and
the boundary scattering is governed by a coideal subalgebra. The axiomatic formulation and
classification of coideal subalgebras and quantum symmetric pairs for semisimple Lie algebras
was done by G. Letzter in series of works [23] 24] 25, 26]. We shall explicitly construct the
quantum affine coideal subalgebra Bof O relying on G. Letzter’s construction.

3.1 Boundary algebra and symmetric pairs

Before moving on to quantum deformed (affine) algebras, let us first briefly recall the algebraic
structure for boundaries with Yangian algebras. Consider an integrable model with symmetry
algebra described by the Yangian Y(g) for some Lie algebra g. Suppose that the boundary
module respects a subalgebra a C g and that there is an involution 6 : g — g such that a = g°
is a O-fixed subalgebra of g. Then a and subset b = g\a respecting

[a,a] C a, [a,b] C b, [b,b] C a. (16)

are positive and negative eigenspaces of 6, namely #(a) = +a and 6(b) = —b. Thus, if the
underlying symmetry algebra in the bulk is the Yangian Y(g), then the associated symmetry
algebra respected by the boundary is the so-called (generalized) twisted Yangian Y (g,a) [22]
generated by the level-0 charges J* and twisted level-1 charges

=T+ 2T +T ) =T

o
4
where indices i(, j, k, ...) run over the a-indices and p, q(,,...) over the b-indices, « is a formal
deformation parameter conventionally set to 1, and T® is the quadratic Casimir operator of g
restricted to the subalgebra a. The Yangian Y (g, a) is a left coideal subalgebra,

[T, 7], (17)

AY(g,a) C Y(g) ® Y(g,0a). (18)
and is invariant under the extension 6 of the involution 6 acting on Yangian charges as
0(J5,) = (=1)"J5,  0(Ip) = (=1)""0h, d(a) = —a, (19)

where n is the level of the charge, thus it is easy to see that JP is invariant under 6 which acts
as a filtration on Y(g).

However, this construction does not straightforwardly extend to quantum deformed alge-
bras. Of course, at the level of the algebra, one can again define the involution 6 that will
specify the preserved subalgebra. But this cannot be extended to U,(g), since U,(g’) in the
general case need not be a Hopf subalgebra of U,(g). This complicates identifying the symmetry
algebra of the boundary which should clearly be a subalgebra of the full symmetry algebra.

3.2 Coideal subalgebras and quantum symmetric pairs

We continue by giving the formulation of coideal subalgebras for semisimple algebras as de-
scribed in [23] 24] 25| 26]. The results presented here allow for a generalization consistent with
the affine structure presented in Section 2l We shall follow [25] quite closely and for the reader’s
convenience we shall try to give all the necessary constructions that will be used in later on in
the explicit construction of the coideal subalgebra of Q.

!This construction is not valid when 8 is trivial, g° = g. For this case we refer to [37].



Setting. Consider a Lie algebra g with Cartan matrix (a;;) and a diagonal normalization
matrix (d;) (here and further 1 < 4,5 < n) such that (d;a;j) is a symmetric matrix. Let the
triangular decomposition of the algebra be n~ @ h @ n™ and let ® denote the root system of
g and @7 the set of the positive roots. Let m = {aq,as,...,a,} be the set of simple positive
roots and («;, j) = d;a;; denote the Cartan inner product on h*. Then n* and n~ have a basis
of root vectors {eg |3 € @} and {f_g| B € T} respectively. Let hq,...,hy be the basis of h.
Then the standard Chevalley-Serre basis of g is given by {eg, f_g|8 € @7} U{h1,..., hy}.

Let the quantized universal enveloping algebra U,(g) be generated over C(q) by the elements
Tiy Yis t;tl, that correspond to the standard Chevalley-Serre basis. The algebra U,(g) becomes
a Hopf algebra H when equipped with the coproduct A, counit € and antipode o given b

Alz) =z, @1+ t;l ® x4, e(x;) =0, o(x;) = —tix;,
Aly)) =y @t + 1@y, e(yi) =0, o(yi) = —yit; ',
Alty) =t; @t e(ti) =1, o(ty) =t;". (20)

Being a Hopf algebra, U,(g) admits left and right adjoint actions making U,(g) into a left and
right module. The (twisted) adjoint action is defined as

(ad ,IZ) b= xzb — (—1)[i}[b}t;1bti$i, (adr xz)b = tibxi — (—1)[1][b]t1$1b,
(adgi) b= gabt; " — (1) Plpy;e (ady yi)b = by — (=) Pyt ot
(adt;) b = t; 'bt;, (ad, t;)b = t;bt; (21)

for all b € U,(g). Here (—1)l10 represent the grading factor of supercharges. We shall also be
using the shorthand notation ad y;,---v;, = ad y;, - - - ad y;, and similarly for ad,. Finally, let us
introduce the abelian subgroup T of U,(g) generated by the elements tiﬂ. Let Q(m) be equal to
the integral lattice generated by 7, i.e Q(7) = > <;<, Za; and define Q1 (7)) = >, Nay;
here N is the set of non-negative integers. Then there is an isomorphism 7 of abelian groups
from Q(7) to T defined by 7(«;) = t;, thus for every A € ® there is an image 7(\) € T

Coideal subalgebra. A vector subspace I of the Hopf algebra H is called a left coideal if
A(l)CcH®I. (22)

In the same way the right coideal may be defined, A(I) C I ® H. Let M be a Hopf subalgebra
of H such that AM C M ® M. Then (adM) I (resp. (ad,M)I) is an (adM) (resp. (ad,M))
invariant coideal of H.

We shall be considering the scattering off the right boundary; thus we shall be interested
in left coideals only. However all considerations we shall present may be straightforwardly
extended for right coideals (scattering off the left boundary).

Quantum symmetric pairs. Let 6 be a non-trivial involution of g. It defines a symmetric
pair (g, g?), where g% is the -fixed subalgebra of g. We shall assume that @ is maximally split

*Note that tﬁére = t7 . ter- This is due to the consistency with (@).



with respect to the Cartan algebra, i.e. it satisfies the following three conditionsﬁ

a)  0(h)=b,
b) if H(hl) = hi, then 9(61) = € and H(fl) == fi,
c)  if O(h;) # hi, then O(e;) € n~ and O(f;) € n™. (23)

Quantum symmetric pairs are the quantum analogs of the pair of enveloping algebras Uy (g),
U(g?) and consists of a pair of algebras U,(g) and B, where that B is a left coideal subalgebra

AB C Uy(g) ® B. (24)

The pair (B, Ugy(g)) is then called a quantum symmetric pair if B is the unique@ maximal coideal
subalgebra which specialized to U(g?) as ¢ — 1.

Construction of B. The explicit construction of B is given in [25]. It is formulated in terms
of the root vectors of g.

The involution # of g has an associated automorphism © on the root system ®. Let mg =
{0(;) = a;|a; € m} = O(w) N, then 23) tells that O(—c«;) € & for all o; ¢ 7g. More
precisely,

O(—a4) € Z Na; + QT (7o), for Vo, ¢ To. (25)

ajé¢me

This implies that there exists a permutation p on the set {i|a; € m\mg} such that Va; €
™\7me = O(—q;) — p(z € Q+(7T@). Let 7* be a maximal subset of 7m\mg such that a; €
7 if i = p(i) or apy) ¢ 7. Then for given i such that a; € 7" there exists a sequence
{ai, ..., |Va; € 779} and a set of positive integers mq,...,m, such that the involution 6
may be lifted to the quantum involution 6 of U,(g) subject to the following properties

S

S

x;) = x; and é(yl) =y; for all o; € o,
;) = (ad x(ml)---x(mr))x'

iy i p(3)

and é(yp(i)) = (-1)™® (ad, x( ). ﬂ:gnl))x; for all o; € 7*,
O ) = (a1
and 5(x;(i)) =(-n" ()(adrygr ). yz(1 1))yp(,~) for all «o; € 7*. (26)

o

)
)
)
)

d

Here 2} = t;x; and xgm) = a"/Im]g,!, yl =y /[m],,!, where g; = ¢(*21)/2,
Next, define a set D = {«a; € 7| @ 7& p(7) and (ay,O(a;)) # 0} and let M denote the
subalgebra of Ugy(g) generated by {z;, v;, tzil | a; € mo}. This setting allows us to define the

3If # is not maximally split it is often possible to replace 6 by a conjugate 6’ = 16 ~! which is maximally
split; here % is an automorphism of g. As an example, let g = 5[(2). Then there is only one non-trivial involution
6(h) = h, (e) = —e, 0(f) = —f leading to g’ = {h}. However it is isomorphic to a maximally split involution
0'(h) = —h, 0'(e) = —f, 0'(f) = —e with g = {e — f}.

“In the sense of [25].



coideal subalgebra B of U,(g) generated by M, Tg = {7(\)| O(A) = A} and the set of twisted
charges B = {B,;, By, | o; € m\mg}, defined by

Byi=yit; ' +dyi 0y)t; T and By =t ')+ dyty 10(a)), (27)

with dy;, dy; = 1 for a; ¢ D and d,;, d,; € C otherwise. Note that B,; may be obtained
from B, ; with the help of the anti-automorphism  of U,(g) which is defined as x(z;) = yit; ',
k(y:) = tizi, k(tE) =t and also if a € C and @ is a complex conjugate of a, then x(au) = au
for Vu € Uy(g), i.e. K is a conjugate linear map and gives U,(g) a structure of Hopf *—algebra.
Then it is easy to see that s (B, ;) = By,

w(tytal) =yt ! and K (dy t;lé(aﬁ;)) = d.; 0(y)t; (28)
Furthermore, it implies that
dy,i = d_m,i . (29)
3.3 Construction of the coideal subalgebra

Having all the algebraic structures presented we are ready to explicitly construct the quantum
affine coideal subalgebra Bof O by generalizing the results derived in the previous section. Let
us start from inspecting the charges of O. It has eight regular supercharges, namely

Fy, Foy, F3o, F301 and Es, B9, E32, E321, (30)

where we have used a shorthand notation Fj;, = [Fj, [Fj, Fi]] and the same for Ejj,. By
replacing 5, — Fy and Ey — F, eight affine supercharges are obtained,

Fy, Fy1, F34, F341 and Ey, By, B34, E341. (31)

The replacement of the same type applied to (B)) produces affine partners of the central charges,
Ch, Cy and C5. And finally, the affine partners of Fy, Fy and F3, F3 are

F1 = Ey30, F1 = Fys» and F3 = By, B3 = Fyo1. (32)

The boundary we are considering does not respect bosonic symmetries E7, Fj, central
charges Cy, C5 and affine charges Ey, Fy (let us name these charges as the broken, while the
rest will be named as preserved), thus it breakes exactly half of the supercharges (30) and (B1)
with the broken regular supercharges being

E5, Ezpr and  Fyy, Fio. (33)
In other words, we consider the involution that simply acts like

0(X) = X, VX € {Ey, E3, F», F3, K1, Ko, K3, Ky,C1 }
0(X) =-X, VX € {E1, F\, Ey, Fy,Co,Cs}. (34)

In the ¢ — 1 limit this clearly gives rise to the symmetric pair

gg = {‘617 627 327 5527 637 337 5537 Z/[Qa Q:l}a
9\96 = {ela gl) 62, Q:3}, (35)

of the centrally extended sl(2|2) algebra (see Appendix [A] for details on ¢ — 1 limit).



Furthermore, it is easy to see that @ is isomorphic to a maximally split symmetric pair.
Thus the construction presented in section and the relation to the algebraic structures of
the Y = 0 giant graviton implies that for each broken regular charge, the algebra B must
possess a corresponding twisted affine charge satisfying coideal property (24]). We shall denote
these charges as L L L

B = {F\, Fb, Fs1, E1, Ey, E31, Co, C3}. (36)

Coideal subalgebra. The set of positive simple roots of Qism = {a1, ag, as, ag}. The
boundary conditions imply that the corresponding root space automorphism © (25 acts on
the simple roots as

O(a2) = az, O(a1) = —ag — a3 — au,
@(043) = Qas, @(044) = —Q] — Q2 — Q3. (37)

Thus ¢ = {ag, qg} and it gives rise to a subalgebra M of @ Note that ay = § — @ is the
affine root where 6 = oy + as + a3 is the highest root of the non-affine algebra Q. However we
are interested in the finite dimensional representations which are constructed by dropping all
imaginary roots; thus giving the constraint K1 KoK3Ky =1 [8, [13].

We shall build B based on the affine extension, hence we set 7* = {a4}. This fixes the
permutation map p to act as p(4) = 1. Next, with the help of [27)) and (37), we define the
twisted affine charges to be

Eso1 = FyK; ' 4 dy 0(Fy) KL, 0(Fy) = (ad, B3 ad, Ey) EY, (38)

Fyy = ER +do 0(BY KL 0(E}) = (ad, Fs ad, Fp) F, (39)
Then with the help of the right adjoint action ad, M we construct the rest of the twisted affine
charges,

By = (ad, F3) Esp1, Fy = (ad, E3) Fso1, (40)
El = (ader adng) Egzl, ﬁl = (adT‘EQ adT‘E3) ﬁ3217 (41)
Cy = (ad, Ey) Esp1, Cs = (ad, Fy) F3a. (42)

Let us show the coideal property for the these charges explicitly. However it is enough to show
this property for the charges (88) and (39) only,

AEsy = FiK;'©1+UK;'® Esy +dy 0(F)K;' @ Ks
+dy(¢® — 1) (¢ 'K (ad, o) B @ K5 E3 — UB{K[ ' @ K1 K, ' (ad, E3) EY)
€ Q®B, (43)
and
AFsy = E\K;'©@14+U'K['® F1 +d, 0(E) K] @ K
—d(¢* = 1) (K;' (ad, o) Fy @ K3 ' K5 F3 — U KU Fy @ (ad, Fs) Fo K K1)
c OwB. (44)

Here K5 = KlKgKgKZI and the coideal property is satisfied provided K1K471 € To. This is
easy to see, because the linear combination o — «y is invariant under the automorphism (37)
as ©(a; — ag) = oy — ay. The coideal property for the rest of the charges, [@0), (4I]) and (42)),
is obvious since B is invariant under the adjoint action of M.

SEquivalently, one could choose 7* = {a1} as a starting point giving E, = E{KTY + d, 0(E)) KT and
L= K 4+ d, 0(F) K where 6(E}) = (ad, Fz ad, F3) Fy and 8(F1) = (ad, F» ad, F3) Ej.



Reflection algebra. In order to build the boundary scattering theory we need to have rep-
resentations of Q corresponding to incoming and reflected states. We shall be bearing on the
reflection Hopf algebra constructed in [37].

Let the representation defined in section 2l describe incoming states carrying momentum p.
It is related to the deformation parameter as U = . Then the representation corresponding to
the reflected states with momentum —p shall have deformation parameter equal to e = U1,
Next, the total fermion and boson number conservation together with the energy conservation
constrains central elements V' and K; to be invariant under the reflection.

This implies that there is a reflection automorphism « of the algebra defined as

’%(V7U)'_>(Z7Q) and K (EJ7E77K])'_>(E]7E]7K])7 (45)
where the underlined charges describe the representation of reflected states and the constraints
Uu=uv"l, V=V, K=K (46)

define the representation uniquely. The representation labels a, b, ¢, d associated to the charges
E;, F'; may be obtained from (0 by replacing U + U~ and similarly for the affine ones. Then,
we can express the labels of the reflected charges in terms of the initial ones as

a= %a, b=-——V? ==V d=—d (47)

_ [g a FPlt-z)
[M]g v g*(1+ &™) (E+at)’

giving

Q
IS

a= s

[M]q—
= g LQC]%(&“_%-U d— g gq%V:c”L—x_ (48)
- M),V igx~ ’ B [M], igy Ext+1°

The extension to the affine case is obvious. Here we have chosen a¢ = %a as an initial constraint
with 7 being the reflected version of v, i.e. k() = 7. By comparing (48)) with (I2)) we find the
reflection map for the z% parameterization to be

+ rT 4+ ¢

It is in agreement with the one conjectured in [18]@. In the ¢ — 1 limit this maps reduces to
the usual reflection map & : 2+ — —z 7.

Let us also introduce the reflected coproducts of F; and F; associated to the reflection Hopf
algebra [37]. They are

NNE) =E;@ 1+ KWW 2 bR, NUF)=F; oK +U2t5ag R (50)

These shall play an important role in finding the explicit form of the reflection matrix.
The expressions in (A7) may be casted in a matrix form

()o=r(C o) o o= ) 7=(% %) o

5The authors of [I8] are using the ¥ parametrization of [7], while we use the one of [§]. The map between
these two is zh, = g3~ (#5qy + &)-

o 12

10



revealing the explicit relation between two isomorphic representations of Q. Here ~v and -~y are
unconstrained parameters defining the representations of incoming and reflected states. Thus
the matrix D may be understood as a matrix relating two different basis, while the matrix
T expresses the reflection automorphism of the algebra. Indeed, physical intuition tells that
the representations of incoming and reflected states should be related via the spectral and
deformation parameters only.

Finally, we want to perform some checks of our constructions. Firstly, the twisted affine
central charges C, and C3 (42]) must be conserved under the reflection. Thus requiring C'2 Cy
and Q3 = Cg we find

dy = I and dy = —ad? . (52)

gac g
Let us make a direct link to the constraint (29]) arising from the Hopf x—algebra. Requiring
G/g to be real, we find (aé)? = —1 having a solution & = 1 and a = i which corresponds to

the usual setting of unitary representations.
Secondly, the spectral parameter z associated the algebra is required transform as x : z —
27! under the reflection map. This is indeed true and follows straightforwardly when applying

map ~ to (IH).

Yangian limit. The algebra Q in the g — 1 limit has no singular elements and the naive
q — 1 limit leads to the undeformed universal enveloping algebra. The relation to the associated
Yangian algebra was explicitly shown in [8] by considering the the specific combinations of
charges of O that are singular in the ¢ — 1 limit. The construction presented in [§] is very
closely related to the so-called Drinfeldian [38]. However the twisted affine charges (38-[42) are
already of the required form. Thus the algebra B in the rational g — 1 limit is isomorphic to
the associated twisted Yangian (@I proposed by [20l 21]. The explicit relations between the
quantum affine and Yangian charges are

. adEss ~ . F391 = g
lim ——== = — - lim ———— = — - =
limy 20— 1) 301 — g §o lim Sadlq—1) $321 a%’
. OédEQl ~ . ﬁQl ~ g
i 1 =8 —2¢
lim g —1) 21 + g §a3, Ly 2ad(g — 1) o1 -, €23,
AE ~ F ~
lim L @ lim ————— = —F,
q—1 2((] — 1) q—1 2aa(q — 1)
. 045452 = . 63
i _0C2 _ % F- 53
ool 2(¢g—1) B+ 9092, g1 2aa(q — 1) ch) (53)

We have also checked that these relations hold at both algebra and coalgebra level. Noting
that the contributions of the extended central charges for the twisted Yangian generators are
also recovered in the above limit(see also appendix [Bl).

4 Boundary scattering

In this section we consider the boundary scattering theory for the deformed Hubbard model
and find the explicit form of the bound state reflection matrix. Moreover, we explicitly solve
the reflection equation and show that the reflection matrix K is indeed invariant under the
coideal subalgebra B.

11



Reflection matrix. The boundary we are considering is a singlet with respect to the bound-
ary algebra B, thus it may be represented via the boundary vacuum state |0)g. It is annihilated
by all charges of it, with the exception of the generators K;, which actually keep the boundary
invariant,

Ki|0)p = ¢ |0)p = [0) . (54)
We define the reflection matrix to be the intertwining matrix
7b7 7d
K [m,n, k,1) @ [0)p = K50 |a,b,¢,d) © [0) 5. (55)

The space of states |m,n,k,l) is 4M-dimensional and can be decomposed into four 4M =
(M +1)+ (M —1)+ M + M subspaces that have the orthogonal basis

|k)t =10,0,k, M —k), k=0...M,

k)2 = |1,1,k—1, M —k—1), k=1...M—1,

k)3 = |1,0,k, M —k—1), k=0...M—1,

k)" =10,1,k, M—k—1), k=0...M—1. (56)

Symmetry constraints. The reflection matrix (53] is required to be invariant under the
coproducts of the boundary algebra [21]

KA(J) - AN(YK=0, VJeB. (57)

The form of reflection matrix is constrained by the bosonic charges F3 and Fj3 to five indepen-
dent sets of coefficients

Klk)' = Aplk)' + Dy k)2,
K|k)? = Bylk)? + Ey k),
Klk)* = Cilk)%, (58)

where a = 3, 4 and we have dropped the boundary vacuum state. We note that the basis (5]
was chosen is such a way that the reflection matrix would act diagonally on the quantum number
k. Also we are working in an orthogonal, but not orthonormal basis in order to avoid having
normalization factors appearing in explicit expressions. However switching to the orthonormal
basis is rather easy and requires only extra factors of ([k]![M — k]’)% and ([k]'[M — k]!)_% to
be added to Dy and E}, respectively.

We start by determining the limiting conditions - the constraints for reflection coefficients
Ag, Dy, Cy and Aps, Dys, Cps. This can be achieved by considering reflection of the lowest
state |0):

K|[0)! = Ag[0)},  thus Dy =0. (59)
Then the invariance condition (57)) for the charge Es,
(K E2 - EQ K) |0>1 = 0, giVGS CO = g140 = lAO (60)
a Y

We choose the overall normalization to be Ay = 1. The same constraint may be found by
considering the reflection of states |0)¢ and the charge F». Similar considerations for the
highest state |[M)! give

~
2U?y

DM =0 and AM = %CM—l = — CM—l- (61)
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Next we turn to the states [k)® as they scatter from the boundary diagonally. The twisted
affine charge F} acts on these states as a raising operator

Rl = @)k +1)%  ElR* = fu(l/2)lk +1)%
with  fu(2) = do[M — k — 1],qM/27F1 (qM - q2k+2z) v, (62)
The invariance condition then straightforwardly gives

CkJrl fk(z) - fk(l/z) Ck = O, (63)
leading to the iterative relation

fial/2) , _d¥ =)z
fioa(z) TN M g2k TR

This relation is then simply solved by

Cr =

Cr = Co H i 2n/z. (65)

an

The coefficients C}, are (anti)symmetric up to a factor of z under the interchange k — M —k—1
for M being (even)odd,

O, = M0y 1 for M =even and k=0, ..., M/2 -1,
KO = M0y iy for M =odd and k=0, ..., (M—-1)/2 1. (66)

This symmetry comes from the requirement that the reflection is covariant under the renaming
of bosonic indices 1 <+ 2 as the reflection is of a diagonal type for the states |k)*. However this
is not the case for the states |k)"2, thus there is no such symmetry for the rest of the reflection
coefficients. The factors of z in (G6]) arises due to the non-commutative nature of the model.
In the ¢ — 1 limit this (anti)covariance specializes to (anti)symmetry for M being (even)odd,
as observed in [27].

The remaining reflection coefficients, as we shall show, will be expressed in terms of Cj
and C_1. Requiring the reflection matrix to be invariant under the charges Fs and F5 on the
bosonic states |k)}2, we obtain the following set of separable equations

Dkb—[M—k]q(Cka—Akg):O, Ckb—[M—/{?]quQ—BkQZO,
Dy d+ [klq (Ch—1c— Apc) =0, Cr-1d+ [k]gELc— Brd =0, (67)

with the unique solution

A = (Ch1[klgbe + Cx[M —k]qad) /N, Dy = [k|g[M —Fk]q (Crac — Cp—1ac) /N,
B, = (C’k[k‘]qbg+ Ck_l[M—k‘]qu) /N, E;, = (Ckbd— Ck—lbd) /N, (68)

where the normalization factor NN is

VqM/Q—k —_V- q—M/2+k

N=Ikl,bc+|M-Ek|,ad =
[Klgbe+| Jqad P

13



Writing the coefficients explicitly in terms of % parametrization we then finally obtain

vGq? (a —at) (QQQM[k]qu—l — ¢ IM —k],Cr (£ + $+)2) 4

Ap = — : :
i7g?[M]q (€ + ) (1 + &) N
. ivg ¥ (a7 = a®) (FPIM =K Chr (27)° = Mk, Ch (1 + €27)°)
¥g[M]y (z7)* (1+ &) VN ’
Dy = J24% WM =y (F2Cira” +g°Ch (1 +607) (€ +a1)

iagMlgz= (§+2t)V N '

. iagq? (17 —21)? (PChaz™ + ¢g?Cr (1 +E27) (E+2M)) V (70)
" vy PMgz (1+&) (E+at) 1+ &) N '

Unitarity. The reflection matrix satisfies the unitarity constraint
K(p) K(~p) = 1. (71)

Rational limit. In the ¢ — 1 limit the reflection coefficients get reduced to

+

Ay = SN (M—=k)Cy(z™)? = kCi_1), Bi= P (M=k)Cr1(27)? = kCy) ,
Y k(M —k) (Crat 4 Crq27) ax —at i _
Dy =3 Nzt —z) ’ = v N (Cre™ + Cpmrz™), (72)

and the coefficients C} and the normalization N are given bym

Cr1, N=k+(M-k)z z". (73)

By choosing v = y/i(z~ — x1) and 7 = ~ these are in agreement with the ones found in [27]@

Fundamental representation. In this case M = 1 and the state |k)? is absent, thus the
reflection matrix is purely diagonal. The charges Es and F» constrain the reflection coefficients
to be

Ao="2Co=La, (74)
a 7
A =Slop=21C 2T (75)
TN T TR0 1 et

Again, choosing the normalization to be Ay = 1 this is in agreement with [I8] and with [19] in
the rational limit.

"Here we have rescaled the normalization factor as Ngg — Nezm/(z 72z~ — 1) in ¢ — 1 limit.
8Up to some factors due to different choice of the basis (G6) with respect to the one in [27].
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Reflection Equation. In order to show the integrability of the model, we have to show that
the reflection matrix is a solution of the reflection equation (boundary Yang-Baxter equation).
In fact, we shall explicitly derive the coefficient Cj by solving the reflection equation. The
unique solution we find agrees perfectly with the coefficients that are derived from the symmetry
considerations. This explicitly proves that K respects the symmetry coideal algebra B.
Consider two states with bound state numbers M7, Ms and spectral parameters z1, z. Let
us denote K; = Ky, (2;) and Sy = Sz, (2i,2;) and also let the underscored index indicate
that the corresponding representation is reflected. Then the reflection equation is then given

by
K2S21K1S12 = S21K1S12Ka, (76)
which explicitly written out in components reads as
K3(20) S}t (20,21 ) Ki(21) Se (21, 20) = S92 1,20 ) Ki(21) o (21,25 ) K2 (22), (77)

where we have used Roman and Greek letter to distinguish indices of the fist and second states
respectively.

Let us first consider states of the form |k1)* ® |k2)®, because the reflection matrix acts
diagonally on these states. This corresponds to the subspace I case in terms of the analysis
performed in [I3]. Then the reflection equation becomes

k1+k2
3 Conlz) Z T (2, 27 ) o (22) 2172 (21, 25) =
n=0
k1+k2
S 2K (e ) Cu(z1) 20 (21, 25 ) Oy (22) (78)

We will now proceed with the derivation of Cy. For k; = ko = 0 we easily find that the
reflection equation is satisfied. Next we consider the state where k1 = 1, ko = 0. In this case
the reflection equation is satisfied provided that C satisfies the following relation

2 -1
gM1—Mz2 (z%Cl(zg)—CO(?&))
21 ( 22(C1(z2)—Co(22)) A

The right hand side is allowed to depend solely on z; thus there are two solutions, a trivial one
C1 =Cj and

C’l(zl) = 00(21) 1-— (79)

CL="—"—20). (80)

The latter solution has an undetermined constant A. This coefficient may be determined by
either considering the rational limit, or by studying the reflection equation involving states
from the subspace II of [I3]. Both arguments lead to A = ¢~2. Finally, by studying a state
with k1 = 2, k3 = 0 we can solve for Cy and so on. This leads to the following solution

Cy, = Cy H ¢ QZ/Z (81)

2@2,’

15



which perfectly agrees with (63]). As expected, the trivial solution does not solve the reflection
equation in general case.

Subsequently we have numerically checked the reflection equation for generic values of
ki, ko,n, My, My for all different states from subspace II and subspace III and found it to be
satisfied.

5 Discussion

In this work we have considered open boundary conditions for the deformed Hubbard model
of the same type as for the Y = 0 giant graviton in the AdS/CFT correspondence. In this
situation exactly half of the supersymmetries are broken. The symmetry algebra compatible
with these boundary conditions is a twisted coideal quantum affine algebra B of the quantum
affine deformed algebra Q.

Inspired by results obtained for semisimple Lie algebras [23] 24], 25 26] we provide an
explicit construction of B that is of a coideal form. We then find the corresponding reflection
matrix for arbitrary bound states and show that it satisfies the reflection equation (boundary
Yang-Baxter equation). Conversely, we explicitly solve the reflection equation and find that our
reflection matrix corresponds to the unique solution compatible with the boundary conditions.
This proves that the reflection matrix indeed respects B as symmetry algebra.

Finally, we show that the twisted quantum affine algebra and reflection matrix we have
found in the rational ¢ — 1 limit specializes exactly to the twisted Yangian of the Y = 0 giant
graviton and the reflection matrix associated to it, which for the reflection of arbitrary bound
states was found by L. Palla [27]. Furthermore, we have casted the twisted Yangian of the
Y = 0 giant graviton in a very compact form (@II) with the help of the outer automorphism U
of the extended su(2(2) algebra. However, the explicit form (53)) of the rational ¢ — 1 limit of
B was somewhat surprising. Bearing on the Yangian limit of O found in [8], we were expecting
to obtain the twisted secret charges constructed in [39]. However it turned out not to be the
case, thus the role of the twisted secret charges of [39] remains unknown.

Due to the high complexity of the bulk S-matrix we were unable to check the reflection equa-
tion in complete generality, however we did check a wide number of generic cases numerically
and all of them were satisfied.

In this work we have used the reflection Hopf algebra formalism introduced in [37], how-
ever we have not stated explicitly the reflection automorphism of the algebra. We have only
constructed the map between the representations of incoming and reflected states. This was
sufficient for our purpose — finding explicit form of the reflection matrix. Construction of the
reflection automorphism requires a detailed analysis of the outer-automorphism group of 9)
and thus is beyond of the scope of this paper. Nevertheless it is a very important question and
deserves to be explored.

This work has revealed one more algebraic structure related to the deformed quantum
affine algebra Q. The natural next step would be to explore boundary scattering for other
boundary conditions, most notably the one of the same type as of the Z = (0 giant graviton. It
would also be interesting to apply the Bethe ansatz for these systems and derive their transfer
matrices [40]. Furthermore, there has recently been a rapid development in the g-deformed
Pohlmeyer reduced version of the AdSs x S superstring theory [41} 42], however the presence
of boundaries in the Pohlmeyer reduced theories has not been much investigated. Thus it would
be very interesting to see the effects of boundaries in such theories and find plausible links to
the algebraic constructions considered in this work.
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A Algebra maps

The ¢ — 1 limit map. Algebra 0 in the conventional q — 1 limit specializes to the centrally
extended s((2]2). Central elements U and V of the algebra in this limit become U — U and
V — 1. The representation labels (a,b,c,d) ([I2]) specialize to the usual non-deformed labels
(a,b,c,d) of [11], while the affine ones become

<d, b, ¢, CZ) — <ao~z ¢, aad, —i~, —i> . (82)

alt’  ad

The natural choice of normalization for & is 1. The explicit map between the generators of the
algebras is
E@' — @i, FZ — 13"@', Hz — 9 for i = 1, 2,3, (83)

and
By — aFsen, Fi— —a '€, Hy— —9H —H — H3. (84)

The central charges are being mapped as

Ci — ¢, Cy — m, Cs — R. (85)

The sl(2|2) — su(2|2) map. The map between these algebras reads as
¢ —Ly  F1—oLi, H o 2L,
€ —Qf, F—G; Mo -Li-Ri+ %H,
¢ >Ry, Fz—RY H3 o —2RE. (86)

Their commutators are

€35 — Q3 € — Qf, E391 — Q3
F23 — G3, F12 — G, F301 — G3. (87)

Finally, the central charges are being mapped as
¢—2H, PL-C, AK-C (88)

For details on su(2|2) see e.g. [43].
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B Symmetries of Y=0 giant graviton

The Y = 0 giant graviton preserves the su(2|1) subalgebra of the psu(2|2) x R and has no
degrees of freedom attached to the end of the spin chain [19]. The algebra a = su(2|1) is obtained
from the g = psu(2|2) x R3 by dropping the generators with bosonic indices a, b, ¢, ... = 1
(or equivalently with a, b, ¢, ... = 2). Thus the surviving (preserved) charges from a subgroup
a={R.,’, L,!, Q.2 G,* H}, while the broken charges form a subset b = psu(2|2) x R3\su(2|1)
consisting of {L,2, L,?, Q,Yl, G,”, C, C'}.

Since the Cartan-Killing form of the extended su(2|2) algebra is degenerate, the algebra
does not have well-defined Casimir operator. Thus we cannot apply the formula (I7) naivel
In order to use (7)), the Casimir operator of su(2[1) have to be enhanced by u(1) outer auto-
morphism U,

T* = —R)R} + 2LIL} + Q2G] — G3Q2 — 2HU. (89)

This extra charge is the Cartan generator of su(2) outer automorphism of the extended su(2|2)
algebra and it serves the hypercharge for generators,

[U,Q%] =+3Q%  [U,Gl=-3G5,  [U,Cl=+C, [U,C=-Cf,
[U,L5] = [U,RS] = [U,H] = 0. (90)

Then (I7)) implies that the twisted Yangian charges governing the scattering of the Y = 0 giant
graviton are

Qi =Q,-3[TQ),  Li=L%-i[r" L], C=C- i[ .,
G = G¢ — LT, G, Ly =L} - 1[T* LY, Cf =Cf - [T, 1. 91
4 4

The explicit forms of their co-products are
AQL = QL®1+10QL+QLeR: —Li®Q2 + QL ® KY + c0sC ® GS,
AGY = GI®1+1®GY -G @RS +L2®GS — G @ KY — °Ct @ Q3
AL = Del+1oli-2L20L -G eQ?,
AL} = Li®l+1oLli+2LioLl -Ql®G],
AC = C®1+1®C+C®H,
ACt = Clo1+19Cl-Cclom. (92)

Here K2 =RY+ Ll + iH and 4 =13, 3 =
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