THE LINKING PAIRINGS OF ORIENTABLE SEIFERT
MANIFOLDS

JONATHAN A. HILLMAN

ABSTRACT. We compute the p-primary components of the linking
pairings of orientable 3-manifolds admitting a fixed-point free S*-
action. Using this, we show that any nonsingular linking pairing
on a finite abelian group with homogeneous 2-primary summand
is realized by such a manifold. However there are pairings on in-
homogeneous 2-groups which are not realizable.

In [3] we computed the linking pairings of oriented 3-manifolds which
are Seifert fibred over non-orientable base orbifolds. Here we shall
consider the remaining case, when the base orbifold is also orientable.
Thus the Seifert fibration is induced by a fixed-point free S'-action
on the manifold. (We shall henceforth call such a space a “Seifert
manifold”, for brevity.) We give presentations for the localization of the
torsion at a prime p in §2, and use these to give explicit formulae for the
localized linking pairings in §3. We then study the cases p odd and p =
2 separately, in §§3-6 and §§7-8, respectively. Every nonsingular pairing
on a finite abelian group whose 2-primary subgroup is isomorphic to
(Z/2¥Z)™ (for some k,m) is the linking pairing of a Seifert manifold
with geometry H? x E!, and also of one with geometry SL. However
if the 2-primary subgroup has exponent 2% but is inhomogeneous the
restrictions of the pairing to direct summands of exponent properly
dividing 2 must be odd. The final section §9 summarizes briefly the
earlier work of Oh on the Witt classes of such pairings [6].

1. BILINEAR PAIRINGS

A linking pairing on a finite abelian group NN is a symmetric bilinear
function ¢ : N x N — Q/Z which is nonsingular in the sense that
{ : n — 0(— n) defines an isomorphism from N to Hom(N,Q/Z).
If L is a subgroup of N then ¢ induces an isomorphism Lt = {t €
N | ly(tl) = 0VIe L} 2 N/L. Such a pairing splits uniquely as
the orthogonal sum (over primes p) of its restrictions to the p-primary
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subgroups of N. It is metabolic if there is a subgroup P with P = P+,
split [5] if also P is a direct summand and hyperbolic if N is the direct
sum of two such subgroups. If £ is split IV is a direct double. A linking
pairing / is even if 2°"%(z,x) € Z for all z € N such that 2%z = 0.
Hyperbolic pairings are even. We shall say that ¢ is odd if it is not
even.

Ifw= % € Q* (where (p,q) = 1) let £, be the pairing on Z/qZ given
by £(m,n) = [mnw] € Q/Z. Then {,, = ¢, if and only if w’ = n*w for
some integer n with (n,q) = 1. In particular, if ¢ = 2* then £,, =
if and only if 28w’ = 2w mod (2%,8). Every linking pairing on an
abelian group of odd order is an orthogonal sum of pairings on cyclic
groups. However, if the order is even we need also pairings on the
groups (Z/287)% (See [5, 7]. Our strategy shall be to localize at a
prime p, and we shall consider appropriate invariants later.

If M is a closed oriented 3-manifold Poincaré duality determines a
linking pairing €5, : T(M) x T (M) — Q/Z, which may be described
as follows. Let w, z be disjoint 1-cycles representing elements of T'(M)
and suppose that mz = 9C' for some 2-chain C' which is transverse to
w and some nonzero m € Z. Then £y ([w], [z]) = (we C)/m € Q/Z. Tt
follows easily from the Mayer-Vietoris theorem and duality that if M
embeds in R* then £, is hyperbolic. (If X and Y are the closures of the
components of R* — M and Tx and Ty are the kernels of the induced
homomorphisms from T'(M) to Hy(X;Z) and H,(Y;Z) (respectively)
then T'(M) = Tx @ Ty and the restriction of ¢3; to each of these
summands is trivial [5]).

The linking pairing has a dual formulation, in terms of cohomology.
Let Bgyz « HY(M;Q/Z) — H?*(M;Z) be the Bockstein homomorphism
associated with the coefficient sequence

0>Z—-Q—Q/Z— 0,
and let D : H(M;Z) — H?*(M;Z) be the Poincaré duality isomor-
phism. Then ¢;; may be given by the equation
((w, 2) = (D(w) U By, D(2))([M]) € Q/Z.

The cup-product and Bockstein structure on H*(M; F,) for M a Seifert
manifold have been computed in [2]. Bryden and Zvengrowski also
treat the case of coefficients Z/p°Z, under the hypothesis that the p-
adic valuations of the cone point orders are either s, 1 or 0.

2. THE TORSION SUBGROUP

Assume now that M = M(g;S) is a Seifert manifold with Seifert
data S = ((a1,51),-- -, (ap, Br)), where r > 1 and «; > 1 for all i < r.
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Then Hy(M;Z) = Z?9 @ H, where H has a presentation
<q17"'7qrah ‘ EQZ 207 Oélql—i_ﬁzh:()’ Vi Z 1>

The torsion subgroup T'(M) is a subgroup of H. Let eg = —Eg—i be
the generalized Euler invariant of the Seifert fibration.

We shall modify this presentation to obtain one with more conve-
nient generators. Our approach involves localizing at a prime p. After
reordering the Seifert data, if necessary, we may assume that «;,; di-
vides a; in Z,), for all i > 1. (Note that if eg = 0 then g—; is invertible
in Zy).) Localization loses nothing, since ¢ is uniquely the orthogonal
sum of pairings on the p-primary summands of 7'(M). (We shall often
write )y rather than Z,) ® £y, for simplicity of notation.)

Using the relation ¥¢; = 0 to eliminate the generator ¢;, we see that
Zpy @ T(M) has the equivalent presentation

<q27 .- '7QT7h ‘ Oélgsh = 07 ;q; +/Bzh = 07 Vi > 2>

Since ay and s are relatively prime there are integers m,n such that
mas +nfy = 1. Let 3 = $25; and q; = Y2q; — Yiqo, for all i. (Then
¢ =0.) Let s = —mh + nge and t = ayqs + foh. Then h = —ass + nt
and g = P95 + mt. Since t = 0 in H this simplifies to

(qh, .14, s | cnasess =0, a;q, = 0, Vi > 3).

In particular, if exactly r, of the cone point orders «; are divisible by
p and g = 0 then T'(M) has nontrivial p-torsion if and only if r, > 3,
in which case Z,) @ T (M) is the direct sum of r, —2 cyclic submodules,
while if eg # 0 then T'(M) has nontrivial p-torsion if and only if r, > 2
and then Z,) ® T(M) is the direct sum of r, — 1 cyclic submodules.

3. THE LINKING PAIRING

The Seifert structure gives natural 2-chains relating the 1-cycles rep-
resenting the generators of H. For let N; be a torus neighborhood of
the " exceptional fibre, and let B, be a section of the restriction of the
Seifert fibration to M = M \ UintN;. Let & and 6; be simple closed
curves in ON; which represent ¢; and h, respectively. Then 9B, = ¥§;,
and there are singular 2-chains D; in N; such that 0D; = o;&; + 5;0;,
since ;q; + B;h = 0 in H1(N;; Z). We may choose disjoint annuli A; in
M* with 0A; = 0y — 0;, for © # 2. For convenience in our formulae, we
shall also let Ay = 0. Then C; = B2 D; — ;D5 + [23;A; is a singular
2-chain with 8C’Z = aiﬁgfi - a2/82‘§2.

Let & = 72& — vi&o, for i > 3, 0 = —mby + né and

U= Oleo + OzlEs’I’LDQ - ZE(DZ + BZAZ)
a.

(3
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Then ¢! is a singular 1-chain representing ¢} and 9C; = «;¢&!, for all
1 > 3, o is a singular 1-chain representing s and U is a singular 2-chain
with U = ajanego.

We may assume that & e 6; = 1 in ON,. In order to calculate inter-
sections and self-intersections of the 1-cycles &; with the 2-chains C; in
M, we may push each & oft N;. Then & and D; are disjoint, for all
i,7, while (&, @A4; =1, & A, = —1and e A, =0,if 4,7 # 2 and
J # . Similarly, we may assume that ¢, is disjoint from the discs D;
(for all j) and the annuli A, (for all & # 2). Since B, is oriented so
that 0B, = X§;, we must have 0, ® B, = —1. Hence

£ o Ci = —Pafi(v2 + i),
i o Cj = =B85

and

{oU = aesy
for all 4, j > 3 with j # 4, while

cel = N Nna1ES
(&%)

and

ogeCy=nfap3.

Let §; = ¢;q}, where ¢;8; = 1 modulo aw, for all ¢ > 3. Then

(@ 3) = -5, 5 2% e gz
and o oz;
O (s @) = [—ﬁzaiaj] € Q/Z.
If eg # 0 then we also have
las(s,8) = [F—5] € Q/Z

a103€eg
and .
Cr(s, Gi) = [;] € Q/Z.

In particular, the linking pairings depend only on S and not on g.
(We could arrange that the deminators are powers of p, after further
rescaling the basis elements. However that would tend to obscure the
dependence on the Seifert data.)

Let S and S’ be two systems of Seifert data, with concatenation S”,
and let M" = M#;M' = M(0;S") be the fibre-sum of M = M(0;5)
and M' = M(0;5"). If all the cone point orders of S’ are relatively
prime to all the cone point orders of S and either eg» = g = 0 or
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egies # 0 then egn = eg+ eg and lyr = Ly L Ly, Thus if every
p-primary summand of a linking pairing ¢ can be realized by some
M (0;S) with all cone point orders powers of p then ¢ can also be
realized by a Seifert manifold. (It is not clear how the linking pairings
of M, M'" and M" are related when some of the cone point orders in S
and S’ have a common factor.)

4. THE HOMOGENEOUS CASE: p ODD

Every nonsingular torsion pairing on a finite abelian p-group is the
orthogonal sum of pairings on homogeneous summands, and when p is
odd the decomposition is essentially unique [7].

The group Z,y ® T'(M) is homogeneous of exponent pF if u; = 1%
is invertible in Z,) for 3 <7 < r, and either eg = 0 or O{lO{QES/Z)k is
invertible in Z,). We shall assume that this is so, for some odd prime
p, throughout this section. For convenience, we shall also write u; = 1%
for i =1 and 2.

Let £ be a linking pairing on N = (Z/pkZ)? and L € GL(p, Z/p*Z)
be the matrix with (i, j) entry p*¢(e;, e;), where ey, .. ., e, is some basis
for N. The rank of ¢ is rk(¢) = dimg,N/pN = p. If p is odd then
a linking pairing ¢ on a free Z/p*Z-module N is determined up to
isomorphism by rk(f) and the image d(¢) of det(L) in F)/(FxX)* =
Z/2Z. (This is independent of the choice of basis for N.) In particular,
¢ is hyperbolic if and only if p = rk(€) is even and d(¢) = [(—1)%].

Suppose first that e¢ = 0. Then g—; = Z—; is also invertible in Z,), and
Ly @ T(M) = (Z/p*Z) 2, with basis €; = Gijo, for 1 < i <1, —2.
On applying row operations

3
row;
Uit2

row; — Tow; —

for 1 < j <r, —2 and then

U2
Baus

to L we obtain a lower triangular matrix. Hence

TOW] ¥ oW — Yi<icr,—2Biyarow;

U2

det(L) = (_52)7’17*2<_ﬁ2*1[/11 + E3<i§rpm)n3<jﬁ7’p((ﬁjuj)ilﬁ2)'
Now
;U (6 i
—B3 ' Li1 + Sscicr, Prva _ o Zl<i§rp£

53103%‘ B 53”3 Q;
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in Z,. This is congruent to —-22-5 mod p), since eg = 0, and so
(p) g Bausz ay

(%

det(L) = (1) 685" (=1 2 Wzyer, (Byus) ™ mod ().

Hence
rp—101
d(lar) = [(=1)" la—(Hly‘Srﬁz‘)(HB»sJ'Sruj)]-
2
When u; and us are also invertible in Z,) (i.e., all the cone point orders
have the same p-adic valuation) then [51] = [ujus] in F)S/(F;)?, and so
the formula is invariant under permutation of the indices.
A similar argument applies if ajaseg/pF is invertible in Zpy. In this
case the integers u, = ;’)“—,3 and v = ajeg are also invertible in Z,,

since uv = ajaseg/p*. However u; = % may be divisible by p. Let

Y* = Zggisrp%. Then ¥* € Zy) and v — 5 — %—;“ = ¥* mod (p).
We now have Z,) @ T(M) = (Z/p*Z)™»~!, with basis e; = 1o, for
1<i<r,—2,and e, 1 =s.

Let d, = B72(L — 824 be the element in the bottom right corner

E u%v
of the matrix L. On applying row operations

52162

row; — row; + ToWy, 1

Ujy2
for 1 < j <r, —2 and then

2
TOWy, 1+ TOWr, 1 + By " Yi<i<r,—2fiy2row;

to L we obtain a lower triangular matrix. Hence

det(L) = (— )" (Wyeier, ((Brs) ™ Bo)-(du(1 + %2*) — B°%)
= (1P - B ) - s, (B)
816,

= (-7t

. <<, (Biui)™"  mod (p).

Hence
d(lar) = [(=1)" " (Mi<i<r, B;) (o<, u;)0].

When wu, is also invertible in Zg,) we have v = wpFeg, and so the
formula is again invariant under permutation of the indices.

The localized pairing Z,) ® £); is hyperbolic if and only if either

g = O, Tp = p+ 2 iS even and [g_;(HISZSTPBZ>(H3S]STPUJ)] — [(—1)%)*1]

oreg # 0,7, = p+1isodd and [(IT <i<r, 5;) (Ta<j<r, uj)v] = [(_1)@7_1]
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5. REALIZATION OF HOMOGENEOUS p-PRIMARY PAIRINGS: p ODD

Let p be an odd prime and ¢ a linking pairing on (Z/p*Z)?, where
p > 1, and let d(¢) = [w]. We shall show that ¢ = ¢y, and ¢ = (yp,
where M = M(0;5) and M' = M(0;S") are Seifert manifolds and
es=0and eg # 0. If p> 5 or p > 2 we may assume that a; = p*
forall i < r, where r = p+2ifeg=0andr =p+1ifeg # 0. In
this case u; = 1 for all 4 and so d(fy;) = [(—=1)PT I3, if e = 0, and
d(ly) = [(=1)P(IB)(EF)], if es # 0. If p = 3 and p = 2 a similar
result holds, but we must now allow cone point orders dividing 3%+

If eg = 0 and p is odd the equation ¥3; = 0 always has solutions with
all B; € (Z/p*Z)*. If € is a nonsquare in (Z/p*Z)* setting B/ = £p;
for all i gives another solution, and [I18] = [¢][TI5;]. (If p = 3 mod
(4) we may take £ = —1, which corresponds to a change of orienta-
tion of the 3-manifold.) Thus the two isomorphism classes of linking
pairings on (Z/p*Z)* are realized by M (0; (p*, 51), ..., (p", Byi2)) and
M(07 (pk7 /81)7 ] (pku 6;+2))

If p =4t —2 and w # 1 mod (p) there is an integer = such that
z = L(w—1) mod (p). The images of z and w — 1 — x are invertible in
ZIp*Z. Let By =1,y = —w, fz=xand By =w—1—x and fo;1; = 1
and P40 = —1 for 2 < i < 2t. Then ¥5; = 0, 84 = 3 mod (p) and
[(—1) 18] = [w].

If p=4t and w # 1 mod (p) let B1 =1, By = w, f3 = P4 = P5 = v,
Be = w—1—3y and Bo;11 = 1 and fPogyo = —1 for 3 < 1 < 2,
where y = —1(1 + w) mod (p). Then £6; = 0, S5 = 3 mod (p) and
[(~1) T3] = [w].

These choices work equally well for all p > 3, if [w] # 1. If p is even,
w = 1 mod (p) and p > 3 there is an integer n such that n? # 0 or 1
mod (p), and we solve as before, after replacing w by w = n*w.

However if p = 3 and [w] = 1 we must vary our choices. If p = 4t —2
witht > 1let 8y = 8o = B3 =04 =1, B5 = B = =2 and By = 1
and /82i+2 = —1 for 3 < 1< 2t. If P = 4t let /821',1 =1 and 622‘ =—1
for 1 <7 < 2t+ 1. In the remaining case (when p = 2) we find that
if ¥1<;<4f8; = 0 then [-II5;] = [—1]. In this case we must use instead
S = ((3F1 1), (3%, 5), (3%, —1), (3%, —1)) to realize the pairing with
[w] = 1].

The manifolds with Seifert data as above are H? x E!-manifolds,
except when p = 1 and p = 3, in which case they are the flat man-
ifold G5 (with its two possible orientations). The manifold M =
M(1;(3,1),(3,1),(3,—2)) is an H? x El-manifold with T'(M) = Z/3Z
and base orbifold a torus with cone points. s

All such pairings may also be realized by by SL-manifolds.
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Ifr £ 2+ (=1)""'w mod (p) let 1 = o = 5(2+ (—=1)"'w —r) and
B; =1 for 2 < i < r. Then I15; is a square and v = ¥3; = (—1)" 1w,
so [(=1)" 1 (I1B;)v] = [w].

Ifr =24 (=1)""1w mod (p) and r > 4 let B; = By = p—;l, B3 = Py =
_p_§1 and 3; =1 for 4 <i <.

The remaining case (when p = 2, p = 3 and [w] = 1) is realized by
M(0; (351 1), (3%, 1), (3%,1)).

When p = 1 these constructions give lens spaces (S*-manifolds),
while M (0;(3,1),(3,1), (3, —1)) is a Ni/*>-manifold. Forming the fibre-
sum with S x S x S? (adding a handle to the base orbifold) in these

cases gives SIL-manifolds.

6. THE INHOMOGENEOUS CASE: p ODD

We now consider the inhomogeneous case, assuming for simplicity
of notation that the cone point orders are powers of the odd prime p.
Let oy = pF for 1 < i < myq, oy = p* for my < i < my, ..., and
a; =pF M formy <i <1 =myq, where 0 < Ay < --- < A\ < k.

If eg =0 and m; = 2, let m = my, while if m; > 2, let m = my — 2.
If es # 0 and ayaneg/ag is divisible by p, let m = 1. Otherwise, let
m=my — 1.

Then the matrix L has the block form L = (pAthr iiig), where A

is an m x m block with det(A) # 0 mod (p), and where the blocks
B and D may be further partitioned into blocks divisible by higher

powers of p. Let () = (16” _AilphB). Then Q' LQ = (‘SPA?D,), where

Iy m
D' = D — pM B A~'B. Block-diagonalizing L in this fashion does not
change the residue mod (p) of D. Thus on iterating this process we
see that ¢, is an orthogonal sum of pairings on homogeneous groups
(Z/pkZ)m, (Z[pk=re2Z)yme=ma o (Z)pF=MZ)P~™ . We may read off
the determinantal invariants of each summand from the corresponding
diagonal block of the original matrix L.

With these reductions in mind, we may now contruct Seifert mani-
folds realizing given pairings. Let £ be a linking pairing on a p-primary
group. Then ¢ is the orthogonal sum 1 o<;<; ¢;, where ¢; is a pairing on
(Z/p*iZ)ri, with p; >0for 0 < j<tand 0<k; <k forl1<j<t
Let d(¢;) = [wy] for 0 < j < ¢, and let k = ko. We shall adapt the
constructions of §5 to obtain a Seifert manifold M with ¢,; = /.

Ifp>5andeg=0welet a; =pfforl1 <i<my=py+2 o =p
for my < i <mg=my+p1, ..., and a; = p* for my <i < (Xp;) + 2.
Foreach 1 < j <t welet §; =1 for m; <i <mjy; and By,,,, = w;.

k1
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We must then choose B; for 1 < i <'my so that [IIy<;<m, ;] = [w1] and
Yi<icm Bi = 2m1<l<rp £t This is straightforward.

Ifp=3we may have to modlfy a1 and ap as in §5 in order to realize
all possible pairings.

A similar strategy applies when €5 # 0. We set m; = pg + 1 and
proceed as before. (The prime p = 3 again needs separate treatment.)

7. REALIZATION OF HOMOGENEOUS 2-PRIMARY PAIRINGS

The situation is more complicated when p = 2. A linking pairing /¢
on (Z/2%Z)P is determined by its rank p and certain invariants o;(¢) €
Z/8Z U {oo}, for p—2 < j < p. (See §3 of [5], and [4].) We shall not
calculate these invariants here. Instead, we shall take advantage of the
particular form of the pairings given in §3.

Let ¢ be a linking pairing on N = (Z/2*Z)?, and let e, f be the
standard basis for N. Suppose that a = 2%/(e,e) is odd, and let
b = 2(e, f) and d = 2%¢(f, f). (Then b is even and d is odd, by
nonsingularity of the pairing.) Let f' = —a~tbe + f. Then {(e, f') =0
and ((f', f') = [%] € Q/Z, where d' = d — a~*b* mod (2*). Therefore
(=l J_Ed/ In particular, if b = 0 mod (4 )thenf”f J_Ed.

Let M M (0;S) be a Seifert manifold. The pairing Z) ®€M is

even if and only if
(1) thereis a k > 1 such that u; = 5 is odd, for all 1 <7 < ry; and

(2) either 75 is odd or g = 0 (in which case rq is even).

In particular, Z) @ T(M) = (Z/25Z)* for some s > 0. (Conversely,
if Z2) ® T'(M) is homogeneous of exponent 2% the localized pairing is
odd if and only if either e = 0, u; = 5 is even for i = 1 and 2, and is
odd for 2 < i <y, or £5 # 0, u; is even and u; is odd for 1 < i < rs.)

Suppose that eg = 0 and Z) ® £ is odd. Then the diagonal entries
of L are odd and the off-diagonal elements are even. In particular,
A= (f; f;i ) is invertible. We may partition L as L = (C“%T g), where
C'is a 2 x (r; —4) block with even entries and B is a (ro —4) x (ro —4)

matrix. Let Q = (IOQ 7[,?27_14C>. Then det(Q) =1 and QtT’LQ <0 B/)

where B’ = B—C" A='C. The columns of C are proportional, and the
ratio ug/u4 is odd. Since the entries of C' are even and since A — I, has
even entries;, B’ = B mod (8). Iterating this process, we may replace
L by a block-diagonal matrix, where the blocks are either 2 x 2 or
1 x 1, and are congruent mod (8) to the corresponding blocks of L. We
may diagonalize each such 2 x 2 block as above, and so we may easily
represent ¢, as an orthogonal sum of pairings of rank 1.
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Let ¢ =11<i<, s, be an odd linking pairing on (Z/2%2)?. Let S =
(a1, B1), ..., (an, By)), where oy = aig = 2842y =28 for 3 < i <r =
p+2, By =1, 5; is an integer such that S;w; =1 mod (8) for 3 <i <r
and 61 =-1- 4222362 Then g = 0 and EM =/,

When e5 # 0 and /), is odd we first replace each §; by u;G; + 27 !s,
where z = 255;(s, s). We then see that £3; = ¢ L ¢,, where the matrix
for ¢ has odd diagonal entries and even off-diagonal entries, and we
may continue as before. (If r is odd we may assume that a; = 2* for all
i. If r is even we may assume that o; = 2% for i > 1, but homogeneity
of Z) ® T'(M) requires that £ be even.)

If a linking pairing ¢ on (Z/28Z)? is even then p is also even, and
either ¢ is hyperbolic (and is the orthogonal sum of £ copies of the
pairing E¥) or it is the orthogonal direct sum of a hyperbolic pairing of
rank p— 2 with the pairing E¥ (if k > 1). When k = 1 all even pairings
are hyperbolic. Otherwise, ¢ is determined by the image of the matrix
L =2%((e;,e;) in GL(2s,Z/4Z). In particular, if L = (%) with ¢ odd
and d even the pairing is hyperbolic.

Suppose that k > 1, and that o; = 2F for 1 < i < r. (If r is even
we assume also that eg = 0.) Then the diagonal entries of L are all

even and the off-diagonal entries are are all odd. We may reorder the
basis of T'(M) so that L;; = 0 mod (4), for all i < ¢ and L;; = 0 it mod
(4) for t < i < p. We may again partition L as L = (C"}T g), where
AeGL(2,Z/2k7), C'is a2 x (p—2) block. and Bisa (p—2) x (p—2)
matrix. If we conjugate by () = (102 *é:;C> to obtain Q" LQ = (4 40,
then B’ = B mod (2). In particular, the off-diagonal entries are still
odd, but the residues mod (4) of the diagonal entries are changed.
[terating this process, and using the fact that Ef 1 E}f = E} | EF
we find that £ is hyperbolic if and only if £ —# =0 or 3 mod (4).
In terms of the Seifert data, if g = 0 or 1 = ¥;>36; mod (4) then

t=#{i>3| 5+ P2=0mod (4)}.
Otherwise eg # 0 and ¥, 28; = 0 mod (4), and then
t=#{i>3| B8+ F2=0mod (4)} + 1.
In particular, ifS (2%, 81), ..., (2%, B,)) with B; = (=1)* for 1

<1
then eg = Qk if r is odd and eg = 0if r is even, and £, = (Eg)

hyperbolic. We may realize the non-hyperbolic pairing (E})z~! L E
using either 3; = =3, By = 3 =1 and 3; = (=1) for 4 < i < p + 2,
with eg =0,0or By =1and 5; = (—1) for 2<i < p+1, with eg = 2%

The manifolds constructed in this section are either H? x E'-manifolds
(if eg = 0), or SL-manifolds (if eg # 0), with the exceptions of the

M\bl/\
;3
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Hantzsche-Wendt flat manifold M (0; (2, —-1),(2,1),(2,—1),(2,1)) and
the S®-manifolds M (0; (2, 1), (2,1), (2,8)) and M (0; (4,1), (2,1), (2, 3)).

8. THE INHOMOGENEOUS CASE: p = 2

In the inhomogeneous case a reduction as in §6 is possible when the
(p—m) x (p —m) matrix B"A~1B = 0 mod (4). For instance, this is
so if eg = 0 and either

(1) the gaps A1, Ao — A1, ..., Ay — A1 in the 2-adic valuations of
the cone point orders are all at least 3;
(2) 82 is even, m; is even for all 1 <i <7 +1 and the gaps are all
at least 2; or
(3) 22 is even and m; = 2 mod (4) for all 1 <i < ¢+ 1.
However the general situation is less clear.

If Z ) ® T(M) has exponent 2¥, but is not homogeneous, then there
are generators §; of order 2¥=*, for some 0 < A\ < k. If, moreover, either
es =0 or T(M)/281T (M) is not cyclic then o2 must be even and so
282001 (Gs, G;) is odd for all such i.

We may derive from this observation a criterion for recognizing pair-
ings which are not realizable by Seifert manifolds that is independent
of the choice of generators. Let N = N’ & N” be a finite abelian
group, where the homogeneous summands of N’ have exponent > 4
and 2N” =0, and let £ = ¢ L ¢", where ¢ is a pairing on N’ and and
(" is a hyperbolic pairing on N”. Then ¢(z,z) = 0 for all x € N such
that 2z = 0. In particular, if N’ is not cyclic then £ is not realizable
by a Seifert manifold.

For example, the pairings £1 L (1 L Ej and E3 L Ej are not
realized by any Seifert manifolds. (These provide counter-examples to
a conjecture raised in [1].) The pairing ¢ 1 1 E} is not realizable by

a Seifert manifold with g = 0. It is however realized by the Ni/3-
manifold M (0;(2,1),(2,1),(2,1), (2, —1)).

9. WITT CLASSES

Two pairings ¢ and ¢ are Witt equivalent if there are metabolic pair-
ings p and g’ such that ¢ L p = ¢ 1 u'. The set of Witt equivalence
classes is an abelian group W (Q/Z) with respect to orthogonal sum of
pairings. The canonical decomposition into primary summands gives
an isomorphism

W(Q/Z’) = G9}2 primeW(Fp)
where W(Fy) = Z/2Z, W(F,) =2 Z/AZ if p = 3 mod (4) and W(F,) =
(Z/2Z)?if p =1 mod (4). If a, b are relatively prime nonzero integers let
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w(g) be the Witt class of the pairing ¢». The summands are generated

by the classes of such pairings.

In [6] bordism arguments are used to compute the Witt class of £y,
for M = M (0;S) a Seifert manifold. If eg = 0 the Witt class of £/ is
—Zw(%), while if eg = £ (in lowest form) then it is —w(p—lq) — Zw(g—i)
[6]. In particular, the image of £, in W(IF,) is nontrivial if eg = 0 and
rp is odd or if eg # 0 and r, is even.

Remark. The definition of Witt equivalence given here is appropriate
for obtaining bordism invariants, as in [6]. However the Witt groups
defined in [5] use a finer equivalence relation, involving stabilization by
split pairings (rather than by metabolic pairings).
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