ON HIGHER ORDER SUGAWARA OPERATORS
A. V. CHERVOV AND A. I. MOLEV

ABSTRACT. The higher Sugawara operators acting on the Verma modules over the
affine Kac-Moody algebra at the critical level are related to the higher Hamiltonians
of the Gaudin model due to work of Feigin, Frenkel and Reshetikhin. An explicit
construction of the higher Hamiltonians in the case of gl,, was given recently by
Talalaev. We propose a new approach to these results from the viewpoint of the
vertex algebra theory by proving directly the formulas for the higher order Sugawara
operators. The eigenvalues of the operators in the Wakimoto modules of critical
level are also calculated.
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1. INTRODUCTION

Let g be a simple Lie algebra over C. The corresponding affine Kac-Moody algebra
g is defined as the central extension

(1.1) g=glt,t '|eCK, g[t,t']=gxC[tt ],

where C|[t,¢7!] is the algebra of Laurent polynomials in ¢. Consider the Verma module
M (X) over g at the critical level, so that the central element K acts as multiplication
by the dual Coxeter number —h". The Sugawara operators form a commuting family
of g-endomorphisms of M()\). Such families of operators were first constructed by
Goodman and Wallach [11] for the A series and independently by Hayashi [12] for
the A, B,C series. These constructions were used in both papers for a derivation
of the character formula for the irreducible quotient L(A) of M(X), under certain
conditions on A, thus proving the Kac-Kazhdan conjecture. The existence of families
of Sugawara operators for any simple Lie algebra g was established by Feigin and
Frenkel [5] by providing a description of the center of the local completion U_pv(@)ioc
of the universal enveloping algebra of g at the critical level. This work is based on the
vertex algebra theory and makes use of the Wakimoto modules over g; see also [8].
On the other hand, due to work of Feigin, Frenkel and Reshetikhin [7] the central
elements of the local completion U_pv (@)1 are related to the higher Hamiltonians of
the Gaudin model describing quantum spin chain. In the case of g = gl,,, Talalaev [17]

produced a remarkably simple explicit construction of the higher Hamiltonians. The
1
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relationship between the two problems was employed in [3] to produce central ele-
ments of U_pv (a [, )10c in explicit form. However, the proof given there is indirect and
relies on [5], [16] and [17].

In this paper we derive this result directly with the use of the vertex algebra
theory. We construct two complete sets of higher Sugawara operators for gl,, which
thus provides explicit formulas for the singular vectors of the Verma modules M (\)
at the critical level. The first set is directly related to [17] and the construction
recovers the corresponding results of [2], [3], as well as the main result of [17]. We
also calculate the eigenvalues of the central elements in the Wakimoto modules.

2. PRELIMINARIES ON VERTEX ALGEBRAS

2.1. Universal affine vertex algebra. A vertex algebra V is a vector space with
the additional data (Y, T, 1), where the state-field correspondence Y is a map

Y :V — End V][22,

the infinitesimal translation 7" is an operator 7": V' — V', and 1 is a vacuum vector
1 € V. These data must satisfy certain axioms; see e.g., [4], [9], [14]. For a € V we
write
Y(a,z) = Za(n)z_"_l, am)y € End V.
nez

In particular, for all a,b € V' we must have a(,)-b = 0 for n > 0. The span in End V/
of all Fourier coefficients a, of all vertex operators Y (a, 2) is a Lie algebra U with
the bracket

m
(2.1) [agmy; bw] =Y (n) (@) *B) (-
n>0

Note that (2.1) is equivalent to the formula for the commutator [Y(a,z),Y (b, w)]
implied by the operator product expansion formula; see e.g. [4], [9, Chap. 3]. The
center of the vertex algebra V is its commutative vertex subalgebra spanned by all
vectors b € V such that a(,) -0 = 0for alla € V and n > 0. The following observation
will play an important role below. If b is an element of the center of V', then (2.1)
implies [Y(a, z),Y (b,w)] = 0 for all a € V. In other words, all Fourier coefficients
by belong to the center of the Lie algebra U.

In this paper we are interested in the vertex algebras associated with affine Kac—
Moody algebras g defined in (1.1), where g is a finite-dimensional simple (or reductive)
Lie algebra over C. Following [4], define the universal affine vertex algebra V' (g) as
the quotient of the universal enveloping algebra U(g) by the left ideal generated by
g[t]. The vacuum vector is 1 and the translation operator is determined by

(2.2) T:1—0, [T,K]=0 and [T,X[n]]=-nX[n-1], X eg,
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where we write X[n] = Xt". The state-field correspondence Y is defined by setting
Y(1,2) =id,

Y(K2)=K,  Y(J[-1],2)=J%) =Y _ Jr]=""",
rEZ
where J!, ..., J?% is a basis of g, and then extending the map to the whole of V(g)
with the use of normal ordering. Namely, the normally ordered product of fields
a(z) = Z apyz ! and b(w) = Z byw !
rEZL TEZ

is the formal power series
(2.3) ca(z)b(w): = a(z) 1 b(w) + b(w)a(z)-—,

where
a(z)y = Z agyz and a(z)_ = Z amz "
r<0 r>0
This definition extends to an arbitrary number of fields with the convention that the
normal ordering is read from right to left. Then

Y (J ] ... ™ ], 2)

1 . a-ri—1 741 =1 Jam (Y .
:<—7’1—1)!...(—7’m—1)!.az J(2)...0] Jm(z)
with r; <--- < rp, <0, and a; < agyq if r; = ripg.

The Lie algebra U(g)i,. spanned by the Fourier coefficients of the fields Y (a, 2)
with a € V(g) is known as the local completion of the universal enveloping algebra
U(g) see [5], [9, Sec. 3.5]. More precisely, the Lie algebra U(g)ie. is embedded into
the completion ﬁ(ﬁ) of U(g) in the topology whose basis of the open neighborhoods
of 0 is formed by the left ideals generated by g ® tVC[t] with N > 0.

2.2. Segal-Sugawara vectors. As a vector space, V(g) can be identified with the
space of polynomials in K with coefficients in the universal enveloping algebra U(g_),
where g = g®t!C[t7!]. An element S € U(g_) C V(g) is called a Segal-Sugawara
vector if

(2.4) glt] S € (K+h")V(g),

where h" is the dual Coxeter number for g. A well-known example of such a vector
is provided by the quadratic element

(25) s= 1S i,

a=1
where Ji,...,J; is a basis of g dual to J',...,J? with respect to the suitably nor-
malized invariant bilinear form; see e.g. [9, Chap. 2].
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The Segal-Sugawara vectors form a vector subspace of U(g_) which we will denote
by 3(g). Moreover, 3(g) is clearly closed under the multiplication in U(g_). The
structure of the algebra 3(g) was described in [5]; see also [8]. In order to formulate
the result, for any element S € U(g_) denote by S its image in the associated graded
algebra grU(g_) = S(g_). We call the set of elements

Sty S, € U(g-), n=rkg

a complete set of Segal-Sugawara vectors if each S; satisfies (2.4) and the correspond-
ing elements S, ..., S, coincide with the images of certain algebraically independent
generators of the algebra of invariants S(g)® under the embedding S(g) — S(g-)
defined by the assignment J* — J*[—1]. In accordance to [5], 3(g) is an algebra of
polynomials in infinitely many variables,

(2.6) (@ =C[T"S, |l=1,...,n, r=0].

A different proof of this result was given in a more recent work [8, Theorem 9.6].

Equivalently, the algebra 3(g) coincides with the center of the vertex algebra
V_pv(g), where for each k € C the universal affine vertex algebra V,(g) of level
K is the quotient of V'(g) by the ideal (K — )V (g). The space V,.(g) is also called the
vacuum representation of g of level k. The center of V,(g) is trivial (i.e., coincides
with the multiples of the vacuum vector) for all values of x except for the critical
value kK = —hY. If kK # —h" then the vertex algebra V,(g) has the standard confor-
mal structure determined by the Segal-Sugawara vector (2.5). Due to the celebrated
Sugawara construction, the Fourier coefficients of the field

1 . a .
L) 2  JY(2) Ju(2)

generate an action of the Virasoro algebra on the space V,,(g). The existence of higher
order Sugawara operators was established in [11] and [12], and certain complete (or
fundamental) sets of such operators were produced for types A, B, C; see also [1].

Given a complete set of Segal-Sugawara vectors S; € V(g) with [ = 1,...,n, the
corresponding fields

(2.7) Si(z) =Y (S,2) =Y Sz
reZ

will form a complete set of Sugawara fields. This terminology can be shown to be
consistent with [11] and [12]. The Sugawara operators are the Fourier coefficients
Si,ir) € U(@)1oc of the fields (2.7). If the highest weight A of the Verma module M ()
over g is of critical level, then K +h" is the zero operator on M (A). Due to (2.1) and
(2.4), the Sugawara operators form a commuting family of g-endomorphisms of M (\).
Moreover, an explicit construction of a complete set of Sugawara fields (2.7) yields
an explicit description of all singular vectors of the generic Verma modules M (\) as
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polynomials in the Sugawara operators .Sy () with 7 < 0 applied to the highest vector
of M(\); see [12, Proposition 4.10] for a precise statement.

The local completion at the critical level is the quotient U_jv (@)10c 0f U(@)1oc by the
ideal generated by K 4+ hY. The Sugawara operators can be viewed as the elements
of the center of U_jv(g)10e. In accordance to the description of the center which was
originally given in [5], all central elements are obtained from 3(g) by the state-field
correspondence.

3. SEGAL-SUGAWARA VECTORS FOR gl,,

We let ¢;; denote the standard basis elements of the Lie algebra gl,, which we equip
with the invariant symmetric bilinear form

1
(X, Y)=tr(XY) - —tr X trY, XY egl,.
n

The element eq; + - - - + e, spans the kernel of the form, therefore it defines a non-
degenerate invariant symmetric bilinear form on the Lie algebra sl,. The elements
et of gl,[t,t7'] with r € Z will be denoted by e;;[r]. Then the affine Kac-Moody

algebra gA[n = gl,[t,t7'] ® CK has the commutation relations

;0
(3.1) [eij[r], ekl[sH = 0 eil[r +s] — 8, exjlr + s] + K(ékj(;“ _ Jnkl> ro, .,

and the element K is central. The normalization of the form is chosen in such a way
that the critical level —n coincides with the negative of the dual Coxeter number for
sl,. We will also need the extended Lie algebra gT[n @ C7, where for the element 7 we
have the relations

(3.2) [7’, eij[r]] = —re;r—1], [T, K} = 0.

We identify the universal affine vertex algebra V(gl,) with the vector space of
polynomials in K with coefficients in U(g_) with g_ = ¢ 'gl,[t7!]. We will also
consider the quotient of U(g[n @ Cr) by the left ideal generated by gl,,[t]. As a vector
space, this quotient will be identified with C[r] ® V' (gl,,), which may be viewed as
the space of polynomials in 7 with coefficients in V' (gl,,).

For an arbitrary n x n matrix A = [a;;] with entries in a ring we define its column-
determinant cdet A by the formula

(3.3) cdet A = Z SEN O - G (1)1 - - - Ag(n)ns

summed over all permutations o of the set {1,...,n}.
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Consider the n x n matrix 7 + E[—1] with entries in U(g_ & C7) given by

T+ eq1[—1] e12[—1] . e1n[—1]
T+ E[-1] = 621[._1] T+ 6?2[—1] . €an [._1]
en1[—1] ena[—1] ... T+ ew[-]1]

Its column-determinant cdet(7 + E[—1]) is an element of U(g_ & C7) which we also
regard as an element of C[r] ® V' (gl,).
Our main result is a direct proof of the following theorem.

Theorem 3.1. The coefficients Sy, ..., S, of the polynomial
(3.4) cdet(T—i—E[—l]) =4S 4+ S

form a complete set of Segal-Sugawara vectors in V(gl,,). Hence, 3(51\[”) 15 the algebra
of polynomials,

3(5(71) =C[T"S, |l=1,...,n; > 0].

We will prove the theorem in Section 4. Here we consider some examples and
corollaries, and derive the second construction of a complete set of Segal-Sugawara
vectors; see Theorem 3.5 below.

First we point out that regarding the Lie algebra sl,, as the quotient of gl,, by the
relation eqq + - - - + e, = 0, we obtain the respective complete set of Segal-Sugawara
vectors in V (sl,). In particular, the vector S; vanishes, while —S5 coincides with the
vector (2.5).

In what follows the usual vertical line notation for determinants will always be
used for column-determinants.

Example 3.2. If n = 2 then

Sl = 611[—1] —+ 622[—1],

o 611[—1] 612[—1] e 9l = e 1l em 1] — e 1] ewnl—1] — eri[—
Sy = 621[—1] 622[—1] ' 11[ 2] 11[ 1] 22[ 1] 21[ 1] 12[ 1] 11[ 2]
If n = 3 then
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and

—1] 633[—1]
. €11 —2] 612[—1] ‘ . 611[—1] 612[—2] ‘ . 611[—2] 613[—1}
ea1[—2] exn[—1] ea1[—1] eg[—2] es1[—2] es3[—1] 0

Note that using (3.2) we can write an alternative expansion
cdet(7+ E[-1]) = 7"+ S| 7" "+ 4+ S _ 745,

and obtain another complete set of Segal-Sugawara vectors S7,...,S;.
Applying Theorem 3.1, we can get a complete set of Sugawara fields in an explicit
form. Consider the vertex algebra V(gl,) and set e;;(z) = Y (e;;|—1], 2) so that

eij(z)zzeij[r]z*“l, i,j=1,....,n.
rez

Introduce the n x n matrix 0, + E(z) by

0. + en1(2) e12(2) . e1n(2)
0. 1+ B(z) = 621:(2) 0, + ‘622(2’) ) 62n'(2’)
en1(2) en2(2) coe Oy F epn(2)

and expand its normally ordered column-determinant
(3.5) cedet(0, + E(2)) : =02 + 021 S1(2) + -+ + 0. Sn_1(2) + Sn(2).

Equivalently, the fields S;(z) are given by S;(z) = Y (5}, z), where the elements S; are
defined in (3.4).

Corollary 3.3. The fields Si(z),...,S,(2) form a complete set of Sugawara fields
for gl,,. O

Ezxample 3.4. For n = 2 we have

(L + 611(2’) 612(2)

: cdet
U eni(z) 0.+ ean(2)

D=1 (0. + en(2)) (0 + e22(2)) — e21(2) ex2(2) :
so that
S1(z) = e11(z) + ean(2), So(z) = ren(z) exn(z) —exn(2) enn(2) : —¢€j1(2).

Now we use Theorem 3.1 to obtain the second complete set of Segal-Sugawara
vectors in V(gl,).
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Theorem 3.5. For any k > 0 all coefficients Ty, in the expansion
tr(T + E[—l])k = Tk TkO + Tk_l Tkl 4+ -4+ Tkk

are Segal-Sugawara vectors in V(gl,). Moreover, the elements Ti1, ..., Ty, form a
complete set of Segal-Sugawara vectors. Hence, 3(gl,,) is the algebra of polynomials,

3(0L)=C[T"T;, | 1=1,...,n; r > 0]

Proof. Observe that if we replace 7 by u + 7, where u is a complex variable, then

relations (3.2) will still hold. Therefore, the coefficients in the expansion of the

polynomial cdet(u+ 7+ E[—1]) in the powers of u and 7 are Segal-Sugawara vectors

in V(gl,). Hence, the first part of the theorem is implied by the identity

(3.6) Oycdet(u+ 7+ E[—1]) = cdet(u+ 7+ E[-1]) Y (=) u " tr(r + E[-1))",
k=0

since it provides an expression for the vectors Tj; in terms of the S; regarded as

elements of U(g_). The identity (3.6) can be viewed as a noncommutative analogue of

the Liouville formula (as well as the Newton identities). It follows from [2, Theorem 4],

due to Lemma 4.3 below.!

In order to prove the second part, note that the elements T'y1, . .., T, coincide with
the images of the traces of powers tr E* of the matrix £ = [e;;] with k = 1,...,n
under the embedding S(gl,,) — S(g_) defined by e;; — e;;[—1]. However, the elements
tr B, ..., tr E™ are algebraically independent and generate the algebra of invariants

S(gl,) % [

Example 3.6. We have
TlO =n, Tll = trE[—l]

T = n, Ty = 2tr E[-1], Ty = tr E[—1]* — tr E[-2],
T30:TL, T31 :3tl"E[—]_], T32:3t1"E[—1]2—3tI'E[—2]
and
Tss = tr E[—1]* — tr B[-1] E[-2] — 2tr E[-2] E[~1] + 2tr E[-3]. O

Introduce the fields Ty, (2) = Y (T}, z) corresponding to the Segal-Sugawara vectors
Ty;. More explicitly, they can be defined by the expansion of the normally ordered
trace

(3.7) :tr(@Z+E(z))k D=0 Tho(2) + OF 1 Tha (2) + -+ - 4+ T (2), k> 0.
Theorem 3.5 implies the following.

'We thank Pavel Pyatov for pointing out that Theorem 4 in [2] can also be proved with the use
of R-matrix arguments; cf. [13].
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Corollary 3.7. The fields T11(z), ..., Thn(2) form a complete set of Sugawara fields
for gl,,. O

Remark 3.8. The Sugawara operators associated with the vectors Tj; exhibit some
similarity with the families of operators constructed in [11] and [12], although the
exact relation with those families is unclear.

Some other families of Segal-Sugawara vectors can be constructed by using prop-
erties of Manin matrices. In particular, the quantum MacMahon master theorem
proved in [10] leads to a construction of permanent-type vectors; see also [2]. O

4. PROOF OF THEOREM 3.1

We start by establishing some general properties of column-determinants. First
we note that the column-determinant cdet A of a matrix A over an arbitrary ring
changes sign if two rows of the matrix A are swapped. In particular, cdet A = 0 if A
has two identical rows.

The next lemma is immediate from the definition of the column-determinant.

Lemma 4.1. Let A = [a;;] be an arbitrary n x n matriz with entries in a ring and b
an element of the ring. Then

" ay; [b, ali] et Al
(b cdet 4] = 3 | 2 0 el
= [ [b, am'] e Ann

Lemma 4.1 implies one more property of column-determinants.

Lemma 4.2. Let A = [a;;] be an arbitrary n X n matriz with entries in a ring and
b an element of the ring. Replace column j of A by the column whose all entries are
zero except for the i-th entry equal to b. Then the column-determinant of this matriz
can be written as

a’ll .. 0 e al’n, all ) IR aln 0
aig - b o ap | =CD)"7aq - - am b
a’nl .. 0 o oe e ann anl o .. “ .. ann 0
ain [bu alk] o Qip
n
+ (_1)i+j Z azg o [byage] coc ag,
)
k=j+1
Ap1 [ba ank] st Qpp

where the first determinant on the right hand side is obtained by moving column j to
the last position, while row © and column j in the determinants occurring in the sum
are deleted and the commutators [b, a;x] occur in column k — 1. 0J
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Now we recall some properties of a class of matrices introduced by Manin [15].
Following [2] we call a matrix A = [a;;] with entries in a ring a Manin matriz if

Qjj A — Qg Qij = Qg Aip — Qi A for all possible 1,7, k,L.

Such matrices are also known in the literature as right-quantum matrices (with ¢ = 1);
see [10]. It is straightforward to verify that the column-determinant of a (square)
Manin matrix will change sign if two columns are swapped. In particular, if a Manin
matrix has two identical columns, then its column-determinant is zero. The next
observation will be useful in the calculations below.

Lemma 4.3. The matriz 7+ E[—1] with entries in U(g_®CT) is a Manin matriz. [

We begin proving Theorem 3.1 by verifying that the elements Si,..., S, satisfy
(2.4). Since
[e;;[0],7] =0 and lenn[1], Tk} = k" le,n[0],
it will be sufficient to check that for all 4, j
(4.1) e;[0]cdet(r + E[-1]) =0 and e,,[1] cdet(r + E[-1]) € (K +n)V(gl,)

in the gl,-module C[r] ® V(gl,). The first relation in (4.1) is analogous to the well-
known property of the Capelli determinant cdet[d,; (u—i+1)+e;]; this is a polynomial
in u with coefficients in the center of the universal enveloping algebra U(gl,). This
property can be verified by a direct argument, and we argue in a similar way to prove
the relation. By Lemma 4.1, the polynomial e;;[0] cdet (7 + E[—1]) equals

—ey;]-1] 0
(4.2) e eu[=1] —ej[—1] - +Z e eg[=1] -,
—en;[—1] 0

where the dots indicate the same entries as in the column-determinant of the matrix
T+ E[—1], except for column ¢ in the first determinant and column k in the k-th term
in the sum; the entries shown in the middle belong to row j of each determinant.
The first determinant can be written as the difference of the determinants

0 e eyy-1]
| e T
S O N

Now, if i« = j then the second determinant here equals cdet(7 + E[—1]), while the
first determinant together with the sum over k in (4.2) equals cdet(7 + E[—1]) by the



SUGAWARA OPERATORS 11

analogue of the j-th row expansion formula for column-determinants. Hence the first
relation in (4.1) holds in this case.

If ¢ # j, then the second determinant in (4.3) is obtained from cdet(r + E[—1])
by replacing column ¢ with column j. Similarly, by the row expansion formula for
column-determinants, the first determinant in (4.3) together with the sum over k
in (4.2) is obtained from cdet(r + E[—1]) by replacing row j with row i. Both
determinants are zero due to Lemma 4.3 and the properties of column-determinants.

Now we turn to the second relation in (4.1). By (3.1) and (3.2) we have

[enn[1], 7 + €5[—1] | = €,,[0] — K’ and [enn[1], eni[—1]] = €,[0],
where ¢ # n and we have put K’ = K/n, while
[enn[1], ein[—1]] = —€:[0] and [enn[1], 7 + €nn[—1]] = (n — 1) K" + €,,,[0].

Therefore, by Lemma 4.1, the polynomial e, [1] cdet(r + E[—1]) equals

0 —e1,[0]
D S e e B D
=t —en_12[0]
enil0] | | (= D) K+ eg[0]

where the dots replace the entries of the determinant cdet(r + E[—1]), except for
column ¢ in the ¢-th summand and the last column in the last summand. Since each
element e;,[0] annihilates the vacuum vector of V(gl,), the last summand can be
written as (n — 1)K’ |7 + E[—l”nn, where by |7 + E[—l]’ii we denote the column-
determinant of the matrix obtained from 7 + E[—1] by deleting row and column i.
Using this notation, we can represent (4.4) in the form

0
(4.5) Z_: o epnl0] - —K’i‘T—l—E[—l”ii—F(n—1)K"T+E[—1Hnn.

Our next step is to prove that the following key relation holds for each value of
1=1,...,n—1:

(4.6) o el0] o | =|T+E[-1)| - |7+ E[-1]],,

(22
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The determinant on the left hand side equals the sum of two determinants obtained
by replacing e,;[0] or e,,[0] by 0, respectively. Now we apply Lemma 4.2 to each of
these determinants. For the first one we have

0 0
(4.7) s ennl0] e = (=DM 0]
0 0
1 0 c e —egn[—]
+"Z_: 0 S0 I RS
e c e e [-1] ]
enn]—1] - 0

where the determinants in the second line are of the size (n—1) X (n—1) with row and
column i deleted. Now add and subtract the following (n — 1) x (n — 1) determinant

with row and column 7 deleted

= |T+E[—1H . (—T—em[—l]),

i,nn

—T — enn[—1]

where }T + E[—1] ‘” . denotes the column-determinant of the matrix obtained from
7+ E[—1] by deleting rows and columns i and n. Since the element e,,,[0] annihilates
the vacuum vector of V(gl,,), the expression for the determinant in (4.7) simplifies to

Sl Bl Bl (7 - ),

k=i+1

i,nn (

Gnk[—l]
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Applying now Lemma 4.2 in a similar way to the determinant in (4.6) with e, [0]
replaced with 0, we get

0 0
(48) 0 =y o
culd] - e
A B
P S [ ewdet) [+ 0 el = el |,
A DO e

where, as before, the dots indicate the same entries as in the column-determinant
cdet (T + E[—1]), the determinants in the second line are of the size (n —1) x (n — 1)
with row n and column ¢ deleted, and the entry e,;[—1] in the summation term occur
in row ¢ and column k — 1. Since the element e,;[0] annihilates the vacuum vector
of V(gl,), the first determinant on the right hand side of (4.8) vanishes. In order
to transform the remaining combination, add and subtract the (n — 1) x (n — 1)
column-determinant

0

(D)™ e e 7 |

0
obtained from cdet(7 + E[—1]) by deleting row n and column ¢ and replacing the last
column as indicated, with —7 in the row 7. After combining this difference with the
last term in the expansion (4.8) we obtain the difference of two (n — 1) x (n — 1)
column-determinants multiplied by (—1)""* where one of them is obtained from
cdet(T + E[—1]) by deleting row n and moving column ¢ to replace the last column.
By Lemma 4.3, the corresponding (n—1) x (n — 1) matrix is a Manin matrix. Hence,
taking the signs into account we conclude that the determinant in question equals
the minor |T—|—E [—1] ‘nn For the remaining determinants we use the general property
of column-determinants allowing us to permute rows. Moving row ¢ in each of the
determinants down to the last position and taking signs into account, we find that
the determinant in (4.8) equals

-> 1 T+ + B, - I+ B, (27— ennl=10).

i,nn (
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Combining this with the expression for the determinant (4.7) derived above, we com-
plete the verification of (4.6).
Recalling now the expression (4.5), we arrive at the relation

K:n <(n —1) |T + E[—l”m — i ‘7' + E[_1Hn>

i=1

enn[1] cdet(7 + E[—1]) =

thus completing the proof of (4.1).

Finally, under the embedding S(gl,) — S(g_) defined by e;; — e;;[—1], the ele-
ments S, ..., S, coincide with the images of the respective coefficients of the charac-
teristic polynomlal det [(5 u + e;;] which are algebraically independent and generate
the algebra of invariants S(g[n)g[ . Therefore, S1, ..., S, form a complete set of Segal-
Sugawara vectors in V(gl,,).

5. CENTER OF THE LOCAL COMPLETION AND COMMUTATIVE SUBALGEBRAS

Recall that 3(2/1\[ ) is the algebra of Segal-Sugawara vectors in V(gl,) which can
also be regarded as the center of the vertex algebra V_,(gl,). The center of the local
completion U_ (g[ )loc 18 the vector subspace 3(9[ ) which consists of the elements
commuting with the action of g[ It was proved in [5] that any element of S(QA[n)
is a Fourier component of a field corresponding to an element of 5(§[n). By Theo-
rems 3.1 and 3.5, the fields Y (S, z) with S € 3(gA[n) can be interpreted as differential
polynomials either in the fields S(2),...,S.(2) or in the fields T11(z),..., Thn(2)
with normally ordered products; see (3.5) and (3.7). Hence, we obtain two explicit
descriptions of 3(3 [,,) formulated below. The first of them was originally given in [3],
and the arguments there rely on the results of [5], [16] and [17].

Corollary 5.1. The center 3(§[n) of the local completion U,n(ngn)loC consists of
the Fourier coefficients of all differential polynomials in either family of the fields
S1(2), ..., 80(2) or Th1(2), ..., Thn(2). O

By the vacuum axiom of a vertex algebra, the application of the fields S;(z) and
Tyu(z) to the vacuum vector 1 of V_,(gl,,) yields power series in z which we denote
respectively by

(5.1) Sl + = Z l(r - and Tkl _|_ = Z kl (T, -

r<0 r<0

Since the Fourier coefficients of the fields S;(z) and T;(z) belong to B(E[R), all coef-
ficients of the series (5.1) belong to the center 3(5[,1) of the vertex algebra V_,(gl,).
By (3.5) and (3.7), the series (5.1) can be written in explicit form with the use of the
matrix F(z)y = [e;;(2)+]. We have

cdet(0, + E(2) ) =0 + 071 S1(2) 4 + -+ 0. Sn_1(2) 1 + Sn(2) 4
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and
tr(0: + E(Z)Jr)k = 9 Tho(2)4 + O T (2)4 + -+ + Tha(2) -

We arrive at the following result, whose first part dealing with the commuting family
of the elements S;r(r) goes back to the original work [17]; see also [2], [3].

Corollary 5.2. The elements of each of the families

S+

L) with =1,....,n and r <0, T,;?(T,) with 0<I<k and r <0,

belong to 3(gA[n). Moreover, 3(g[n) is the algebra of polynomials
3(al,) =C[S,, [ 1=1,...,n, <0 =C[Tjj | 1=1,...,n r<0].

Proof. We only need to prove the algebraic independence of the families of the ele-
ments SZF(T) and T;{’(T). This follows by comparing their highest degree components
in the graded algebra gr U(g_) = S(g_) with those of the elements 7" S; and T" T},
respectively; see Theorems 3.1 and 3.5. In the general case such relationship between
two families of generators of S(g_) was pointed out in [16]. O

The higher Gaudin Hamiltonians can be obtained by taking the images of the
elements of the commutative subalgebra 3(gl,) of U(g_) in the algebras U(gl,)®™
under certain evaluation homomorphisms; see e.g. 7], [17] for details.

6. EIGENVALUES IN THE WAKIMOTO MODULES

As another application of the explicit formulas of Theorems 3.1 and 3.5, we recover
a description of the classical W-algebra W(gl,,) which allows one to find the eigen-
values of the elements of the center 3(9/1\[,1) in the Wakimoto modules of critical level.
We start by recalling the main steps in the construction of these modules following
8].

Consider the Weyl algebra A(gl,) generated by the elements a;;[r] with r € Z,
t,7=1,...,n and ¢ # j and the defining relations

[aij 7], akl[SH = 04,0710y, for <y,

whereas all other pairs of the generators commute. The Fock representation M (gl,,)
of A(gl,) is generated by a vector |0) such that for i < j we have

aglr]|0) =0, 7>0 and  ayr]|0) =0, r>0.

The vector space M (gl,,) carries a vertex algebra structure. In particular, |0) is the
vacuum vector, and for ¢ < j we have

Y(ay[—1]10),2) = ay[r]z="  and  Y(az[0][0),2) = > ajlr]z".

reZ re’
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We will denote these series by a;;(2) and aj;(2), respectively. Furthermore, consider
the algebra of polynomials

o =Clb[r] | i=1,...,n; r <0]

in the variables b;[r] as a commutative vertex algebra and set

bi(z) =) bifr] 2"

rez

The translation operator on 7 is defined by
T1=0, [T, b;r]] = —rbi[r —1].

The key fact leading to the construction of Wakimoto modules is the existence of the
vertex algebra homomorphism

given in terms of fields as follows:

eiiv1(2) — aiip1(2) + Z : By ap(2) :

k<l
eii(2) — Zd,ﬁl carg(2)ag(2) 0+ bi(2)
k<l
€i+1,i(2) — Z P Qp a(2) 146 0z aig1i(2) +bi(2) @i i(2),
k<l

where P/, and Q}, are certain polynomials in the series a,,(z) with p > ¢, while d},
and ¢; are certain coefficients; see [8, Theorem 4.7] for the precise formulas. Take an
n-tuple

Xt = (al), - xal®),  xilt) =Yl e C((1),
rez
where C((t)) denotes the algebra of formal Laurent series in ¢ containing only a finite
number of negative powers of ¢. Consider the one-dimensional mp-module C,) on
which b;[r] acts as multiplication by x;[r]. Taking the composition of this module
with the homomorphism (6.1) we get a gl,-module structure on M(gl,). These are
the Wakimoto modules of critical level, they are denoted by W, ).

The image of the center 3(gl,,) of the vertex algebra V_,(gl,) under the homomor-
phism p given in (6.1) is contained in my = 1 ® mp; see [8, Lemma 9.1]. This image
is known as the classical W-algebra W(gl,,). Applying Theorems 3.1 and 3.5, we
recover its explicit description; cf. [6, Sec. 2.4.11]. In order to formulate the result,
consider the extended algebra, which is isomorphic to C[r] ® 7, as a vector space,
with the relations

[T, bi[r]] = —rb;r—1].
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Corollary 6.1. The image of the column-determinant cdet(t + E[—1]) under the
homomorphism (6.1) is given by

p:cdet(T + E[—1]) — (7 + by[—1]) -+ (T + by [—1]).
Hence, if the elements B; are defined by
(T+b[-1]) - (T+ b [~1])) =7"+ 7" ' By +--- + By,

then W(gl,,) is the algebra of polynomials in the variables T"B; withi = 1,...,n and
r > 0.

Proof. The images of the elements e;;[—1] with ¢ < j under the homomorphism (6.1)
have trivial intersection with the algebra my. Therefore the image of the expansion
of cdet(7 + E[—1]) will only contain diagonal terms arising from the e;[—1]. O

Applying the identity (3.6) and Corollary 6.1, we can also calculate the images of
the Segal-Sugawara vectors T};.

Corollary 6.2. The images of the elements tr(1 + E[—1])* under the homomorphism
(6.1) are found from the formula

p: Ztktr (14 E[— '—>Z<1—t T+ by[— ])) "(1_t(7+bi[_1])>1
X (1 —t(T+bi+1[—1])) (1 _t(7+bn[_1]))7

-1

where t 1s a complex variable.

Proof. The formula follows from (3.6) by calculating the derivative on the left hand
side and then replacing v by —¢71. O

The elements of the center 3(gl,) of U_,(gl, ) act on the Wakimoto modules
W, as multiplications by scalars which can be calculated by using Corollaries 6.1
and 6.2. Recall the description of 3(gl,) provided by Corollary 5.1.

Corollary 6.3. The coefficients of : cdet(d, + E(z)) : and : tr(9, + E(z))k . act on
Wiy as multiplications by scalars found from the respective formulas

cedet(9, + E(2)) : — (9. 4+ x1(2)) - .- (02 + xa(2))

and

Ztk e (0. + B(2))" I—>Z<1—t .+ (2 )))1---<1—t(8z+Xi(Z))>l
(1= 104 xir1(2)) -+ (1= (0 + xa(2)).
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