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Abstract

In this Note, we present a complete classification of singularities of positive solutions of the equaiigpu = h(u)

in Q\ {0}, whereQ is a bounded domain &N, N > 3,0¢€ Q, and 0< u < %. The case: = 0 with h(t) = t9,
g > 1 were treated by Brezis ancevbn.

Résune

Sur la trichotomie des solutions positives singudires asso@esa I'opérateur de Hardy—Sobolev.Dans cette Note,
nous pésentons une classification corg des singulagés de solutions positives d@&tuationAu+ ﬁu = h(u) dans

Q\ {0}, ot Q est un domaine botndeRN, N > 3,0€ Q, etdi 0 < u < %. Lecasu = Oavech(t) =t%,q>1a

et traie par Brezis et ¥ron.

Version francaise abiegee

SoitQ un domaine bora deRN (N > 3) et 0€ Q. Pour toutu > 0, soitL, I'opérateur de Hardy—Sobolefini
parL, := — (A + ). Gracea I'négali€ de Hardy (voir, par exemple, [3] et [1]), I'épateurl;? : LA(Q) — L*(Q)
est positif, compact et auto-adjoint pour tau (0, u*), ol u* := (N —2)?/4 est la meilleure constante dans &galie
de Hardy. Soitr: R — R une fonction localement lipschitzienne tels due O sur (Q o) eth(0) = 0.

Pour toutu € (0, *), on consi@re le probkme semiligaireL,u+h(u) = 0 dans2* := Q\ {0} (c’esta-dire (1)). On
dit queu € C(Q*) est une solution faible du praishe (1) su vérifie (1) au sens des distributions da€Q*). Sil'on
suppose quh est Eguliere alors les estimations elliptiques standard impliquent que les solutions faibles danprobl
(1) sont dan€=(Q*). En utilisant le principe du maximum fort (voir [10, €&beme 1.1]) on obtient que toute solution
non regative et non identiguement nulle est alors positive d&n®e plus, on montre que toute solution positigg)
du probeme (1) tend vers l'infini quanid| tend vers &ro (voir [5]). Notons que Bquation (1) peut avoir des solutions
classiques dan@ si la condition de Lipschitz locale strn’est pas @rifiee. Par exempley(x) := |x*, 1 > 2 est une
telle solution pour BquationL,u + (42 + (N — 2)A + g)ut~?/1 = 0 dansQ.

On dcésigne pady les solutions fondamentalee I'equationL,v = 0 dansQ* (voir (2)). Guerch and &ron dans
[9, Théoreme 3.1] ont dond une condition @cessaire et $iisante suh pour I'existence des solutions faibles du
probleme (1) qui erifient limy_o u(x)/®;;(x) € R. Theoreme 1.1 dans [9] fournit une conditionfBsante suh pour
avoir une solution du probme (1) qui peugtre prolonge comme une solution de l&@meéquation dan®’(Q2). Une
guestion naturelle se pose : comment les solutions faibles dugpneb(1l) peuvent-elles se comporter au voisinage

U This work were partially supported by an Australian Research Council Grant of Professors Neil Trudinger and Xu-Jia Wang.
Email addresseschaudhur@uow . edu.au (Nirmalendu Chaudhuriflorica@maths.usyd.edu.au (Florica C. Grstea)
1Supported by the Australian Research Council

Preprint submitted to the Académie des sciences 16 octobre 2008



de Zro? Le tleome suivant fournit la@ponse sous une hypese devariation réguliere d’indice q (¢~ 1) pofe
sur la fonctionh, ce qui signifie que lim, . h(At)/h(t) = 2% pour chaquel > 0, voir [11]. SoitH(t) := fot h(s) dspour
t > 0. On donne une trichotomie des solutions positives du probl(1) dans le cas< g*, ou g* est ckfini par (3).

Théoreme 0.1.Soient N> 3 ety € (O, u*), ouu* = w. On suppose que h est une fonction a variation réguliere
d’indice qe (1, g*). Soit ue C(Q*) une solution faible positive du problerti. Alors, quandx] — Oon a :

(A) soit ux)/®,(x) converge vers un nombre positif;
(B) ou u(x)/®;;(x) converge vers un nombre positif;
(C) ou ux)/®,(x) tend vers 'infini. Dans ce cas, la solution u verifie de plis

On note que (i) seules les solutions de lzegatrieA sont dandV*?(Q); (ii) g* est I'exponentritique pour le
Théoreme 0.1 : Siq > g, alors pour toute solution positiveé on montre que liny_o u(x)/®,(xX) € [0, ). Cette
affirmation est aussi vrai pogr= g si h(t) = t9 (voir [5]) ; (iii) le cas N = 2 pour I'opérateur de Hardy,, défini par

-A—u (|x| log %)_2 avecu € (0, %1) est aboré dans [5], @ onétablit une version de Horeme 0.1 pour touf € (1, ).

1. Introduction

Let Q be a bounded domain &N, N > 3 and O€ Q. For any parametez > O, letL, := —(A+ #) be
the Hardy—Sobolev operatorOwing to the classicaHardy inequality(see, for example, [3] and [1]), the operator
L' L%(Q) — L%(Q) is positive-definite, compact and self-adjoint, for aniy (0, u*), whereu* := (N — 2)*/4 is the
best constant in the Hardy inequality. ket R — R be locally Lipschitz such thadt > 0 on (Q c0) andh(0) = 0.

Letu € (O, u*) and consider the semilinear equation

L.u+hu)=0 in Q" :=Q\{0}. (1)

We say thati e C1(Q*) is aweak solutiorof (1) if u satisfies (1) in the sense of distributiongZi(Q*). If his smooth,

by standard elliptic estimates, weak solutions of (1)@f¢Q*). By the strong maximum principle (Theorem 1.1 in

[10]), any non-negative and non-trivial weak solutionof (1) is positive inQ* and lim infiy_,o u(x) > 0. Moreover, by

careful use of the radial solutions of (1) and the comparison principle (Lemma 2.1), we infer that any positive solution

of (1) blows-up at zero (see [5]). However, the equation (1) may admit classical soluti@Qristime locally Lipschitz

condition onh fails. For exampley(x) := [xi4, 2 > 2 is aC?(Q)-solution ofL,u + (42 + (N = 2)2 + )u"?1 = 0in Q.
Throughout this Noted;; denote théundamental solutionsf the equatiorL,,v = 0 in Q*, namely

0:(x) = ) CZ=VFH) for x£0, pe@u). )

Guerch and ¥ron [9, Theorem 3.1] provide a necessary arftigant condition orh for the existence of weak
solutions of (1) satisfying lim—o u(x)/®;(x) € R. Among other results, Theorem 1.1 in [9] gives diigient con-
dition onh for which a solution of (1) can be extended as a solution of the same equatidt). These results
raise the issue of classifying the asymptotic behavior of weak solutions of (1) near zero. We answer this question
under the assumption this regularly varying at infinity of index g with & 1 (in short,h € R\g), which means that
lim¢_ h(at)/h(t) = 2% for any A > 0, see [11]. Se(t) := fot h(s)dsfort > 0.

We reveal below a trichotomy of positive singular solutions of (1) inghlecriticalcaseq < g*, where

o N+2+2yu —u
4= N-—2+2u —pu

Theorem 1.1. Let N > 3 andu € (0, u*), wherey* is the Hardy constant. We assume that h is regularly varying at
infinity of index ge (1, q"). Let ue C(Q*) be a positive weak solution ¢f). Then agx| — 0, we have:

®3)

(A) either (x)/ @, (x) converges to a positive number;
(B) or u(x)/®;;(x) converges to a positive number;



(C) or u(x)/®;(x) tends toeo, in which case

< ds

1
lim — —_—
[X—0 |X| u(x) \Y H(S)

2(q+1) )“ 2 @

=M, M=M(q,N) :=(N_(N_2)q+,u(q—1)2/2

Remarks.

(i) By the usual translation of the form(y) := u(x + ry) for |y| < 1, wherer := |x|/2, x € Q*, together with the
standard elliptic estimates for it follows that if u(x) < X for somea > 0, then|Vu| < C|x-@*D for some
positive constan€ independent ok. This asserts that only the Catega¥solutions are inW*2(Q).

(ii) The exponent® in (3) is critical for Theorem 1.1: Ifg > g*, then for any positive solution of (1) we have
lim 0 U(x)/®,,(X) € [0, c0), henceu € W22(Q). This assertion is true fay = q* if h(t) = t9 (to appear in [5]).

(i) The 2-dimensional Hardy operatby, := —A—u (|x| log \_i|)_2 with u € (0, ;11) is considered in [5], where we show
that an appropriate version of the Theorem 1.1 is valid forgay1, o).

The analysis of weak solutions of (1) for the case 0 has been pioneered by Brezis angérdh [4] and subse-
quently studied by many other authors. Gien N/(N — 2) and the equation

-Au+ui=0 in Q, (5)

it is known from [4] that any non-negative solution can be extended as a classical solution a2(5) in

For 1< g < N/(N — 2), Véron [12], [13] gives a complete classification of isolated singularities of non-negative
weak solutions of (5). More precisely, bé — 0 any non-negative solutiamof (5) satisfies one of the following: (i)
eitheru(x) admits a finite limit andi can be extended agG%-solution of (5) inQ; (i) or [x|N-2u(x) converges to some
positive constant; (iii) ofx|?@-Yu(x) converges tM(0, g, N). A simpler proof were obtained by Brezis and Oswald
[2]. Recently, the above result ofévon were extended byiGtea and Du [6, Theorem 1.1] to equations of the form
—Au+h(u) =0inQ* forh e Ryyand 1< q < N/(N - 2).

2. Proof of Theorem 1.1

For a clear exposition and the purpose of this presentation, we outline a proof for the power nonlitgakrity.
The complete proof for general nonlineartywill appear in [5]. A functionv € C?(Q*) is called asub-solution
(super-solutiopof (1) if L,v+ h(v) < (=)0 in Q*. Throughout the proof we use the following comparison principle,
which follows from Lemma 2.1 in [7].

Lemma 2.1 (Comparison principle). Let N > 3 and U be a smooth bounded domairRi with U ¢ RN \ {0}. Let
g be continuous ofD, ) and dt)/t be increasing ir(0, o). If v1, v, € C?(U) are positive functions such that

lim sup[va(x) — vo(x)] < 0, (6)

{ L,va+9(v1) <0< L,V +g(v2) inU,
x—dU

theny < v, in U.

Letu be a positive weak solution &f v+ = 0in Q* with g € (1, g*). We haveu € C3(Q*) and limy_,o U(X) = co.
Without loss of generality, we can assume that the closed unit ball is strictly contaitebiet

f5(X) :=

() for x € B;(0) := B1(0) \ {0}.
The above functions play a crucial role in our analysis. If imgupf*(x) = ¢ € (0, o), from Guerch—éron [9,
Theorem 2.1] it follows that *(x) converges te as|x| — 0. Henceuis of CategoryB in Theorem 1.1. We next prove
that the CategonyA andC in Theorem 1.1 correspond to the remaining two cases, respectively:

I. limsupf*(x) =0; II. limsupf*(X) = oo.
1X—0 IX—0



This will be achieved via several steps. We first obtain a sharp upper-boundPf6ru(x) by devising a family of
super-solutions of (1) and using Lemma 2.1. Then we provide a positive radially symmetric solyiodm, v+v4 = 0

in B} ,(0) such thatu < w., < uin Bj ,(0) for some constant> 0. Step 3-Step 5 are concerned with positive radial
solutions. In Step 3 we show that iy *(r) exists in [Qoo]. We prove that solutions of Typeandll above are

of CategoryA andC, respectively: We argue with radial solutions in Steps 4 and 5, then in the general case we use
a reduction to radial symmetry (see Steps 6 and 7). The reduction procedure relies on Step 3 and the construction of
W, in Step 2. We devise the super-solutions (sub-solutions) in Step 1 (Step 5) inspired by the work ip[6]0or

Step 1.Sharp upper-bound fgx|?(@Du(x): Let M be given by (4). We show that

[ 2 \/m ]2/(q—1)

limsuplx/@1 u(x) < M, where M = M(q) :=
|Ix|—0

M(q 1) (7)

By direct calculation, we see tha(x) := M |x|’qle for x € Bj(0) satisfied ,v+ V4 = 0 in Bj(0). Sinceq < q*, we
have limy_o |x|2/(q‘1)<1);(x) = 0. Thus to conclude (7), itis enough to prove that

ux) <y(x) +Cai(x) for 0<|x <1, whereC:= r‘gglxu(y). (8)
SinceL,@; = 0in B;(0), the functiony(x) + C®;(X) is a super-solution df ,v+v4 = 0 in B}(0). Fix 1 > 0 suficiently
large. Lete € (0, 1) be small enough and defigig : (&,1) — (0, ) by

Uo(r) = M. (r — &) @1 m@m)  fore <r <1, M, > 0.

By careful computations, there exigts > 0 such thaM, ,” M ase — 0 andL,y, + ()% > 0 fore < | < 1. Since
limp e e(r) = oo, by the comparison principle in Lemma 2.1, we infer thigd) < y.(Ix|) + C®,(X) for & < x| < 1.
By lettinge — 0, we obtain (8) and conclude the proof of (7).

Step 2. Construction of w: Using essentially the Harnack inequality [8, Theorem 8.20] and Step 1, it follows
that there exists a constait> 1, which is independent af, such that

rlnlaxu(x) <K min u(x) forevery O<r <1/2 9
X|=r X|=r

We construct below a positive radial solutieg, of L,v+ V4 =0in B’i/z(O) such that
u/K<we <u in By ,(0). (20)

By the sulfsuper-solutions method, for every integer 3 there exists a positive solutiow, of

{Lﬂv+vq=o inA,:={xeRN: 1/n<|x < 1/2},
(11)

v(X) = |§/T|]—i|9| uly) forxe dAn.

By Lemma 2.1w, is a unique solution to (11). Owing to the rotation symmetry pfand the boundary condition,
W, is radially symmetric. By (9) we have/K < w, on dA, for everyn > 3. Sinceu/K is a sub-solution of (11),
it follows from the comparison principle thayK < w, < uandwp, < W, in A, foranym > n > 3. Thus, up to a

subsequencey, converges to somé,, in C%C(B’Q/Z(O)) ash — oo. Thisw,, satisfies the above-mentioned properties.

In Step 3—Step 5 we assume thas a positive radial solution df,v + v = 0 in B}(0).

Step 3. Existence ofim;_ f*(r) € [0, co]: If we assume the contrary, then lim supg f*(r) > 0 and there exists
¢ > 0 such that O< liminf,_ f*(r) < ¢ < limsup_,, f*(r). Let (rh)n>1 be a sequence that decreases to 0 as oo
and satisfies lim,. f*(rn) = liminf,_o f*(r). Then for sticiently largen, € N, we haveu(rn) < c®y(rn) for all
n > no. Observe that fon > ny we haveL,u+ u% < 0 < Lﬂ)j + (cbj)q inry, < |X| < ry,. Thus by the comparison
principle,u(r) < c@7(r) for all r € (0,ry,). This being a contradiction with the choice®fwe conclude Step 3.

Step 4.Radial solutions of Typkeare of CategornyA: Let u be a positive radial solution df,v + V4 = 0 in B}(0)
such that lim_,o f*(r) = 0. We conclude that lim,o f~(r) € (0, =) by showing the following: (i)(%(f*(r)) is positive
on (Q 1); (ii) the assumption lim, f~(r) = 0 would lead to lim,o u(r) = 0, which would contradict lign,o u(r) = co.
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To this end, we sef := N/2 + yi* — g andg(r) := r2*N4(f~(r)) for r € (0,1). Since lim_o f*(r) = 0 and
lim,_ou(r) = oo, we conclude that lipy,og(r) = 0. Moreover,u satisfiesy' (r) = rud in (0, 1). By integrating this
equation and multiplying it byN-1-2”, we get

g(f‘(r)) =b(r) >0, whereb(r):=rN12 fr gui(s)ds for r e (0,1). (12)
dr 0

Hence lim_ f~(r) exists in [Q o). Assuming that lim_ f~(r) = 0, then we have: (a) for every> 0 there exists
r. > 0 such thati < e®, in (O, r.]; (b) integrating (12) yieldsi(r) = @, (r) for b(s) dsfor everyr € (0, 1).
Setmy 1= \uF —pu - NT‘z < 0. Using (a) and (b), we find a constaht- 0 independent of such that

u(r) < C&4r?*9m  forevery r € (O,r,). (13)
Letmy := 2+ qmc_1 for any integek > 1 andq := 2/(q - 1). We defineg” as follows

gt N 22V
TN-2-2vEF -&

Note that* < ¢. Usingq < ¢, we deduce thaty > m_1 andme = =G + (G + M) o for every integek > 1. Since
q > 1 and the cofficient of g is positive, it follows that ling_., M = co. Thereforem; > 0 for suficiently largej.
Sincee > 0 is arbitrary, (13) yields that lim,ou(r)/r™ = 0. If my > 0, it follows that lim_ou(r) = 0. If my < 0,
by using (13) in (b) we iterate the above arguments and find that.§o(r)/r™ = 0 for somem; > 0. Thus both the
cases lead to lim,o u(r) = 0, which is a contradiction. Henceis of CategoryA for everyq ¢ (1, o).

Step 5.Radial solutions of Typl are of CategoryC: Let u be a positive radial solution af,v + v = 0 in B}(0)
such that limsup,, f*(r) = co. By Step 3 we have lim,o u(r)/®/;(r) = c. Proving thaw is of Category C means
that lim_o r?@Du(r) = M with M given by (7). By Step 1, it remains to show that liming r2@ 2 u(r) > M. This
will be achieved by establishing the following inequality

(14)

Mr=@D < u(r) + M@/ (r) foreveryr € (0,1). (15)

Since lim_ r‘z/(q‘l)/d);(r) = oo, we cannot directly conclude (15) forclose to zero. The idea is to fix> 0 small
and devise a suitable family of sub-solutignsof L,v + v = 0 in B;(0) such that:

(P1) ¢,(r) increases tdir 21 ase decreases to 0;

(P2) ¢.(r) < u(r) + M’ () for everyr € (0, 1).

The construction op, completes Step 5. Indeed, lettiag~ 0 in (P,) and using P,) yields (15).

Let @ > 0 to be specified in (17) and defipg by

2

=

@s(r) = (I\W‘(Lzl)r + (sr”)%) for everyr € (0, 1). (16)

For suficiently smallr = 7(N, u) > 0, we can choose a smaller positive numbdnat is independent af such that
Lu: + (¢:)? < 0in B;(0) for the particular choice af given by

_J(IN=2)2+ Jpr—p it g -T<q<q, 17)

a .=
2/(g-1+v) if l<g<Qg -

We see thatR,) holds fory, in (16). We only need to proveP}). The key ingredient is to establish that

Iirrg)r“w(r) = oo for any positive radial solutiow of L,v+ v® = 0 in B;(0), subject to Iigw(r)/cD;(r) =oco. (18)
r— r—

Assuming the validity of (18), we verifyR,) and complete Step 5. Indeed, (18) implies in particularithafr) —
oo asr — 0. Thus for some, > 0 we haver ™/ < u(r) for everyr € (0,r.]. From (16) we havep(r) < r=*/e for
r € (0,1). Hence the inequality i) holds for everyr € (0,r]. Sinceg.(1) < M andu + M@} is a super-solution
of L,v+ V4= 0in B;(0), by the comparison principleP$) holds in f, 1). This proves the validity off(;).
5



Proof of (18). Sincev > 0, there exists a large integer> 0 such thav = (° — 7 — 1)/m. Set
Jb=(0-79) and J=(q -7-iv,g-7-(-1)y] fori=12,....,m

Hence (1q) = U, J;. To achieve (18) for any € (1,q"), we proceed by induction.

(i) If g € Jo, then the assertion of (18) follows from the definitionoih (17) and lim_,o w(r)/®;;(r) = co.

(i) Leti €{0,1,...,m- 1} and assume that (18) is true for amyg J;. We prove that (18) is true for aryye J;, ;.

To this aim, letg € J;,; andw be an arbitrary positive radial solution of the problem in (18). From the definition
of @ in (17), we haver = 2/(q -1 + v). We choosey; € J; such that; < g+ v. Sincew(r) —» o asr — 0, there
exists 0< r; < 1 such that\(r))® < (w(r))* for everyr € (0,r;). By [9, Remark 3.1], for each € N there exists a
unique positive solutiomy of the following equation

V() + N

- L+ r"—zv(r) —\Vi(r), O<r<n

subject to lim_o v(r)/®;;(r) = kandv(r;) = 0. By the comparison principley is non-decreasing ik andvk < win

(O, r1). Letve(r) := limye Vi(r) for r € (0,r1), so thatv., < win (0,r1). Standard regularity arguments show that, up
to a subsequence, — V., in C,%C(O, ry) ask — co andv,, is a positive radial solution df,v + v = 0 in Bj(0) with

limy 0 Voo (r)/®@;; (r) = o0. Sinceq; € J;, by the induction hypothesis applied¥Q and the argument after (18), we

have lim_or? @Yy, (r) = M(cn) > 0. Usinggs < g+ v, we find lim_,o r@1w(r) = «. This concludes Step 5.

Step 6.Reduction to radial symmetry for Typeolutions:We show that any positive solution bfu+ u% = 0in
Q* with limx_o f*(X) = 0 must be of Categorf. Let SN2 be the unit sphere iRN and ¢, o) € (0, ) x SN-1 denote
the polar coordinates iRN \ {0}. For any function/(r, o), its spherical meai(r) is defined by

o 1
v(r) = R fSN_l v(r,o) do.

By averaging the equatidn,u + u? = 0 in B;(0) and using Jensen’s inequality, we fingi = —(u9) < —(@)%in (0, 1).
By Step 3 applied to the sub-solutionwe know that lim_,o U(r)/®,(r) exists in [Qeo]. By Lemmas 2.1 and 2.3 in
[9], the ratio(u(r, o) — T(r)) /®; () converges to 0 as — 0, uniformly ino- € SN-1. Henceu(r, o)/ @, (r) admits a
limit in [0, o] asr — 0, uniformly ino- € SN-1. Consequently, liga_o f~(X) exists in [Q «]. To conclude Step 6, we
apply Step 4 tav,, constructed in Step 2.

Step 7.Reduction to radial symmetry for Tyflesolutions:Let u be a positive solution df,v+v¥ = 0 in Q* such
that lim sup,_,o f*(X) = co. We constructv,, as in Step 2. By (10) and Step 3, we find Jigg W (r)/®;;(r) = oco.
Applying Step 5 tow,., together with (10) and Step 1, it follows thatmust be of categorg. |
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