1301.4418v2 [math.SP] 8 Nov 2013

arxXiv

Proceedings of Symposia in Pure Mathematics 87 (2013) 205 — 233

The Morse and Maslov indices for matrix Hill’s equations

Christopher K. R. T. Jones, Yuri Latushkin, and Robert Marangell

To Fritz Gesztesy on the occasion of his 60-th birthday with best wishes

ABSTRACT. For Hill’s equations with matrix valued periodic potential, we dis-
cuss relations between the Morse index, counting the number of unstable eigen-
values, and the Maslov index, counting the number of signed intersections of
a path in the space of Lagrangian planes with a fixed plane. We adapt to the
one dimensional periodic setting the strategy of a recent paper by J. Deng and
C. Jones relating the Morse and Maslov indices for multidimensional elliptic
eigenvalue problems.

1. Introduction

Various results on Hill’s equation are among many fundamental contributions
made by Fritz Gesztesy in mathematical physics and analysis, see, for example,
[GW96], [GTQ9]. In the current paper, we discuss a symplectic approach to count-
ing positive #-eigenvalues for Hill’s equations with matrix valued periodic potentials,
that is, the values of A for which there exists a nontrivial solution of the eigenvalue
problem

(1.1) Hy:=vy"+V()y=Xy, y= (), . . ,y.(2)",
that satisfies the boundary conditions
(1.2) y(L) = e“y(=L), y'(L) ="y (-L).

Here, z € R, y; : R = C, 0 € [0,27], and V(z) is an n x n symmetric matrix
whose entires are real valued piecewise continuous periodic functions of period 2L.
We will denote by Hy the differential operator in L?([—L, L]) associated with the

eigenvalue problem (1.1)), (1.2).

A great deal of attention is devoted to Schrodinger operators with periodic
potentials, see, e.g., [MW),, [ReSi78, [Kr97| and the bibliography therein. In the
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current paper, our main concern is the Morse index, Mor(Hy), a ubiquitous number
that appears in many areas, from variational calculus [B56), [D76), [M63] to stability
of traveling waves [J88),[SS08], and which is defined as the dimension of the spectral
subspace of a self-ajoint operator corresponding to its positive (unstable) discrete
eigenvalues. We will relate it to the Maslov index, Mas(T", X), which is defined as
the signed number of intersections of a curve I' in the set of Lagrangian planes
with a given subvariety, called the train of a fixed Lagrangian plane X (see [Ar67,
Ar85|, [J88), [RS93|, RS95] as well as more recent papers [F04, [FJN03, [090] and
the bibliography therein for a discussion of this beautiful subject).

One of the main motivations for studying the Maslov index in the context of
second order differential operators was a generalization in [Ar85] (for the case of
matrix valued potentials) of the classical Sturm oscillation theorems; in connec-
tion with the latter we mention [GST96], [GO7), Chapter 3] and the bibliography
therein. That the Morse and Maslov indices for periodic problems are related is of
course well known (see, e.g., the classical sources [D76), [CZ84], an excellent book
[A01] which has a detailed bibliography, and the important recent work done in
[CDBO06, [CDB09, [CDB11]). However, all literature that we know deals only
with the case of periodic eigenvalues corresponding to the particular case of 8 =0
or § = 27 (but also see [S-B12]).

More importantly, in the present paper we use a novel approach of determin-
ing the Maslov index borrowed from a recent paper [DJ11] where the relations
between the Morse and Maslov indices have been established in the multidimen-
sional situation, in particular, for elliptic problems in a star-shaped domain D in
R? containing zero. The main idea in [DJ11] is to consider a family of “shrinking”
domains Dy parametrized by s € (0,1] and such that a point x € 9D if and only
if sx € 0D;. Rescaling the original elliptic equation for A-eigenfunctions from D,
to D, one then defines a trace map ¢} acting from the Sobolev space H!(D) into
the trace space H'/2(9D) x H~1/2(9D). It maps a weak solution of the eigenvalue
equation with no boundary conditions at all into a vector function on the boundary
whose components are the Dirichlet and Neumann traces of the solution. Using
Green’s formulas, one defines a symplectic structure in the trace space so that if
Vs, » denotes the set of the weak solutions then qﬁg‘ (Vs,2) forms a curve in the set
of Fredholm Lagrangian planes. The boundary conditions define a plane, and an
intersection of the curve with the train of the plane defined via the boundary con-
ditions corresponds to an eigenvalue of the elliptic operator at hand, eventually
leading to a formula relating the Morse and Maslov indices.

In the current paper, for the boundary value problem , on [—L, L],
following the strategy in [DJ11], we consider a family, parametrized by s € (0, L],
of boundary value problems for on the segments [—s, s] with the boundary
conditions
(1.3) y(s) = ey(=s), y'(s) =€y (~s).

By changing s and A and using the traces of solutions of the differential equation
at the boundary of the segment [—s, s], we construct a path in the set of finite
dimensional Lagrangian planes. The construction of the path is the first crucial in-
gredient of the current paper. The second key point is to utilize and further develop
an idea from [Ga93] to augment the first order system corresponding to by
considering a supplementary linear complex (2n x 2n) first order ODE system with
the coefficient 3—9 I5,, whose solutions automatically satisfy the boundary conditions

S
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FIGURE 1. A =0 is a f-eigenvalue, 0 € (0,27), and s¢ is small enough

(T.3)). This allows one to replace the e*’-periodic boundary conditions in (T.2)), (T.3)
by certain “Dirichlet-type” boundary conditions for the augmented system.

Our plan then is to re-write the eigenvalue equation as a complex (2n x 2n)
first order system, separate the real and imaginary parts of the solutions in the
eigenvalue equation and the boundary conditions, thus arriving at a (4n x 4n)
real system, consider the augmented (8n x 8n) real system, and then to define a
trace map, ®2, for each s € (0,L] and A € R, that maps a solution (p,w)' of
the augmented system on [—L, L] with no boundary conditions at all into its trace
(p(—s),w(—s),p(s),w(s))" € R¥" on the boundary of of the segment [—s, s]. This
leads to the critical observation (see Proposition [3.7| below) that if Y; x denotes the
set of the solutions of the augmented system then A is an eigenvalue of ,
on [—s,s] if and only if the plane ®(Ys ) intersects the plane X x X in RS
consisting of vectors whose respective p(+s)- and w(+s)-components are equal;
here and below we denote p = (p,q) ", w = (w, 2) T, and use notation

(1.4) X ={(p,q,w,2)" ERgnyp:w,q:z}.

Thus, the “Dirichlet-type” boundary condition @i‘((p, W)T) € X x X replaces the
e?-periodic boundary condition .

There is a natural symplectic structure in R'" such that the planes ® (V)
and X x X in R'" are Lagrangian (see Theorem [3.4). Thus, one can consider
crossings with the train of X x X of the Lagrangian curve I' = I'; UI'oUI'sUTy formed
by ®2(Ys.) when (), s) runs along the boundary of the square [sg, L] x [0, As], for
a small sg > 0 and a large A\, where I';, j = 1,2,3,4, correspond to the four
sides of the square, see Figure [I} We stress that I' depends on the choice of sy and
Aso While the location of the crossings of course depends on #; we sometimes write
F(O,SU) and Fj,(0,50)~

A homotopy argument implies that the Maslov index Mas(I', X x X) of the
entire curve I' is equal to zero (see Corollary . By general properties of the
Maslov index one infers Mas(I', X x X) = Z?:1 Mas(I';, X x X). For 6 € (0,27)
one can show that there are no crossings along I'; (when s = so and A € [0, Ax])
provided sg is chosen small enough (see Lemma . For # = 0 or 6 = 2,
assuming that the potential V' is continuous at the point x = 0, and sg > 0 is
small enough, one can show that the number of crossings along I'y is equal to the
number Mor(V'(0)) of positive eigenvalues of the matrix V(0) (Lemma [4.3]). Since
the spectrum of the operator Hy is bounded from above, there are no crossings
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along T's (when A = Ay and s € [sg, L]) provided A\, is chosen large enough, see
Lemma

The crossings of the curve I's (when s = L and A € [0, Ax]), correspond to the
f-eigenvalues of , . A local computation shows that all crossings along
I'y have the same signs and all crossings along I's have the same signs, see Lemma
[41] This important monotonicity property of the Maslov index implies that the
Morse index Mor(Hp) is equal to the number of crossings along I's counting their
multiplicities.

It turns out that the crossings along I'y (when A = 0 and s € [sg, L]) correspond
to conjugate points of the Hill’s equation on [—L, L], that is, to the points s where
the number €% is an eigenvalue of the propagator of this equation transforming
the value of its solution at the point —s into the value at the point s (Proposition
3.7). Thus, Mas(I'y, X x X) can be viewed as the Maslov index of the boundary
value problem , for the Hill equation. Yet another local computation
shows that all crossings along I'y have the same sign provided that, in addition, the
potential is sign definite (see Lemma [£.2)).

Since Mas(T', X x X) = 0, we therefore arrive at the desired formula

— Mas(Ts, X x X), if 0 € (0, 27),

for small sg = so(0) > 0,
—Mas(T'4, X x X) 4+ Mor(V(0)), if6=0or =2,

for small sy > 0,

(1.5) Mor(Hy) =

relating the Maslov index of the boundary value problem for the Hill equation
and the Morse index of the corresponding differential operator (see Theorem
summarizing our results). For instance, for a fixed sy > 0, when 6 changes from a
positive value to zero, the crossings move from I'y to I'y through the left bottom
corner of the square in Figure[l] thus keeping the proper balance in formula (L.5)).
The paper is organized as follows. In Section [2]we set up the stage and introduce
the augmented system for the Hill equation . After a brief reminder of basics on
the Maslov index, in Section [3| we introduce an appropriate Lagrangian structure,
and relate the crossings of the path ®) to the eigenvalues of differential operators.
In Section [f] we prove monotonicity of the crossings, and summarize the main
results of the paper. Finally, in Section[5] we conduct several numerical experiments
calculating the Maslov and Morse indices for a particular Mathieu equation.
Notations. We denote by I, and 0, the n x n identity and zero matrix.
For an n x m matrix A = (a;;);2] =, and a k x £ matrix B = (bij)fi,j:p we
denote by A ® B the Kronecker product, that is, the nk x mf matrix composed of
k x € blocks a;;B, 1 =1,...n,j =1,...m. Welet (-, -)rn denote the real scalar
product in the space R™ of n x 1 vectors, and let T denote transposition. We denote

by A ® B the matrix (61 g) and use notation J = (_01 é) for the standard
symplectic matrix. When a = (a;)i.; € R" and b = (b;)72; € R™ are (n x 1)
and (m x 1) column vectors, we use notation (a,b)" for the (n +m) x 1 column
vector with the entries ay,...,ay,,b1,...,b, (just avoiding the use of (a”,b")T).
We denote by B(X) the set of linear bounded operators on a Hilbert space X and
by Spec(T') = Spec(T; X) the spectrum of an operator on X.

Acknowledgment. We thank Konstantin Makarov and Holger Dullin for their

valuable suggestions.
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2. Hill’s equation and an augmented equation

We start with the eigenvalue problem (|1.1)), where we consider A € R, and
consider complex valued solutions to (1.1]). Setting

pi = (Re(y;), Im(y:)) " € R®, p:=(p1,...,pn)" € R*",
gi = (Re(y), Im(y;)) " € R?, q:=(q,....q:)" €R*",
we can write (|1.1)) as follows:

(2.2) (Z)/ = <,\12n foxff(bx) ® I 522) <§) '

It is sometimes convenient to denote p := (p,q)’ € R*" and to write (2.2)) as

;o . 0277, IQn
(2.3) p'=A(z, \)p, Az, )) = <,\[2n — V(@)@ 02n) '

We are interested in studying bounded on R solutions of . To this end,
for each 6 € [0, 27|, we will examine for which X\ there exists a nontrivial solution
y of that satisfies the boundary condition . In particular, if # = 0 or

= 27 we have periodic boundary conditions, and if § = m we have antiperiodic
ones. Equivalently, using and writing out in real and imaginary parts,
we seek a nontrivial solution p = (p,q) " of such that the following boundary
condition is satisfied:

e ()= nee) (00)
where we denote

(2.5) U9) = <

In the notation of equation ([2.3)), condition (2.4)) is written as

(2.6) P(L) = (12, ® U(0))p(-L).

Since the boundary conditions (|1.2)) and (1.3]) are the same in the case when 6 = 0

or 6 = 27, out of these two possibilities we will always consider only the former.
We now briefly discuss the spectrum of the operators associated with (|1.1)).

On the space L?(R) of (n x 1) complex vector valued functions, or on the space

BUC(R) of bounded uniformly continuous complex vector valued functions, one can

associate to equation (|1.1)) a differential operator, H, defined by H = j—; + V(z),

whose domain is given by the following formula (we recall that the potential V is
bounded):

(2.7) dom(H) = {y € L*(R)| y.y/ € ACic(R).y" € I*(R)}

(for the space BUC(R) one has to replace the space L%(R) in by BUC(R)).
There is a standard way, see [ReSi78| Section XIII.16], of associating with H
a family of operators, Hy, with 6 € [0,27], acting in L?([-L,L]) and induced
by the complex boundary conditions (1.2)). Indeed, we may identify L?(R) and
L2([0,27]; L?([-L, L])) = L*([0,27] x [~L, L]) by introducing, see [ReSi78, eqn.
(147)], a family of operators Wy : L?(R) — L?*([-L, L]) by

(2.8) (Woy)(x) = Ze_mgy(az +2Ln), ze€[-L, L]
neL

(2.1)

sinf  cosf

cosf —sin 6)
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Obviously, (Wpy)(L) = ¢(Wyy)(—L), and analogously for the derivative y', lead-
ing to the fact the H is similar to the direct integral, & fOZTr H@%, of the operators
Hy defined in L?([—L, L)) as follows: Hy = j—; + V(z) with

dom(Hy) = {y e L2([-L,L)|y,y/ € ACwc(|~L, L)),

(2.9)
y" € L*([~L, L]) and the boundary condition holds}.

Similarly, one can introduce the operator Hy on the space C([—L, L]) of continuous
functions by replacing L?([—L, L]) in by C([-L, L)).

For each 6 € [0,27], the spectrum Spec(Hy) consists of discrete eigenvalues;
when 6 varies, they fill up spectral bands with or without spectral gaps between
them, thus forming the spectrum Spec(H), see [MW),, [ReSi78| for a detailed ex-
position.

DEFINITION 2.1. We say that A is a 0-eigenvalue of equation (|1.1)) if there is a
nonzero solution of (2.2)) such that the boundary condition (2.4)) is satisfied.

For each A € R, we let W4(x, \) denote the fundamental matrix solution to
equation such that W 4(—L,\) = Iy, and, for each s € (0, L], let M4(s,\) :=
U 4(5,\)W4(—s,\)"! denote its propagator so that p(s) = M(s,\)p(—s) for a
solution of (2.3)). In particular, M4(L,\) = U4(L,\) denotes the monodromy
matrix for (2.3). We recall that in [Ga93], A is said to be a 7y-eigenvalue if v €
{y € C: |y| = 1} is an eigenvalue of the monodromy matrix of equation .
We note that our definition of #-eigenvalue is consistent with the definition of ~-
eigenvalue, with v = € given in [Ga93], as the following proposition shows.

PROPOSITION 2.2. On L*(R) or BUC(R), the following assertions are equiva-
lent:
A € Spec(H);
equation (2.2)) has a bounded solution on R;
Spec(Ma(L,\)) N{y € C:|y| =1} #0;
equation (2.2)) has a solution on [—L, L] satisfying (2.4) for a 6 € [0,27];
(v) X € Spec(Hy) for a 0 € [0,27].

ProoF. This follows immediately from Proposition 2.1 in [Ga93] and its proof
and from the results in [ReSi78, Section XIII.16]. The equivalence of the last three
assertions is also proved in a slightly more general Proposition below. (I

We will now introduce a family of systems of equations parametrized by s €
(0, L] which augment . Each system will be a linear constant coeflicient system
whose solutions satisfy the same boundary condition as our original system
but with L replaced by s. To this end let us consider the system

(2.10) (g) - (23 %) (g) ¢,E:R—=C"0e0,2n], s e (0,L].

2s
Setting
w; := (Re($), Im(¢)) T € R?, w = (wy,...,w,) €R™,

(2.11) zi = (Re(&),Im(&)) T € R?, z:=(21,...,2,) " €R™",



THE MORSE AND MASLOV INDICES FOR MATRIX HILL’S EQUATIONS 7

we observe that w and z satisfy the following system of ODEs:

e (2= ("7 ) (8 wen=(3 %)

Any solution of (2.10)), respectively, (2.12) will automatically satisfy the same
boundary conditions as in (1.2]), respectively, (2.4]), with L replaced by s, that
is, the boundary conditions (¢(s),&(s))" = e (¢(—s),&(—s)) T, respectively,

(2.13) w(s)\ (I, ®U(@®) 0 w(—s)
‘ z(s) )] 0 I,@U©)) \ 2(-s) ) °
As before, sometimes it is convenient to write equation in a more condensed

form denoting w := (w, 2) T, and writing equation (2.12) as the following equation
with z-independent coefficient:

(2.14) w' = B(s,0)w, B(s,0):= I, ®u(s,0).

For each s € (0, L], we let ¥p(z,s) denote the fundamental matrix solution to the
equation (2.12)) such that ¥g(—L,\) = I4,, and remark that

Lz —sin 2 (z
cos 5= (x + L) 025( —|—L))

_ u(s,0)(z+L) _
(2.15) Wp(z,5) = Ln @ Lon ® (Sin Lx+L) cosi(z+1L)

is an orthogonal matrix: Wp(z,s)" = (Vp(z,s)) .
It is sometimes convenient to combine (2.3) and (2.14]) as follows:

(2.16) (vpv) _ (A(x’” B?§79)> (p) Lz e[-L,L], 0 €021, s € (0,L].

O4n W

We will now reformulate the boundary value problems for equations and
(2.12)) with s = L in a way amenable for symplectic analysis. We consider X defined
in (1.4) as a 4n-plane in R8". We claim that \ is a #-eigenvalue of equation
if and only if there is a nonzero solution to the following (augmented) boundary
value problem:

!

p 0 1oy, 0 0 P

qg| _[Mwm—L®V(x) O 0 0 q
(2.17) w 0 0 I,®u(L,0) 0 w |’

z 0 0 0 I, ®u(L,0) z

T T
(218) (p(—L),q(—L),’U)(—LLZ(—L)) ) (p(L),q(L),w(L),z(L)) € X.
It is convenient to write (2.17)) and (2.18) as follows:
!

P\ _ (Alz,A)  Ou p
(2.19) (w) o < 04, B(L,0)) \wW)’

p(-L)\ (p(L)
- (30 (0
To justify the claim, we note that if w satisfies (2.14)) with s = L then w auto-

matically satisfies (2.13)) with s = L. Thus, if (2.20) holds then p satisfies (2.6]).

Conversely, given a p satisfying (2.6)), pick a solution w of (2.14)) with s = L such
that w(—L) = p(—L). Then (2.20) holds.
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3. A symplectic approach to counting eigenvalues

We begin by recalling some notions regarding symplectic structures and the
Maslov index; for a detailed exposition see [Ar67, [Ar85, [RS93], [RS95] and a
review [F04], for a brief but extremely informative account see [FJINO3].

A skew-symmetric non-degenerate quadratic form w on R?" is called symplectic.
Symplectic forms are in one-to-one correspondence with orthogonal skew-symmetric
matrices (2, such that Q7 = Q! = —Q, via the relation w(vy,vs) = (v1, Qua)gen,
v1,v2 € R?™, A real Lagrangian plane V is an n-dimensional subspace in R?" such
that w(vy,ve) = 0 for all vy,vy € V. The set of all Lagrangian planes in R2?" is
denoted by A(n).

Let Train(V) denote the train of a Lagrangian plane V € A(n), that is the
set of all Lagrangian planes whose intersection with V' is non trivial. Obviously,
Train(V) = Up_, To(V) where T (V) = {Vo € A(n) | dim(V NV;) = k}. Each set
Ti(V) is an algebraic submanifold of A(n) of codimension k(k+1)/2. In particular,
codim 71 (V') = 1; moreover, T;(V) is two-sidedly imbedded in A(n), that is, there
is a continuous vector field tangent to A(n) which is transversal to T1(V'). Hence,
one can speak about the positive and negative sides of 71 (V). Thus, given a smooth
closed curve ® in A(n) that intersects Train V' transversally (and thus in 77(V)),
one can define the Maslov index Mas(®, V') as the signed number of intersections.

We now recall a more detailed definition of the Maslov index as well as how to
calculate it from local data. Let @ : [a,b] — A(n) be a smooth path. A crossing is
a point tg € (a,b) of intersection of the path {®(t) : ¢ € [a,b]} with Train(V'). Let
to € (a,b) be a crossing for a smooth path @, that is, assume that ®(to) NV # {0}.
Let V' be a subspace in R?" transversal to ®(to). Then V= is transversal to ®(t)
for all t € [tg —e,to +¢] for € > 0 small enough. Thus, there exists a smooth family
of matrices, ¢(t), viewed as operators from ®(¢) into V', so that ®(t) is the graph
of ¢(t) for |t — tg| < e. The bilinear form Q. = Qam(P(to), V') defined by

(3.1) Qm(v,w) = %w(v@(t)w)’tzto for v,w € ®(to) NV,

is called the crossing form.

A crossing is called regular if the crossing form is non degenerate. At a regular
crossing to, denote the signature of the crossing form by sign Qam(P(tg), V). The
Maslov index Mas(®, V') of the path ® with only regular crossings of Train(V') is
then defined as

Mas(®,V) := %sign Qm(®(a),V)
(3.2)

£ sign Qu®(0), V) + jsisn Qui(@(b), V),
te(a,b)

where the summation above is over all crossings t (one can verify that regular
crossings are isolated [RS93]). At the endpoints, take the appropriate left or right
limit definition of the derivative in to compute the bilinear form Q¢ (and
hence its signature). We remark that now we have a Maslov index even if the
crossing does not take place in 7. It will sometimes be convenient to refer to
the absolute value of the local Maslov index of a crossing as the multiplicity of
the crossing. In the sequel, a curve with only regular crossings will also be called
regular. From the context it should always be clear whether regular refers to a
crossing or to the curve itself.
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The important features of the Maslov index for this work are summarized below.

THEOREM 3.1. [RS93]
(1) (Naturality) If T is a symplectic linear transformation then

Mas(T®(t), TV) = Mas(®, V).
(2) (Catenation) For a < c<b

Mas(®, V) = Mas(®(+) V) + Mas(®

(.)|[c,b]’ Vv

|[a,c]’

(3) (Homotopy) Two paths ®g, Py : [a,b] — A(n), with ®o(a) = P1(a) and
Dy (b) = D41 (b), are homotopic with fized endpoints if and only if they have
the same Maslov index.

REMARK 3.2 (The generic case). A crossing tq is called simple if it is regular
and ®(tg) € T1 (V). A curve has only simple crossings if and only if it is transverse
to every ’776( ). Suppose that a curve ® : [a,b] — A(n) with ®(a), ®(b) € To(V) :=
{Vb € Aln | dim(V NVy) = 0} has only simple crossings. Then the two-sidedness
of T1(V) allows one to define m4 to be the number of crossings by which ®(t) passes
from the negative side of 71(V') to the positive side, and m_ to be the number of
crossings from negative to positive. We then have that Mas(®,V) =my —m_.

REMARK 3.3. We remark that at a regular crossing t; the Maslov index of
the path @ : [t — e,t9 + €] — A(n), for small enough ¢, is equal to the signature
of the crossing form at the crossing. In particular, the crossing is called positive
(respectively negative) if the crossing form is positive (negative) definite. In this
case the local Maslov index at the crossing is equal to plus (respectively minus) the
dimension of the subspace ®(to) NV (i.e. the multiplicity of the crossing is the real
dimension of this subspace).

We will now return to the augmented system (2.16). Following [DJ11], for
each A € R and s € (0, L] we now define the following set of vector valued functions
n [—L, L]:

}/s,)\ = {(paW)T’ P,WE&E AOIOC([_La L])7
and (p,w) ' is a solution of (2.16) on [—L,L]}.

That is, we consider the (8n dimensional) solution space to the augmented equation
-, defined on - Wlthout any boundary conditions at all. We stress that
by solutions (p, w of - on [—L, L] we understand the mild solutions, that is,
absolutely contmuous vector valued functlons such that - holds for almost all
x € [-L, L]; in other words, p(z) = Va(x,\)p(—L) and w(z) = ¥p(z, s)w(—L),
€ [-L, L], where U4(-,A) and ¥g(-,s) are the fundamental matrix solutions to
equations and , respectively.
Next, for each A € R and s € (0, L], let us define the trace map ®7 : Y,  — R16"
by the following formula:

(3.3)

(3.4) ®) : (p,w) > (p(—s),w(—s),p(s), w(s))  €RI".
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We remark that ® can be identified with the following (16n x 8n) matrix,
Ua(—s,A) O,

TN _ 04n \I/B(_Sv S)
(3.5) o = U4 (s, ) Ou ,
04n \IJB(S, S)

since for the solution (p,w)T € Y, \ given by p(z) = V4 (x, \)p(—L) and w(x) =
W p(z,s)w(—L), clearly, the vector ® ((p,w) ") € R'™ is the product of the matrix
3 and the vector (p(fL),w(fL))T € R8".

Let us introduce the (16n x 16n) orthogonal skew-symmetric matrix 2 (and
thus a symplectic structure on R*®") by the formula

0 1
(3.6) Q=(J@I)&(J @)@ () @) & (J® L), J= (_1 0) ,
where J is the standard symplectic matrix.
THEOREM 3.4. For all s € (0,L] and A\ € R the plane ®}(Ys ) belongs to
the space A(8n) of Lagrangian 8n-planes in RY®™ with the Lagrangian structure

w(vy,v2) = (v1, Qua)gien given by Q defined in (3.6)).

PrROOF. Equations ([2.3) and ([2.14)) are Hamiltonian, with the symplectic struc-
ture defined by the matrices

(3.7) Jpi=J @I, and J™ = JT @ I,
respectively. In particular,

(3.8) TnA(@,\) = (oA, )", J™MB(s,0) = (J™B(s,0)) .
Writing as

(3.9) Q=J,0JW @ (=J,) @ (-JM),

for any two vectors from ® (Y »), v1 = (pl(—s),wl(—s),pl(s),wl(s))T and vy =
(pg(—s),Wg(—s),pg(s),WQ(s))T, we infer:
(01, Qa)gion = (P1(—5), Jupa(—8))min + (Wi(=s), J" wa(—5))gan
— (P1(5), Jupa(s))min — (Wi(s), " wa(s))man

— [ (@1 Supa(@lasn + (w1(0). S walahn ) o

= [ (4@ Tupala))ses + 1(o). Jupha)so

(W (0), O e + (w(2), W ())gan ) da
= / (A 1) Lupa(e))sen + (1) Ju Al Dpa(@))sn

+ (B(s,0)w1 (@), T wa (@) man + (wi(2), T B(s, 0)ws (2))ean ) da
= / (= A NP (e).Pa())en + (P (), Ju Al Vo)

— (T B(s, ) w (x), W) + (w1 (2), T B(s, O)wo(x) e )
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= O’
where in the last two lines we used (J,)T = —.J,, (J("))T = —J™ and 3.8). O

We remark that X x X with X defined in (1.4) is a Lagrangian plane in R*®"
with the same symplectic structure given by Q (indeed, this was why Q was chosen
in the first place). This can be verified by a straightforward calculation.

DEFINITION 3.5. For a given A, a point s € (0, L] is called a (A-)conjugate point
if ®(Y;) € Train(X x X), where X is defined in (.4).

The latter inclusion means that there exists a solution of the system of equations
(2.2)), (2.12) on the segment [—s, s] satisfying the boundary conditions ([2.4]) with L
replaced by s, that is, the boundary condtions

(3.10) () = (" L o) (520

and the boundary conditions (2.13]).
Our next objective is to relate the crossings of the path {<I>f\ (YS,\)} and eigen-
values of differential operators Hy s in L?([—s, s]) introduced as follows, cf. (2.9).

For any s € (0, L] and 0 € [0,27], let Hy s = j—; + V(z) with
dom(Hy) = {y € L*([=s,5])|sy/ € ACiue([—5, 5)),

y" € L?([~s,s]) and the boundary condition (T.3) holds}.

(3.11)

In particular, Hg ;, = Hg. We remark that y € ker (H97S — )\ILz([,S’S])) if and only
if the vector valued function p = (p,q)" defined in (2.1)) is a solution of (2.3)) on
[—s, s] that satisfies the boundary conditions (3.10).

DEFINITION 3.6. We say that X is an (0, s)-eigenvalue of equation (|1.1)) if there
is a nonzero solution of (2.2)) such that the boundary conditions (3.10|) are satisfied.

Recall that ¥ 4(x,\) is the fundamental matrix solution of the system ,
and Ma(s,\) = Wa(s,\)W4(—s, )" ! is the propagator for s € (0, L] so that p(s) =
M (s, A\)p(—s) for a solution of (2.3). Also, we recall that the multiplicity of the
eigenvalue \ of the operator Hy is the (complex) dimension of the solution space of

the boundary value problem (L.1), (1.2]) on [—L, L].

PROPOSITION 3.7. For any A € R, 0 € [0,27], and s € (0, L] the following
assertions are equivalent:

(i) X € Spec(Hps) in L*([—s, s]);

(i1) € € Spec (Ma(s,\));

(4i1) s is a A-conjugate point, that is, ®}(Y; ) € Train(X x X).
Moreover, the multiplicity of the eigenvalue \ of the operator Hg s is equal to the
real dimension of the subspace ®2 (Y, )N (X x X). In particular, X is a 0-eigenvalue
of if and only if L is a A\-conjugate point, that is, ®} (Yr,») € Train(X x X),
and X is an (0, s)-eigenvalue of if and only ®(Ys ) € Train(X x X).

PROOF. (i) = (ii) Take a nonzero y € ker (Hg s — M 2(—s))) and let y =
(y,)" be the complex valued (n x 1) solution of the first order system

(3.12) y =A%z Ny, AC(m’”(m e é)
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that satisfies the boundary condition (L.3). Let WG(z,\) denote the fundamental
matrix solution to such that WG (—L, \) = I,,, so that y(z) = ¥§ (x, \)y(—L),
and let MG (s, \) = UG (s, \)UG(—s,\)~! denote the propagator such that y(s) =
M5 (s,\)y(—s). Due to (L.3), we have ¢’ € Spec (M§(s, ). Let T : C*" — R*"
be the map y — p = (p,q) " defined in (2.1). Then W 4(z,\) = T¥G (2, \)T~! and
Ma(s,\) = TMS(s,\)T~1, yielding (ii).

(44) = (iii) For a vector v € C?" satisfying MG (s, \)v = ev let y(z) =
UG (2, \)v be the solution satisfying . Using , construct the so-
lution p of satisfying (3.10)), that is, satisfying p(s) = (I2, ®U(0))p(—s). Pick
the solution w of (2.14]) such that w(—s) = p(—s). Since solutions of auto-
matically satisfy we have p(+s) = w(+£s) and thus &} (Y5 ») € Train(X x X).

(iii) = (i) Pick a solution (p,w)' of such that %p,w)T) € X x
X; then p(£s) = w(+£s). Since w automatically satisfies (2.13]), the boundary
condition p(s) = (2, ® U(#))p(—s) holds. It follows that the solution y of
related to p = (p,q) " via satisfies the boundary condition , thus yielding
H07sy = Ay.

To prove the equality of the multiplicity and the dimension of the intersection,
we remark that the linear map y — (p(—s), w(—s),p(s),w(s))" from the finite
dimensional space

ker(H.975 — AILQ([fs,S])) = {y S L2([—S,8D

and (L), (£3) hold

into the finite dimensional space ®2 (Y, ») N (X x X) has zero kernel, and thus is an
isomorphism yielding dime ker(Hy s — M 2(—s ¢))) = dimg (®2(Ys x)N(X xX)). O

Y, y/ € ACIOC([_S’ 3])7
(3.13)

Since the boundary value problem on the segment [—s, s] makes sense only for
positive s, we may restrict s to s € [sg, L] for some so > 0. Since the operator Hp s is
semibounded from above, for a A, large enough there are no (8, s)-eigenvalues with
A > Ao Therefore, we may restrict A to A € [0, Aso]. As we will see in Lemma [3.12]
for Ao large enough there are no s € [so, L] such that ®2= (Y ) € Train(X x X)
provided 6 € [0,27], and for sy small enough there are no A € [0, Ao.] such that
P2 (Y1) € Train(X x X) provided 6 € (0, 2m).

With no loss of generality (by varying 6 a little, if needed), we may assume that
A = 0 is not a f-eigenvalue for a given 6, see Figures [I| and [2| (This ensures that
all crossings take place away from the upper left corner in Figure . This is not
actually necessary, but more of a convenience. We can simply use the crossing form
calculation at the endpoints if there is a crossing at the upper left corner, taking
into account half of the local Maslov index each time.

We also remark that for a fixed Ao, and sy, we can view the map <I>§‘ as a
continuous map from the square ®2 : [0, \oo] X [s0, L] — A(8n) to the space of
Lagrangian planes, see Figure[2] As such, its image must be homotopic to a point,
and so we have the following theorem.

THEOREM 3.8. The homotopy class of the image of the boundary of the square
[0, Aoo] X [80, L] under the map ® is zero in w1 (A(8n)).

It is well known that 71 (A(8n)) ~ Z, and that the class of a closed curve can
be determined by the number of intersections of such a curve (up to homotopy)
with the train of a fixed Lagrangian plane (see for example, [Ar67], or [RS93] and
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FIGURE 2. X =0 is not a f-eigenvalue, 6 € (0,27), and s is small enough

the references therein). Denote by I' the boundary of the image of [0, Aso] X [s0, L]
under ®2. The key idea here is that under the construction given above, we have an
eigenvalue interpretation for the intersection of ®(Y; ) with the train of a special
plane. Since the signed number of intersections does not change under homotopy,
and I' is homotopic to a point, we have the following result.

COROLLARY 3.9. As we travel along T', the signed number of intersections of
I with Train(X x X), counted with multiplicity, is equal to zero.

REMARK 3.10. It is convenient for us to break up the curve I' = I'p ) into
the four pieces corresponding to the sides of the square from which it comes.
Let 'y = Ty (g4, denote {q);‘O(Yg07,\)|/\ € [0,As]}, let Ty = Ty (g, denote
{@;‘N (}/87)\m)| s € [so,L]}, let I's = I's (g,5,) denote {‘I’i(YL,)\)’ A€ [/\OO,O]}, and
let Ty =Ty (9,5,) denote {®%(Ys0)|s € [L,s0]}-

Let A; = A; (p,5,) denote the Maslov index of each piece of I';, as defined in

(3:2), that is,
(314) Az = Mas(I‘i7X X X)
We will also denote by B; = B; (g, s,) the following expression:

B; = ‘;sign QmTi(a;), X x X)'

(3.15)
+ > Jsign Qu(Ii(t), X x X)[ + ‘;sign Qum(Ti(b;), X x X)|,
te(ai,b;)

where T';(a;) and T';(b;) denote the endpoints of the curve T';. That is, B; is the
number of crossings along I'; each counted regardless of sign, but taking into account
the multiplicity of crossings. For instance, if we have three simple crossings on I';
with signs +, —, +, we would have that A; = 1, while B; = 3. It is also worth
noting that in all cases |A4;| < B;.

We will now show that By = 0 provided A\, is large enough and 6 € [0, 2],
and that B; = 0 provided sg > 0 is small enough and 6 € (0,27). For § = 0, see a
computation of By in Lemma[£.3] We will repeatedly use the following elementary
fact.

THEOREM 3.11. [K80, Theorem V.4.10] Let H be selfadjoint and V € B(X) be
symmetric operators on a Hilbert space X. Then

dist (Spec(H + V), Spec(H)) < [Vl s(x)-
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We recall that V' is a bounded matrix valued function on [—L, L] and denote the
supremum of its matrix norm by [|V|{[oc = sup,ei_r 1) |V (2)

R xR™ .

LEMMA 3.12.
(i) Assume that 0 € [0,27]. If Aoo > ||V]|co then By = 0.

(ii) Assume that 6 € (0,27). If Ao > ||V]|eo and
1
S0 < imin {6,20 =0} (|V ]l + Aoo) 2,
then B; = 0.

PROOF. Let Hé?s) = j—é with dom(Hé?s)) = dom(Hp ). The eigenvalues of
H (S?S) are given by the formula

0+ 27k
(3.16) g, = _<T

Indeed, inserting the general solution y(x) = c1eVF® + coe™VF® of the equation
y” = py in the boundary conditions ([1.3]), we obtain the system of equations for
1, ¢2, whose determinant must be equal to zero, yielding (3.16)).

For s € (0,L] and py in (3.16) we denote p(s) = maxgez px. Then (3.16)
implies

)2, kelZ.

(3.17) p(s) = —(min {6, 2 — 0}/(25))2, 6 € [0,2x], s € (0, L],
and
(3.18) Spec(Hé?s)) C (= o0, pu(s)] C (—00,0], for each s € (0, L].

By Theorem [3.11] we infer:
(3.19)  dist (Spec(Hy,s), Spec(Hy)) < |V Iswz(s.spy < [V ]loo-

This and the second inclusion in yield Spec(Hp s) C (=00, ||[V]|]. If s is a
conjugation point for a given A, then there is a solution y of the equation Hyg sy = Ay
satisfying , that is, A is an eigenvalue of Hy ;. Thus, there are no conjugation
points for Ao, provided Ao > ||V, proving assertion ().

(i7) Assume that 6 € (0,27), fix Ao > ||V||loo, and consider any A € [0, Axo]
and s € (0,L]. If y is a solution of the equation y” + V(z)y = Ay for |z| < s
satisfying boundary conditions then z(x) = y(sz/L) for |x| < L satisfies the
equation

(3.20) H(glzz =2"+ ((S/L)QV(S;E/L) — )\(S/L)Q)Z =0,z €[-L, L],

and boundary conditions (1.2)). In other words, A is an eigenvalue of Hy s on
L?([~s, s]) if and only if zero is an eigenvalue of Hglz on L*([-L,L]). Since the

potential in Hélz is (S/L)QV(S(~)/L) — A(s/L)?, by Theorem we infer:
: 2
dist (SpeC(Heg,%% SPeC(Hé?IZ)) < |I(s/L)"V(s(-)/L) = A(s/ L) |l 3(L2((~L.,L1))
2
(3.21) < (/L) (Voo + Aoo)-
This and the first inclusion in (3.18) with s = L imply

(3.22) Spec(Hé,lz) C (— 00, (S/L)2(HV||OO + Ao) + ,u(L)}7
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where p(L) < 0 due to 6 € (0,27). In particular, using (3.16)), if
s5(IVlloo + As) < (min {6, 27 — 6} /2)*

then zero is not an eigenvalue of Hélg and thus A is not an eigenvalue of Hy s, on

L?([—s0, 50]), as needed in (7). O

Alternatively, one can prove that for 8 € (0,27) there are no conjugate points,
provided s is sufficiently small, using Proposition (44): Since Spec (MA(S7 )\)) —
{1} as s — 0, we infer that ¢? ¢ Spec (Ma(s,\)) for s small enough.

The periodic case § = 0 or § = 27 is somehow special and should be treated
separately. Since the periodic boundary conditions 7 hold when either
0 =0 or 6 = 2w, we will conclude this section by considering the case 6 = 0 (see
also Lemma for more information regarding this case).

We will begin by constructing the curve I' = I'(g ) for § = 0 and so = 0
(note that the construction described in Remark does not work as is
not defined for s = 0). If § = 0 then u(s,0) = 03 in and B(s,0) = 04y, in
for all s > 0. Thus, we have Up(x,s) = I4, for # = 0 and s > 0. Letting
Up(x,0) = Iy, for s =0 and all z € [—-L, L], we can extend ¥p(z, s) continuously
from s > 0 to s = 0 although the differential equation is not defined for
s = 0. This allows us to define the curve I'y for 8 = 0 and sg = 0 as follows: Recall
that the curve I'y = I'y (g 4,) is defined via as the set

(3.23) Ty (0.50) = LU0 VA €0, M), v € RE" L.

Setting & = 0 and passing in (3.5) to the limit yields \T{i‘o — \T/f)‘ as s — 0T
uniformly for A € [0, As], where we define

U4(0,A) O4p
=3 O4n s
(3.24) o) = Ua(0,)) O
O4n I4n
Letting
(3.25) T 00) = {Pov| A € [0, A, v € R},

we thus introduce the curve I'y = T'y (g 0) for § = 0 and so = 0. This curve is
homotopic to the curve I'y = T'y (g,5,) for & > 0 and s¢ > 0 although the endpoints

of the two curves are not fixed. A direct computation shows that (@Q)TQ@S = O16n,
and thus T'y (o,0) is a curve in A(8n). Clearly, I'; (9,0y lies in Train(X x X), and
thus is not regular. This makes the computation of Mas(I';, X x X) for # = 0 and
sp = 0 with this choice of T'; difficult. By appending to I'; (g,0) the three remaining
curves I'; 0,0y, J = 2,3,4, corresponding to the remaining three sides of the square
[0, L] x [0, As], we construct the entire curve I' = T'(g o) for = 0 and sy = 0 which
is homotopic to the curve I' = T'g ) for 6 > 0 and so > 0. We can appeal to a
theorem in [RS93] which says that every continuous curve is homotopic to a curve
with only regular crossings. Thus we can compute the Maslov index of I' = T'(q ¢
and verify that it is indeed 0, that is, that Corollary holds for # = 0 and sg = 0.

One can also define conjugate point as a point s where e?¥ € Spec (MA(S, )\)),
see Proposition (#4). Unlike Definition this latter definition is applicable
for s = 0 as well. But for § = 0, since M4(0,\) = Iy,, we have that 1 = ¥ ¢
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Spec (Ma(0,))), and thus s = 0 is the conjugate point for all A € [0,Ax]. In
particular, for 8 = 0 the curve I'; has a conjugate point at s = 0.

We summarize the discussion as follows and refer to Lemma 3] for more in-
formation regarding the case 6 = 0.

COROLLARY 3.13. Assume that § = 0 and that T is the curve just defined for
so = 0 using , and parametrized by the sides of the square [0, L] X [0, Aso].
Then Mas(I', X x X) = 0. Each point of the curve I'y belongs to Train(X x X).
The lower endpoints of the curves I's and I'y, and all points of 'y are conjugate
points in the sense that 1 = €0 € Spec (MA(O, )\)) for all X € [0, A\so].

4. Monotonicity of the Maslov index

We will now establish monotonicity of the Maslov index with respect to the pa-
rameter A and, under some additional assumptions, with respect to the parameter s.
Let us begin with A. We recall from Remark [3.10]that the curve I's is parametrized
by the parameter A decaying from Ao, to 0 while the curve I'y is parametrized by
the parameter A growing from 0 to A\.. The strategy of the proof of the next result
follows the proof of [DJ11l, Lemma 4.7].

LEMMA 4.1. For any 6 € [0,27] and any fized s € (0, L], each crossing Ao €
(0,A0) of the path {®2(Y.x) ij\i_e, with € > 0 small enough, is negative. In

particular, if 0 ¢ Spec(Hy), then By = As and if 0 ¢ Spec(Hp s,) then By = —A;.

PROOF. Let Ay € (0, \s) be a crossing, so that ®20(Ys ) N (X x X) # {0}.
Let V1 be a subspace in R16" transversal to ®°(Y; y,). Then V< is transversal
to @} (Ysy) for all A € [A\g — &, \g + €] for € > 0 small enough. Thus, there exists
a smooth family of matrices, ¢(A), for A € [Ag — €, A\g + €], viewed as operators
d(N) : @20(Ys5,) — V4, such that @ (Y y) is the graph of ¢()). Fix any nonzero
v € ®20(Y;,5,) N (X x X) and consider the curve v(A) = v + ¢p(A\)v € ®2(Y; )) for
A € [Ag — &, Ao + €] with v(Ag) = v. By the definition of Y5 x, there is a family of
solutions (p(-,\), w(-,\)) T of such that v(A) = @ ((p(-,A), w(-,A))"). We
claim that

Ov

(4.1) w(v(o), 51

Assuming the claim, we finish the proof as follows: Since for each nonzero v €
P20 (Y 5,) N (X x X) the crossing form @ satisfies

(/\0)) < 0.

Qm(v,v) = v,p(A)v) = %‘A:/\Ow(mv—i— d(A)v)

W (
d}\ A=MXo
a'U

= w(v(Mo), 50\0)) <0,

the form is negative definite. Thus, the crossing Ao € (0,A) is negative. In
particular, taking into account that the path I's = {®7 (Y7,») }?\: A Is parametrized
by the parameter A\ decaying from A, to 0, each crossing Ay along I's is positive.
Thus, the Maslov index Aj of the path I'3 is equal to Bs. Taking into account the
parametrization of I'y = {(b?o}i‘:, a similar argument yields A; = —B;.

Starting the proof of claim , for the solution p = p(x, \) we compute the
A-derivative (for brevity, denoted below by dot) in equation , and obtain the



THE MORSE AND MASLOV INDICES FOR MATRIX HILL’S EQUATIONS 17

equation
(4.2) p'(z) = A(z, \)p(2) + (00 ® I20)P(2);

here and below we abbreviate oy = (? 8) and recall notations J,, and J™ in

(3.7) and formula (3.9). Computing the scalar product in R*"* of both parts of (4.2))
with J,p, integrating from —s to s, and using the identities

/S <p/(ZL‘)7 an(x»R“L dr = <pa an>]R4" ’ - /S <p(x)a an/(x»]R“b dx

—s —s _s

(integration by parts),

S

[ A Np(a), Jup@ssde = — [ (o), A () da

—S —S8

(formulas J,! = —.J,, and (3.8)),

S

/S ((00 @ Ian)p(2), Jnp(2))pan dx = */ (((Joo) ® Ion)p(@), P())pan da

S
= [ Ipla)lsdo (because p = (0)")
—s

and J,p’ = JA(z, \)p, we arrive at the equality

S

<p(_3)7 an(_s)>R4" + <p<5>7 (_Jn)p(s»l[&“" = <P; an>R4n

—~ [ Ip@en da.

—S

—S

(4.3)

A similar argument for w = w(z, \) yields
(4.4) (w(=s), J™MW(=5))gan + (w(s), (=T )W(s))gan = 0.
Combining , with and
U()‘O) = (I);\O ((p( ’ )‘0)7 W( ) )\O))T) = (p(—S, )‘0)7 W<_8a )‘0)5 p(sa )‘0)5 W(S, )\0))—r

we infer

w(v(), (X)) = (v(No), D0(X0))gs
= <p(—8)7 an(_s»]R““ + <p<‘9)7 (_Jn)p(s)>R4"
(W(=s), W (=s))man + (w(s), (=J")w(s))gan

S
= _/ p(2, Xo)||32n dz < 0,

—S

thus completing the proof of (4.1) and the lemma. O

We will now establish monotonicity of the Maslov index with respect to the
parameter s. The strategy of the proof of the next lemma is similar to the proof of
Lemmal[4.]] In the lemma we formulate a simple sufficient condition for the crossing
form to be sign-definite; however, in the course of its proof we give a general formula
(4.9). We recall that the curve 'y is parametrized by the parameter s decaying from
L to sg.
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LEMMA 4.2. For any 6 € [0,27x], any fized A € (0,\), and any so € (0, L),
each crossing s, € (So, L) of the path {@L;\(}/;,A)}:;Jga_g, with € > 0 small enough,
is positive provided the potential V is continuous at the points £s, and the matrix

1
§(V(_S*) + V(sy)) = AL, s positive definite.

In particular, By = —Ay provided V is continuous and positive definite at each
point of [-L, L], and 0 ¢ Spec(Hy), 0 ¢ Spec(Hp s, )-

PROOF. Let s, € (so, L) be a crossing, so that ®2 (Y, \) N (X x X) # {0}.
Let V1 be a subspace in R15" transversal to <I>§‘* (Ys,.n). Then V2 is transversal
to ®2(Ysa) for all s € [s, — €,5, + €] for € > 0 small enough. Thus, there exists
a smooth family of matrices, ¢(s), for s € [s. — €, s« + €], viewed as operators
@(s) : <I>§‘ (Ys, ») — V14, such that ®2(Y;,) is the graph of ¢(s). Fix any nonzero
v € @) (Y, n) N (X x X) and consider the curve v(s) = v+ ¢(s)v € ®2(Y, ) for
s € [s* g, s* + €] with v(s.) = v. By the definition of Y x, there is a famlly
of solutions (p(-,s),w(-,s))" of such that v(s) = @3 ((p(-,s),w(-,s))").
Denoting by dot the derivative with respect to the variable s, we claim that

(4.6) w(v(sy), 0(sx)) >0
provided (4.5) holds. Assuming the claim, we finish the proof as follows: Since for
each nonzero v € ®) (Y;, 1) N (X x X) the crossing form Q, satisfies

Omv) = L1 w600 = L b, v+ é(s)v)

dS S=S4 dS S=S4
=w(v(s.), 9(sx)) > 0,

the form is positive definite. Thus, the crossing s, € (sg, L) is positive. In par-
ticular, taking into account that the path I'y = {CIJQ(YSV A)}z‘): ; is parametrized by
the parameter s decaying from L to sg, each crossing along I'y is negative since
the assumptions 0 ¢ Spec(Hp), 0 ¢ Spec(Hy s,) and Proposition [3.7| imply that all
crossings for A = 0 belong to (sg, L). Thus, the Maslov index A4 of the path T'y is
equal to —By.

Starting the proof of claim | -) we remark that s-derivatives of the solutions
p(-,s) and w(-, s) of . and (2.14)) satisfy the differential equations

(4.7) p'(m): Az, \)p(z), V'V'(x)Z B(s,0)w(x) + B(s, 0)w(x),
where B(s,#) is computed similarly to - but with LS replaced by —:

9 0
2s 252

(4.5)

(4.8) B(s)=—n(Ia®J), B(s)= -5 (Ln®J).

7s),w(fs,5),p(s,s),w(s,s))T yields
—p'(—s,8) +p(—s,5), —W'(—s,8) + W(—s, ),
P/(s,5) + B(s,5), W (s,5) + w(s,s)) "
Using , we split the expression for w(v(s), v(s)) as follows:
(0(5), 826 (s) pason
=—(p(=5,5), (J @ I25)P' (=5, 8))ran + (P(=5,5), (J @ L2n)P(—S, 5))man
+(w(=s,5), (J @ L)W' (=5, 8))gan — (W(=35,5), (J @ I2,)W(—s,5))gan

Clearly, v(s)

<l
~
NPT
—

7
—~ Vo)
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- <p(57 5)7 (‘] Y I2n)p/(3’ S)>]R4” - <p(87 5)7 ('] b2 IQ'IL)p(S7 5)>R4"
+ (W(s,8), (J ® Ion)W' (s, 8))ran + (W(s,8), (J @ I5,)W(s, s))gan

=o1 + a9 + a3 + Qy,

where, using (4.7) and rearranging terms, the expressions «; are defined and com-
puted as follows:

a1 = —(p(—5,8), (J ® Ion)A(—8, \)p(—35, 8))gan
—(p(s,8), (J & I2,)A(s, \)p(s, 8))gan;
as = (p(—s,8), (J ® I>,)P(—S, 8))ran — (P(s, ), (J @ I2,)P(s, 5))pan

= —/_S %«P(m,s), (J @ Ion)D(2, 8))gin ) da

_ [ (A2, V(. 8), (] © Ton)D(, ))gn

+ (p(z,s), (J ® Is,)A(z, \)p(z, S)>R4n) dx (using )
— /_ ( —((J @ Inp) Az, \)p(2, 8), p(x, $))Ran

+(p(x,5), (J ® Ion)A(z, \)D(, 5))ran ) d
=0 (using (3.8));
az = (w(=s,5), (J & Io,)W (=5, 8))gan + (W(s,5), (J @ la,)W (s, 5))gan
(w(=s,8), (J® Is,)B(s,0)w(—s, s))pan

+ (w(s,s), (J ® I2n)B(s,0)w(s, s))ran

0 (J 0y I?n)(IQn & J)VV(_S7 S)>R4n

= <W(_S’ S)’ T 9s

_%(J ® Inp)(I2n ® J)W(s, 8))gan  (using )

0
= _;<W(—57 5),J ® (I @ J)w(—s, s))pan
(since ¥p(x,0) is orthogonal and commutes with J ® (I,, ® J));
ay = —(w(=5,8), (J & Iop)W(—5, 8))gin + (W(s, ), (J ® I2,)W(s, 5))gan

_ [s %(<W(1’75)7 (J@IQn)W(CE,S»]R‘l") dx

+(w(s, 5),

_ /_ ((B(s, 0)w(x, 5), (J @ Ton)¥(, 5))zsn
+(w(z,s), (J® Ign)(B(S, O)w(z,s) + B(s,0)w(z,s)))pan ) dz (by (£7))
= [ (w(z,s),(J @ I,)B(s,0)w(z,s))dz (distributing and using [B3))

= 0 /j(W(x, $),J ® (I, ® J)w(z,s))pan dz (using (£.8))

22

= g<w(—s, 8),J @ (I, ® J)w(—s, s))gan
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(since Up(z,0) is orthogonal). Thus, (v(s), Qu(s))gien = ay. After a short calcu-
lation using the condition p(s., s.) = (I2n @ U(0))p(—sx, s«) (which holds since s,
is a conjugation point), the orthogonality of U(6), and formulas

(J ® Lpp) A(£s4, A) = (AL, — V(£54)) @ I2) & (— I2n),
L, @UO)* = (I, UO)) & (I,  U()F),
(I2n @ U(0) 1) (J @ Inn) A(54, A) (120 @ U (6))

= (M = V(s:) ® L) ® (= ),

is equal to
S8=S8x

—(p(—51,54), ((2)\12n — (V(=s) +V(s) @ L) @ (- QIQn))p(fs*, 52)) gan-

we conclude that w(v(sy), 0(s.)) = o

Since p(—sy, Sx) = (p(—s*, Sk )y q(—Ss, s*))T, we therefore have the following final
formula for the crossing form:

w(v(s.), 9(ss)) = 2(p(—54, 54), (%(V(*S*) + V(s4)) ® Iy — Alop)p(—ss, 5*)>]R2"

(4.9) +2[lg (=52, 82) | Fon-
In particular, (4.5 implies (4.6]). O

We will prove next a version of Lemma (ii) for # = 0 or @ = 27, Tt is
interesting to note that although the conclusion of the next lemma concerns the
spectrum of the operators Hj s, its proof uses topological arguments which led to
Corollary We recall the notation Mor(H) = dim(ran P) for the Morse index of
an invertible selfadjoint semi-bounded from above operator H; here,

(4.10) P = (2mi)~* /(z —H)"tdz

is the Riesz projection corresponding to the positive part Spec(H) N (0, 4+00) of the
spectrum of H, and + is a smooth curve enclosing this part of the spectrum.

LEMMA 4.3. Assume that @ = 0 or 8 = 2w and that the potential V is continuous
at © = 0 and the matriz V(0) is invertible. If Moo > ||V]|eo and sg € (0,L] is
sufficiently small then 0 ¢ Spec(Hy s,) and By = Mor(V(0)); in particular, if V(0)
is negative definite then By = 0.

PRrROOF. Since Hy s = Har s because the boundary conditions (1.3) are the
same for # = 0 and # = 27, and taking into account Proposition we will
consider only the case §# = 0. If # = 0 and s > 0 then H  is the operator in
L%([—s, s]) defined by (Ho sy)(z) =y"(z) + V(2)y(x), |z| < s, with the domain

dom(Hp ;) = {y € L*([-s, s])’ v,y € ACoc([~5,s]),y" € L*([—s, s]) and the
periodic boundary conditions y(s) = y(—s), y'(s) = y'(—s) hold}.

It is convenient to “rescale” the operator Hy s to L*([—L, L]) by introducing the
operator Hy(s) in L2([~L, L]) defined by

(Ho(s)y)(x) = (L/s)*y" (@) + V (s¢/L)y(z), |z| <L,
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FIGURE 3. 60 = 0 and the numbers s; > s9 > 83 > 84 > 59 > 0 in
the proof of Lemma [£-3] are small enough

with the domain

dom(Hy(s)) = {y € L(~L. L)| y.4/ € ACue([~L, L]).y/" € L*([~L. L) and the
periodic boundary conditions y(L) = y(—L), y'(L) = y'(—L) hold}.

Writing the eigenvalue equation (Ho sy)(z) = Ay(z), |z| < s, at the point © = sZ/L

for |Z| < L, introducing z(z) = y(sz/L), and passing to the eigenvalue equation

(Ho(8)2)(Z) = Az(Z), |Z| < L, we observe that

(4.11)  Spec(Ho,s; L*([~s,s])) = Spec(Hy(s); L*([~L, L])) for all s € (0, L].

In addition to Hy(s), we introduce a constant coefficient operator Héo)(s) on

L3([~L, L)) defined by (H"(s)y)(x) = (L/s)’y"(x) + V(0)y(), |2| < L, with
the domain dom Héo)(s) = dom Hy(s). Since
(4.12)  ||Ho(s) — H ()l 8(L2(-L.])) = o, |V(sz/L) = V(0)|| = 0 as s — 0

by the continuity assumption in the lemma, we can use Theorem to conclude
that

(4.13) dist ( Spec(Ho(s)), Spec(HS” (s))) — 0 as s — 0.

Since the operator Héo)(s) is a constant coefficient operator with periodic bound-
ary conditions, passing to the Fourier series y(z) = >, o, yre'™ /L, |z| < L, we
calculate:
0 2
(4.14) Spec(H (s)) = | (f (rk/s) +Spec(V(0))).
keZ

Let v; denote the eigenvalues of the matrix V(0) and let >z = Mor(V (0)) denote the
number of the positive eigenvalues counting multiplicities. Since 0 ¢ Spec(V (0)) by
the assumption, we can find a 6 > 0, and enumerate the eigenvalues in Spec(V(0))
such that

VO < <v1<=0<0<d<vy < - <, <||V(0)].

Choose s € (0, L) so small that |V (0)||+6 < (7/s1)?, see Figure Then, for each

s € (0,s1], the eigenvalues v; — (wk/s)? of the operator Héo)(s) are positioned as
follows:

0<d<wry<---<vu,, for j>1and k=0,
oS = (kn/s)P << vy — (k/8)2 <o <y — (1)8)2 < - < vy — (1))



22 CHRISTOPHER K. R. T. JONES, YURI LATUSHKIN, AND ROBERT MARANGELL

<||V(0)]| = (7/8)* < ||[V(0)|| — (7/s1)* < =6 <0, for j > 1 and k € Z\ {0},
v; — (km/s)> < =4, for j < —1 and k € Z.
In particular, for each s € (0, s1] we have Spec(HéO)(s)) N[-4,0 =0,
(4.15) Spec(HS" (s)) N (0,400) = {v1, ..., v} C (5, |V(0)])),

and Mor(HéO)(s)) = Mor(V(0)). Using (4.13)), (4.15) one can find a sufficiently
small s € (0,s1) such that for all s € (0, s3] one has:

(4.16) 0 ¢ Spec(Ho(s)) and Spec(Ho(s)) N (0,+00) C (6/2, [V (0)| +6/2).

By (4.11)), conclusions (4.16) hold with Spec(Hy(s)) replaced by Spec(Hy ).
Fix any s3 € (0,s2). We now claim that

(4.17) sup Mor(Hy(s)) < 0.
s€(0,s3]
Postponing the proof of claim (4.17)), we proceed with the proof of the lemma.
Let Ps, respectively, PS(O) denote the Riesz projection for the operator Hy(s),

respectively, Héo)(s) that corresponds to the positive part of its spectrum. The
Riesz projection is defined by formula (4.10)) with H replaced by Hy(s), respectively,

Héo)(s), and with v being the rectangle in the complex plane with the vertices at
the points +id and ||[V(0)|| + d £ 4. Inclusions (4.15), (4.16) imply, for s € (0, sq],

(4.18) dist ( Spec(HS" (s)),~) > 6, dist ( Spec(Ho(s)),7) > 6/2.

Using (4.18) and that Hy(s) is selfadjoint, for z € v we arrive at the estimate
(- Ho(s))_lH = 1/ dist(Spec(Hy(s)), z) < 1/ dist(Spec(Ho(s)),7y) < 2/4,

and a similar estimate for ||(z — Ho(s))71||. Using (4.12)) and

P PO = (2m) [ (2= Ho(s) ™ (Halo) — H(9) (2 1" (s) )

we conclude that

(4.19) |Ps — P —0ass—0.

0 ||B(L2([—L,L]))

Noting that Mor(H\"”(s)) = dim(ranP{?) = tr(P{”)) = Mor(V(0)) by and
that the dimensions Mor(Hy(s)) = dim(ranPs) = tr(Ps) are bounded uniformly for
s € (0, s3] by 7 we introduce the subspace Ry = ranPs(o) @ ranP, and denote
R = sup,¢(g,s,) dim R < 0. Viewing Py — Ps(o) as a finite dimensional operator in
R, we infer, using a simple inequality relating trace and norm:

| tr(Py) — tr(PO)| = | tr(Ps — PO)|
0 0
< RHPS - Ps( )HB(RS) = RHPS o Ps( )HB(L2([—L,L]))'
We recall the 0 ¢ Spec(Hp, s) and Mor(Hp s) = Mor(Hp(s)) by (4.16) and (4.11)).
Thus, using Proposition for any s¢ € (0, s3], the number By = Mor(Hp s,) of

the crossings along I'; is equal to the Morse index Mor(Hy(sp)) = tr(Ps,). In order
to establish the required in the lemma equality B; = Mor(V(0)), it suffices to show

(4.20)

that tr(Ps,) = tr(Ps(g )) for all small enough sg. Indeed, the latter equality implies
(4.21) By = Mor(Hy,s,) = Mor(Ho(so)) = tr(Py,) = tr(P{?) = Mor(V (0)),
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as needed in the lemma. Since the functions s — tr(Ps), s — tr(PS(O)) take integer
values, it suffices to show the existence of a small s4 € (0, s3) such that the right-
hand side of is smaller than 1 for all s € (0, s4]. But this follows from (£.19),
thus concluding the proof of the lemma.

It remains to prove claim . This is the part of the proof based on Corollary
Since 0 ¢ Spec(Hy,s) and Mor(Hy ;) = Mor(Hy(s)) for all s € (0, s3] by
and , in order to show it suffices to check that the number of crossings
By = Mor(Hys,) along the curve I'y = T'y (g, is estimated from above by a
finite number that does not depend on sy € (0, s3] (we recall that s3 € (0, s2)).
Take any so € (0, s3] and construct the curve I' = I'y (g 50) UT2 UT3 U Ty (0,5, as
described in Remark First, we remark that due to Proposition there are
no crossings of the portion of the curve I'y (g 5,y given by {®%(Y;0))|s € [s0, s2]}
since 0 ¢ Spec(Hy,s) for all s € [sg, s2]. Second, we remark that with no loss of
generality we may assume that the curve I'y (g 5,)UI's is regular. (Indeed, otherwise,
use homotopy with the fixed endpoints ®9 (Y, o) and @2 (Yz ) of the portion
of this curve given by {®J(Y,))|s € [s2,L]} UTs to transform it into a regular
curve.) Since the regular crossings are isolated, based on the two remarks just
made we conclude that the number By of the crossings of I'y (o s,) is finite and
does not depend on sg. Clearly, Bs is finite and does not depend on sqg either. By
Corollary we know that 0 = Ay + Ay + A3 + A4. By Lemma (i) we have
Ay = 0. By Lemma[4.1] we know that A3 = Bs and A; = —B;. Combining all this,
we have the required estimate

Mor(Hop,s,) = B1 = —A1 = A3 + Ay = Bs + Ay < B3 + |A4] < B3 + By,
which concludes the proof of claim (4.17) and the lemma. O

We will now summarize the count of eigenvalues and conjugate points via the
Morse and Maslov indices. Recall that the number of positive eigenvalues of a
self-adjoint operator (counting their multiplicities) is called its Morse index, and is
denoted by Mor(+). Also, recall definition of the Maslov index. The Maslov
index of I'y = 'y (g,s,) is the number Ay = Ay (4 5,) Which can also be thought of as
the Maslov index of equation . Also, we recall definition of the numbers
B;, and note that the expressions for A; and B; do not contain the first and the last
terms provided the endpoints of I'; are not crossings. In this case, we can interpret
B3 and B, in terms of the eigenvalues of Hy and the conjugate points.

THEOREM 4.4. Let us fix 0 € [0,27], and let the numbers A; = A; (g,5,) and

B; = B; 9,s,) be defined in and for a (small) so > 0 and a (large)
Ao > 0. Then the following assertions hold.

(i) The Maslov index of the curve I' is zero for any so € (0, L) and Ao > 0.

(ii) If 0 ¢ Spec(Hp) then the Maslov index As of the curve I's satisfies A =
Bs.

(iii) If 0 ¢ Spec(Hp) and A is large enough then Bs is equal to the number
of the positive \ for which there exists a solution to the original bound-
ary value problem for equation on [—L, L] subject to the boundary
condition counting multiplicities, that is, to the Morse index of the
operator Hy in L*([—L, L]):

Bz = Mor (Hg).
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(iv) If 0 ¢ Spec(Hy) and 0 ¢ Spec(Hys,) for some so > 0 then By is equal
to the number of the conjugate points for X = 0 counting multiplicities,
that is, the number of such s € (so, L) for which there exists a nontrivial
solution to the boundary value problem for equation on [—s, s] subject
to the boundary condition .

(v) If 0 € (0,27), Ao > 0 is large enough and so > 0 is small enough then
As = —Ay. If, in addition, 0 ¢ Spec(Hy) then the Maslov index and the
Morse index are related as follows:

(4.22) Mor(Hy) = — Mas(Iy, X x X).

(vi) If the potential V is continuous and positive definite on [—L, L], and the
assumptions in (iv) hold then Ay = —By. If, in addition, the assumptions
in (v) hold then the Morse index can be computed as follows:

(4.23) Mor(Hy) = By.

(vii) If 6 = 0 or 6 = 27, Ao > 0 is large enough and so > 0 is small enough,
the potential V is continuous at the point x = 0, and 0 ¢ Spec(V(0)) then
Ay = —B; = Mor(V(0)). If, in addition, 0 ¢ Spec(Hy) then
(4.24) Mor(Hy) = —Mas(T'y, X x X) + Mor(V(0)).

Finally, if 0 is not in the spectrum of the operator H in L*(R), then, for all 0 €
[0, 27], the Morse index of Hy does not depend on 0, and is greater than or is equal
to the number of disjoint spectral bands of H in the (unstable) right half-line, and
is equal to the number of the spectral bands of H if they are disjoint.

PROOF. Assertion (i) is proved in Corollary Assertion (ii) follows from
Lemma[4.1] while (iii) and (iv) are proved in Proposition Assertion (v) follows
from (i) and Lemma[3.12] while (vi) follows from Lemma Assertion (vii) follows
from Lemma O

5. The Mathieu equation: an example

Now we will use a well known Mathieu equation, see, e.g. [BOT8, [JS99|, as
an illustration of the phenomena described in Theorem [£.4] This example will also
give some indication as to how to handle the loss of regularity of crossings when
) = 0 or § = 27 and the curve I'(g o) is constructed as in Corollary Specifically,
let us consider the Mathieu equation
(5.1) y" +3.2cos(2z)y = Ny, z € [—7, 7],
where we have chosen the usual parameter in the equation to be —1.6 purely for
convenience and choose L = 7 (we could of course also choose L = kn/2, k € Z).

Letting UG (2, \) be the fundamental solution matrix to the (2 x 2) first order
(complex) system associated with such that WG (=7, \) = I, we have then
that the propagator for all s € [0, 7] is given by M§(s, A) = UG (s, \) (VG (—s, )\))_1.
Now for a fixed value of § € [0,27] we can look for f-eigenvalues and conjugate
points of (5.1). A -eigenvalue will occur when M (m, A) has an eigenvalue e,
while a conjugate point will be a value of s such that MS(S, 0) has an eigenvalue
e, That is, the following two quantities can be computed:

Bs = {The number of A € [0,00) such that det (MS(W, A) — €i0]2) =0},
B, = {The number of s € [0, 7] such that det (Mf(s, 0) — eiGIQ) = 0}.
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The number By here corresponds to the choice sy = 0. The graphs in Figures []

and [5| were computed using Mathematica’s numerical Mathieu equations, and plot
the values of the f-eigenvalues and the conjugate points versus values of 6 € [0, 27].
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F1cURE 4. A plot of the location of the #-eigenvalues versus 6 in
the Mathieu example (where s = 7). It is clear that at @ = m there
is a double eigenvalue.
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FIGURE 5. A plot of the location of the conjugate points s versus
6 in the Mathieu example (where A = 0).

The graphs show that in our numerical experiments the quantities By and By
are equal for all 6 € [0, 27]. Tt is worth noting that the multiplicity of the eigenvalue
A when 6 = 7 is two, however this is ‘canceled’ out by two crossings along I'y - i.e.
we have two separate conjugate points, each with multiplicity one, and thus our
calculations are in concert with Theorems 3.8 and 4]

Theorem[4.4] (ii), (v) tells us that for any 6 € (0,27) the number of f-eigenvalues
for s = m will be the same as the (signed) count of the number of conjugate points
for A = 0, that is, that B3 = A3 = —A4 as soon as we chose Ao, > 0 large enough
and sop > 0 small enough. We now need to choose a small so > 0 as the arguments
in Theorem (v) involve the curve I'y as defined in Remark
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We recall that By = As due to Lemma for any 6 € [0,2n]. Also, for the
chosen value 3.2 of the parameter in the Mathieu equation it is known that A =0
is not a f-eigenvalue for any 6 € [0, 27], see [BOTS8, [JS99].

Lemma can be applied for the crossings at the conjugate points s, € (0, 7)
such that 3.2cos2s, > 0. For any 0 € [0,27] the latter inequality certainly holds
for the upper conjugate point in Figure [5) and thus the crossing form is positive
at this crossing by Lemma [£2] At the lower conjugate point in Figure [§ the
inequality 3.2cos2s, > 0 does not hold for 6 close to m, and thus one can not
use the sufficient condition for the crossing form to be positive formulated in
Lemma However, using the explicit formula for the crossing form in equation
, we computed directly the value of the crossing form at each crossing. As can
be seen from Figure [f] the crossing form is positive also for the lower conjugate
point. This implies that By = —A4 for the crossings in (0,7), and confirms the
equality Bs = A3 = By = —A4 in yet another way and for all 6 € (0, 27).

w
8.
6L
41
2\/\/-

L L L L L L L L 0
0 2 4 6 8 10 12

FIGURE 6. A plot of the value w = w(v(s.(0)),(s.(0))) of the
crossing form versus 6 at the two conjugate points s, = s.(0). The
crossing form was computed using the right-hand side of equation

([.9), and is positive.

The case as § — 0 or # — 27 poses more of a problem. As these two possibilities
are analogous, we consider, as usual, the case §# — 0. In this case the hypothesis
of Lemma (ii) is not satisfied, so we can not expect to have a non-zero lower
bound limg_,o+ s3(#), where s2*(6) is defined as follows:

min

sg"(0) :=inf {s € (0, L]| for some A > 0 on [—s, s] there exists a nonzero solution

of the boundary value problem , }
Indeed, as seen from the plot, limy_,o+ sP(f) = 0 in the Mathieu example (see
Figure. One can choose, however, a sequence of nonzero 6. that converges to zero
(see Figure|7). It is worth noting that the 6.-eigenvalues stabilize away from zero,
even though the lower bound s2(6.) tends to zero. This is because we have chosen
the parameter ¢ in the Mathieu equation ¢ = —1.6 so that 0 was not an eigenvalue
for any 6 (and in particular for # = 0). We could have similarly perturbed 6.

away from zero in the negative direction, and we observe the same behavior. The
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FIGURE 7. We let 6. — 0 and choose sg = s9(:) > 0 sufficiently
small. Although sf"(6.) — 0, for each 6. we still have that A\ =
0 is not a f.-eigenvalue, A = 0 is not a (6., so)-eigenvalue, and
conclusions of Theorems and (4] still hold.

numerical calculations can be summarized as follows: For small 6., the values of
the f-eigenvalues are 0.862 and 1.046, each of multiplicity one, while the conjugate
points are a small positive number and 2.926, each of multiplicity one.

It is also worth noting that even though the entire boundary curve I' when
6 = 0 has to be defined for sy = 0 as in Corollary because is not defined
at s = 0, the curves I's and I'y are regular.

Alternatively, if 6 = 0, we can pick a small sg > 0 and define I'; and T’y as
described in Remark In this case, the curve I'y contains only one conjugate
point (the upper conjugate point s. on the vertical line § = 0, see Figure|5)). Thus,
By = 1. Since coss, > 0 for the upper conjugate point, by Lemma [4.2] we have
Ay = —B4 = —1. Since cos0 > 0, we have Mor(V(0)) = 1, thus confirming the
count in since B3 = 2 is the number of #-eigenvalues when 6 = 0.

References

[A01] A. Abbondandolo, Morse Theory for Hamiltonian Systems. Chapman & Hall/CRC Res.
Notes Math. 425, Chapman & Hall/CRC, Boca Raton, FL, 2001.

[Ar67] V. I. Arnold, Characteristic classes entering in quantization conditions, Func. Anal.
Appl. 1 (1967), 1-14.

[Ar85] V. I. Arnold, Sturm theorems and symplectic geometry, Func. Anal. Appl. 19 (1985),
1-10.

[BO78] C. Bender and S. Orszag, Advanced Mathematical Methods for Scientists and Engineers,
McGraw-Hill, Sydney, 1978.

[B56] R. Bott, On the iteration of closed geodesics and the Sturm intersection theory, Comm.
Pure Appl. Math. 9 (1956), 171-206.

[CDBO06] F. Chardard, F. Dias and T. J. Bridges, Fast computation of the Maslov index for
hyperbolic linear systems with periodic coefficients, J. Phys. A 39 (2006), 14545-14557.

[CDB09] F. Chardard, F. Dias and T. J. Bridges, Computing the Maslov index of solitary waves.
1. Hamiltonian systems on a four-dimensional phase space, Phys. D 238 (2009), 1841—
1867.

[CDBL11] F. Chardard, F. Dias and T. J. Bridges, Computing the Maslov indez of solitary waves,
Part 2: Phase space with dimension greater than four, Phys. D 240 (2011), 1334-1344.

[CZ84] C. Conley and E. Zehnder, Morse-type index theory for flows and periodic solutions for
Hamiltonian equations, Comm. Pure Appl. Math. 37 (1984), 207-253.

[DJ11] J. Deng and C. Jones, Multi-dimensional Morse Index Theorems and a symplectic view
of elliptic boundary value problems, Trans. Amer. Math. Soc. 363 (2011), 1487-1508.

[D76] J. J. Duistermaat, On the Morse index in variational calculus, Advances in Math. 21
(1976), 173-195.



28 CHRISTOPHER K. R. T. JONES, YURI LATUSHKIN, AND ROBERT MARANGELL

[FINO3]
[F04]
[Ga93]

[GO7]

[GSTY6]
[GT09]
[GW96]
[788]
[7899]
[Kr97]
[K80]
MW]
[M63]
[090]
[ReSi78]

[RS93]
[RS95]

[SS08]

[S-B12]

R. Fabbri, R. Johnson and C. Nufiez, Rotation number for non-autonomous linear
Hamiltonian systems I: Basic properties, Z. angew. Math. Phys. 54 (2003), 484-502.
K. Furutani, Fredholm-Lagrangian-Grassmannian and the Maslov indez, Journal of Ge-
ometry and Physics 51 (2004), 269-331.

R. A. Gardner, On the structure of the spectra of periodic travelling waves, J. Math.
Pures Appl. 72 (1993) 415-439.

F. Gesztesy, Inverse spectral theory as influenced by Barry Simon, In: Spectral Theory
and Mathematical Physics: a Festschrift in Honor of Barry Simon’s 60th Birthday, pp-
741 — 820, Proc. Sympos. Pure Math. 76, Part 2, AMS, Providence, RI, 2007.

F. Gesztesy, B. Simon and G. Teschl, Zeros of the Wronskian and renormalized oscilla-
tion theory, Amer. J. Math. 118 (1996), 571-594.

F. Gesztesy and V. Tkachenko, A criterion for Hill operators to be spectral operators of
scalar type, J. Anal. Math. 107 (2009), 287-353.

F. Gesztesy and R. Weikard, Picard potentials and Hill’s equation on a torus, Acta
Math. 176 (1996), 73-107.

C. K. R. T. Jones, Instability of standing waves for nonlinear Schréidinger-type equations,
Ergodic Theory Dynam. Systems 8 (1988), 119-138.

D. W. Jordan and P. Smith, Nonlinear Ordinary Differential Equations: An Introduction
to Dynamical Systems, Oxford App. and Engin. Math., Oxford, 1999.

Y. Karpeshina, Perturbation Theory for the Schridinger Operator with a Periodic Po-
tential, Lect. Notes Math. 1663, Springer-Verlag, Berlin, 1997.

T. Kato, Perturbation Theory for Linear Operators, Springer, Berlin, 1980.

W. Magnus and S. Winkler, Hill’s Equation, Dover, New York, 1979.

J. Milnor, Morse Theory, Annals of Math. Stud. 51, Princeton Univ. Press, Princeton,
N.J., 1963.

V. Yu. Ovsienko, Selfadjoint differential operators and curves on a Lagrangian Grass-
mannian that are subordinate to a loop, Math. Notes 47 (1990), 270-275.

M. Reed and B. Simon, Methods of Modern Mathematical Physics. IV: Analysis of
Operators, Academic Press, New York, 1978.

J. Robbin and D. Salamon, The Maslov index for paths, Topology 32 (1993), 827-844.
J. Robbin and D. Salamon, The spectral flow and the Maslov index, Bull. London Math.
Soc. 27 (1995), 1-33.

B. Sandstede and A. Scheel, Relative Morse indices, Fredholm indices, and group veloc-
ities, Discrete Contin. Dyn. Syst. 20 (2008), 139-158.

H. Schulz-Baldes, Sturm intersection theory for periodic Jacobi matrices and linear
Hamiltonian systems. Linear Algebra Appl. 436 (2012), 498-515.

MATHEMATICS DEPARTMENT, THE UNIVERSITY OF NORTH CAROLINA AT CHAPEL HILL CHAPEL
Hin, NC 27599, USA
E-mail address: ckrtj@email.unc.edu

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF MISSOURI, COLUMBIA, MO 65211, USA
E-mail address: latushkiny@missouri.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, THE UNIVERSITY OF SYDNEY SYDNEY, NSW
2006, AUSTRALIA
E-mail address: r.marangell@maths.usyd.edu.au



	1. Introduction
	2. Hill's equation and an augmented equation
	3. A symplectic approach to counting eigenvalues
	4. Monotonicity of the Maslov index
	5. The Mathieu equation: an example
	References

