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ABSOLUTE INSTABILITIES OF TRAVELLING WAVE
SOLUTIONS IN A KELLER-SEGEL MODEL

P.N. DAVIST, P. VAN HEIJSTER', AND R. MARANGELL*

ABSTRACT. We investigate the spectral stability of travelling wave solutions in
a Keller-Segel model of bacterial chemotaxis with a logarithmic chemosensitiv-
ity function and a constant, sublinear, and linear consumption rate. Linearis-
ing around the travelling wave solutions, we locate the essential and absolute
spectrum of the associated linear operators and find that all travelling wave
solutions have essential spectrum in the right half plane. However, we show
that in the case of constant or sublinear consumption there exists a range of
parameters such that the absolute spectrum is contained in the open left half
plane and the essential spectrum can thus be weighted into the open left half
plane. For the constant and sublinear consumption rate models we also deter-
mine critical parameter values for which the absolute spectrum crosses into the
right half plane, indicating the onset of an absolute instability of the travelling
wave solution. We observe that this crossing always occurs off of the real axis.

1. INTRODUCTION

1.1. The Keller-Segel model. A general Keller-Segel model of chemotaxis in one

space dimension is
m
Ut = EUyy — QWU + KU,

(1) Wy = Wy — 5 ((I)r(u)w)a: .

The model represents the directed movement of a cell species w, such as a bacterial
population, governed by the gradient of a chemical u. The function ®(u) is the
so-called chemotactic function. We take (z,t) € R x RT, with a, x > 0,m € R,
and 3, 0 > 0 and assume that the diffusion of the chemical is taken to be much
smaller than that of the bacteria, i.e. 0 < & < 6.

Originally proposed by Keller and Segel in the 1970’s (see [19], 20]) much of the
focus in the literature has been on the so-called minimal Keller-Segel model (see,
for example, [14] [I5] and references therein, as well as the review paper [13]). This
is (1)) with a chemotactic function of the form ®,(u) = u and x = 0 (representing no
growth of the chemical in the absence of the bacteria). The minimal Keller-Segel
model admits solutions that blow-up in finite or infinite time [I3]. As blow-up
solutions are not biologically feasible, efforts have been made to prevent or bound
blow-up solutions in the minimal Keller-Segel model by appending the model; for
instance by selecting an appropriate growth term [21], by bounding the chemotactic
function [I4], or by incorporating nonlinear diffusivity [39].
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Alternatively, by moving away from the minimal Keller-Segel model, one can find
travelling wave solutions by the choice of a singular chemotactic function [20, [37].
The literature predominantly discusses the case when the growth term x = 0, and
when ®(u) = log(u) (see [2,[7, 18] and the references therein). In this manuscript,
we consider such a Keller-Segel model:

Up = EUgy — WU,

) wtzéwm—ﬁ(wuz)z.

u

The condition 3/§ +m > 1 is necessary for finite solutions [20]. It has been shown
that for m > 1 and m < 0, admits no travelling wave solutions [37, 40], thus we
take 0 < m < 1. When 0 < m < 1, there are two main cases; first, for 0 < m < 1,
the model supports a travelling front of the chemical attractant coupled with a
travelling pulse for the bacterial population [26] 40]. This has been used to model
travelling bands of bacteria [12 28]. When m = 1, (2]) supports a pair of travelling
fronts and has been used to model the boundary behaviours of populations of
bacteria [27]. See Figure [1| for plots of travelling wave solutions in these two cases.

While the existence of travelling wave solutions to has been studied since
the model’s inception, stability analysis of these travelling wave solutions has been
comparatively limited. A typical first step in the stability analysis of travelling
wave solutions is to linearise around the travelling wave solution and to compute
the spectrum of the resulting linearised operator. For travelling wave solutions in
(2), with e = m = 0, the essential spectrum (see Definition of the associated
linear operator, dealing with instabilities at infinity, was located in [26]. It was
shown that the essential spectrum always intersects the right half plane and so
the waves are (spectrally) unstable. It is possible to shift the essential spectrum
using weighted function spaces, see In [26] a weighted function space was
considered for a range of weights and it was shown that in this range the spectrum
remains unstable. These results were generalised in [40] for 0 < m < 1.

In this manuscript, we locate the essential spectrum associated with travelling
wave solutions in . By computing the absolute spectrum (see Definition ,
we show that for all 0 < m < 1 there exists a range of the chemotactic parameter
[, independent of the speed of the travelling wave solution, such that the essential
spectrum can be weighted fully into the left half plane for an appropriate two-sided
weight. See for a more in depth explanation of the main results.

In §2 we describe the linearised eigenvalue problem associated with a travel-
ling wave solution to , outline the particulars of spectral theory, and state our
main results. In we locate the essential and absolute spectrum and explain the
procedure for calculating the so-called ideal weight (see Definition , in the case
of constant consumption and zero diffusivity of the attractant, i.e. ¢ = m = 0.
We also calculate the range of 5 values for which the essential spectrum can be
weighted into the left half plane. Outside this range the travelling wave solutions
are absolutely unstable. In we extend the results of the constant consumption
case (m = 0) to the case of sublinear (0 < m < 1) and linear consumption (m = 1),
still in the absence of diffusion of the attractant. While the procedures of §4] are
similar to the procedures of §3] the computations are algebraically more involved
and therefore we split these two sections. In §5] we include a small, non-zero, dif-
fusivity of the attractant in the model, i.e. 0 < ¢ < 1, and show that (in)stability
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FIGURE 1. Travelling wave solutions to fore=0,6=c=2.
Left panel: For m = 0 the travelling wave solutions are a front and

a pulse. Right panel: For m = 1 the travelling wave solutions are
a pair of travelling fronts.

conditions are to leading order the same as before. We conclude the manuscript

with a summary and discussion of future work.

2. SET—UP, DEFINITIONS, AND MAIN RESULTS

We briefly discuss the existence of travelling wave solutions to and define the
stability problem. Following [26], we nondimensionalise through the change of
variables T := \/%:L t := at. Then, becomes

up = Euzz —wu'",

~ WUz
wfzwm—ﬁ)( ) ;

u

(3)

x

where we have set € := § and B : % We drop the tildes for notational convenience
€

Ut = EUgy — WU,
(4) Wiy
Wt = Wyg — B ( ) )
u x

and the conditions on our parameters arenow 0 < e < 1, f+m >1land 0 < m < 1.

2.1. Travelling wave solutions. We make the change of variables z = x — ct,
where ¢ > 0 is a constant, finite wave speed. In this moving frame, we have

(5)

Ut = EUyy + CUy — WU,

WU,
wt:wzz—i-cwz—ﬁ( ) .
u z

Travelling wave solutions exist as stationary solutions to (f)), i.e. (u(z,t), w(z,t)) =
(u(z),w(z)) and satisfy

0=cu,, +cu, —wu,

O:wzerchfﬂ(wuz) .

u
When 0 < m < 1, travelling wave solutions satisfy @ with

(6)

A )= I wiz) =0, g ule)=u, Jigw)=0

3



4 ABSOLUTE INSTABILITIES OF TRAVELLING WAVES IN A KELLER-SEGEL MODEL

where u(z) is a wavefront and w(z) is a pulse [26], 40] (see the left panel of Figure
. When m = 1 travelling wave solutions satisfy @ with

c? c?

Zglzloou(z) =0, Zgr_noow(z) =3 + 5?, Zlgrolo u(z) = uy, zli—{& w(z) =0,
where both u(z) and w(z) are now wavefronts [40] (see the right panel of Figure ).

Though explicit formulas for travelling wave solutions are known only for ¢ =
0 (i.e. zero-diffusivity of the chemoattractant), the existence of travelling wave
solutions in has been shown for 0 < m < 1 and small enough values of the
diffusivity of the chemoattractant (i.e. 0 < ¢ <« 1), see, for example, [9] 26 [40]
and the references therein. To leading order in ¢, the profiles of travelling wave
solutions are given by

u(z) = (ur_l/” + oe‘c(”z*))w ;
(7) w(z) = e~ (u(2))7
_ 1 _ B+m—1
’Y - /6 + m — 17 g = 62 9

where z* is a constant associated with the location of the centre of the travelling
wave solution, and u, is the end state of the chemoattractant [7, 26 40]. Because
of translation invariance, we set z, = 0, and because of scaling invariance in the
nondimensionalisation of to , we take u, = 1 [9], in the remainder of this
manuscript without loss of generality. Furthermore, from [26, 40] we have the
following limits for the travelling wave solutions

®) i % ¢ i w ¢ ce N
im —=———— im = c
z2——00 U B—i—m—l’ 2——o00 yl—m B+m—1\B+m-—1 ’

which will be useful for the stability analysis in the upcoming sections.

2.2. The spectral problem. To determine the stability of the travelling wave
solutions (u,w) of (), we consider U(z,t) = u(z) + p(z,t), and W (z,t) = w(z) +
q(z,t), where p, q are perturbations in some appropriately chosen Banach space X.
Substituting U and W into and considering only leading order terms for p and
q, we obtain the linear operator £ defined by,

p\ _ .(p (€0, + c% — mwu™ !t —y™
®) (fJ)t =£ (Q> ke ( L, L,

WU, WUy,  2wu? Quu, w,\ O w 9?2
EP::B( 7+ - u3>+6<2_>_6

U u? U uw ) 0z u 022’

u? o ug, Bu,\ O 0?
Eq'_ﬁ(uQ_ u)+(c_ u)az—i—@zQ'

The associated eigenvalue problem is obtained by taking perturbations of the

P(Zat)) At (P(Z)> : 1
form =e where we now make the choice that p,q € H"(R).
(e o(2) 7g € HR)

Here, H!(R) is the usual Sobolev space of once (weakly) differentiable functions
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such that both the function and its first (weak) derivative (in z) are in L?(R), i.e.
square integrable. Equation @ becomes

£ :HY(R) x H'(R) — H'(R) x H'(R)

(1) =2()

2.3. Spectral stability: Background and definitions. A travelling wave solu-
tion is said to be spectrally stable if the spectrum of the associated linear operator

o(L) is contained in the closed left half plane except for the origin. The spectrum
o(L) is defined as follows:

Definition 2.1. ([3I] Definition 3.2) We say A € C is in the spectrum of a linear
operator £, denoted o (L), if the operator £ — AI, where I is the identity operator,
is not invertible, i.e. the inverse does not exist or is not bounded.

The spectrum of £ falls naturally into two parts, the essential spectrum, denoted
Oess (L), and the point spectrum, denoted opy (L) [34]. The focus of this manuscript
is on the essential spectrum of L. We refer to for a discussion on the point
spectrum of L.

2.3.1. The essential spectrum. We define an operator T (), equivalent to £ — A,
by transforming the eigenvalue problem into a system of first order order ordinary
differential equations (ODEs);

d

(12) TO)p = (dz — M(z, A)) p=0.

The essential spectrum of an operator of the form in is found by analysing
the asymptotic behaviour of the operator 7 (A). We set My ()\) := 1irin M(z,\)
Z—r 00

and define the asymptotic operator associated with 7 () as the piecewise constant
operator

di—M_()\) if 2 <0,
(13) Telh) = { %

- _ if 2> 0.

7 My(A) ifz>0

The essential spectrum is found by analysing the dimensions of the unstable,
stable and centre subspaces of M1 (A). We define the Morse index i(A) of a con-
stant matrix A as the dimension of its unstable subspace, see [16] Definition 3.1.9.
So, for an asymptotic operator of the form of , we denote the Morse indices
iyx = i(Myg(N) := dim(EY), where EY denotes the unstable subspace of My ()
respectively.

Definition 2.2. ([I6] Definition 3.1.11) We say A € 0ess(T0), the essential spec-
trum of 7, if either
(1) My (M) and M_(X) are hyperbolic with a different number of unstable ma-
trix eigenvalues, i.e. i —i_ # 0; or
(2) My (M) or M_(X) has at least one purely imaginary matrix eigenvalue.

The essential spectrum is conserved under relatively compact perturbations of
an operator. This follows from Weyl’s essential spectrum theorem, see for example
[16] Theorem 2.2.6 and [I7] Theorem 5.35. In a variety of operators that arise from
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linearisation about travelling wave solutions, including the Keller-Segel model ,
the operator T, is a relatively compact perturbation of T (see for example [16]
Theorem 3.1.11 or [11]) and so their essential spectra coincide.

Due to the continuous dependence of 7(A) on A we have that the essential
spectrum is bounded by the values of A\ where M () or M_()\) has at least one
purely imaginary matrix eigenvalue. These A values form curves in the complex
plane referred to as the dispersion relations of the respective matrices.

Generally, the region of the complex plane containing $(A) > 1 is not contained
in the essential spectrum, i.e. the region to the right of the essential spectrum has
i+ = i_. This condition is related to well-posedness of the eigenvalue problem
[16] (see also the left panel of Figure [2)) and is satisfied for the Keller-Segel model
discussed in this manuscript.

Remark 2.3. Following the terminology of [I6][34], we refer to the matrix eigenvalues
wof My ()) as the spatial eigenvalues and to X as the temporal spectral parameter.
Values A for which there is a solution to are referred to as temporal eigenvalues.
We note that temporal eigenvalues as defined here can be either in gess or in opy.

2.3.2. The absolute spectrum. The absolute spectrum, denoted o,ps, is not spec-
trum in the usual sense as it does not arise from Definition [2.1] see, for instance,
[16, B1L [33]. However, it provides important stability information as it gives an
indication of how far the essential spectrum can be shifted by allowing for per-
turbations in weighted spaces (instead of H'), see also Figure If the absolute
spectrum contains values in the right half plane the solutions are said to be abso-
lutely unstable [16, B33]. The absolute spectrum of 7o, (equivalently of T) is defined
as follows:

Definition 2.4. ([31] Definition 6.1) Take an N dimension asymptotic operator,
Tso, in the form of , that is well-posed in the sense that iy = i_ = j for
R(A) > 1. For A € C we rank the N spatial eigenvalues uf of the asymptotic
matrices My by the magnitude of their real parts, i.e.

R(ui () = R(uz (A) > ... = Ry (V) = R, (V) > .. > Riuy (V).
We define the sets
(14) a;bs = {)\ eC ’?R(uj‘) = %(ujﬂ)} and o, = {/\ eC |§R(/,Lj_) = %(,uj_ﬂ) } ,
and the absolute spectrum of 75, (and of T) is oaps := O':_bs Uo .

Due to the continuous dependence of T on A, the Morse indices will only change
upon crossing one of the dispersion relations and so the absolute spectrum will
always be to the left of the rightmost boundary of the essential spectrum. That is,
moving A from right to left in the complex plane we will first encounter a dispersion
relation of either My (X\) before (potentially) encountering absolute spectrum, see
also Figure [

Remark 2.5. For an operator 7, with Morse indices i, = i_ = j in the region to
the right of the essential spectrum, the set of A € C with R(p; (X)) = R(pf1(N))
or R(; (A)) = R(p;,1(A)) where i # j is referred to as the generalised absolute
spectrum.
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FIGURE 2. A schematic of the spatial eigenvalues of the asymptotic
matrices M, (\) (dots) and M_(X) (crosses), with My (X\) 3 x 3
matrices, for three distinct values A € C. Left panel: for R(A) > 1,
M4 ()\) are hyperbolic and i1 = 2. Middle panel: A € g since
M ()) has a purely imaginary spatial eigenvalue. However, there
exists a weight, represented by the red line, such that i, = 2 in this
weighted space. S0, A & 04 in the weighted space (and A ¢ ot ).

abs

Right panel: R(uf) > R(ug) = R(pd), so X € o (since iy =2
for R(A) > 1, see left panel). Observe that the order of the spatial
eigenvalues persists under all weights, i.e. the absolute spectrum
does not change under weighting the space. However, there exists
a unique weight, represented by the red line, such that A is in
the boundary of the weighted essential spectrum. This image is

adapted from Figure 3.6 of [16].

2.3.3. Weighted spaces. The presence of essential spectrum of a linear operator
in the right half plane implies instability of the travelling wave solution in H.
However, for many travelling wave solutions that are widely considered ‘stable’; the
linearised operator associated with them has essential spectrum in the right half
plane; one such example is the well-known Fisher-Kolmogorov-Petrovsky-Piscounov
(F-KPP) equation. A resolution proposed for this apparent contradiction is to work
in an appropriately weighted space [36]. Weighting the space adjusts the types of
perturbations allowed. Following [16], we define the weighted space H.(R) by the
norm

(15) Iplle, = lle”*pllen = lIPller

where p := e“*p. So, p € H} if and only if p € H'. We define L2 similarly. The
weight provides information as to whether the travelling wave solutions are more
sensitive to perturbations in front of the wavefront (i.e. as z — o0) or behind
the wavefront (i.e. as z — —o00). In other words, if v > 0 then the perturbation
p(z,t) must decay at a rate faster than e ** as z — oo, while it is allowed to
grow exponentially at any rate less than e™"* as z — —oo. We can also consider a
two-sided weight

(16) L v_if 2z <0,
N vy if Z>O7

v

which forces the perturbation to decay exponentially in both directions. It turns
out that we need to consider a two-sided weight in the case of the Keller-Segel

model .
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A practical consequence of considering £ on weighted function spaces is that the
essential spectrum is moved. In particular, assume we have an operator 7 of the
form of coming from the linearisation around a travelling wave solution and
with asymptotic operator . The operator 7 (A) in the weighted space is given
by

TB =’ — (M(2,0) + vI)p =0,
with asymptotic matrices My (A) +vI [16]. So, we need to consider the magnitude
and sign of the real part of the spatial eigenvalues compared to the weight, i.e.
we consider u — v, the spatial eigenvalues of My (A) + v, instead of u, the spatial
eigenvalues of My (). See Figure[2| If the operator T has essential spectrum in the
right half plane in the unweighted space, weights of interest are those that move this
essential spectrum into the open left half plane. If such weights v exist (and if there
is no point spectrum in the right half plane), we say the travelling wave solution is
spectrally stable in HJ(R) and it is referred to as being transiently unstable [33}38].

Since the order of the spatial eigenvalues is not changed, the absolute spectrum
is unaffected by weighting the function space and the presence of absolute spectrum
in the right half plane indicates an absolute instability. In particular, in the case of
an absolute instability no weights can be found that move the essential spectrum
into the left half plane since the absolute spectrum is to the left of the rightmost
boundary of the essential spectrum.

2.4. Main results. In this section, we state the main results of this manuscript re-
lated to the location of the absolute spectrum of travelling wave solutions supported

by .

Theorem 2.6. Assume that ¢ > 0,0 < m < 1 and > 1 —m. Let B be the
unique real Toot larger than one of

f(B) = 3106 — 323453° + 171125°% — 4910187 + 761803° — 583984°

(17) 4 3 2
+100568* + 150408° — 96803% + 17168 — 4.

Then, there exists an eg > 0 such that for all 0 < & < gg the absolute spectrum of L
given in @D is fully contained in the left half plane for all1—m < B < 7. (€), with
B (e) to leading order given by B, = Berit(1 —m). Crucially, at 8 = B (e) the
absolute spectrum crosses into the right half plane off of the real azis with increasing
B. For g > B (e) the absolute spectrum of L @D contains values in the right half
plane and the travelling wave solutions of (4)) are thus absolutely unstable.

For m =1, the absolute spectrum of L includes the origin for all parameter
values.

The fact that the polynomial f has only one real root larger than one
follows directly from Sturm’s Theorem, see, for instance, Theorem 6.3d in [I0]. In
particular, Beis ~ 1.6195. Moreover, for every 0 < m < land 1 < 8 < %, (¢) there
exists a range of two-sided weights v such that weighted essential spectrum
is contained in the open left half plane, see Remark and Remark Also,
observe that the above leading order results are independent of the wave speed c,
see Remark 3.3

So, we fully classify the (in)stabilities coming from the weighted essential spec-
trum of travelling wave solutions of for the complete parameter range for which
travelling wave solutions exist, i.e. for 0 < m < 1l and 1 —m < 8 [37 40]. In
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essence, we obtain the complete picture of the essential spectrum, extending the
initial results obtained in [26], 40].

As we are primarily concerned with the absolute spectrum, we define the ideal
weight as the weight such that the weighted dispersion relations intersect the right-
most points of the absolute spectrum.

Definition 2.7. The ideal weight for the operator @ is the unique two-sided weight
such that the dispersion relations of My (\) +v4 I intersect the leading edges of the

—+ .
0. Tespectively.

This definition is motivated by the fact that as § increases, the ideally weighted
essential spectrum and the absolute spectrum cross into the right half plane simul-
taneously.

3. CONSTANT CONSUMPTION AND ZERO DIFFUSIVITY OF THE
CHEMOATTRACTANT

For clarity of presentation, we first prove Theorem in the case of constant
consumption (m = 0) and zero diffusivity of the chemoattractant (¢ = 0). We show
that the absolute spectrum is contained in the left half plane when 1 < 8 < Berit
(with SBeri¢ the root of (L7))), while it contains values in the right half plane when
B > Beig- Consequently, when 1 < 8 < B¢, there exists a two-sided weight v
such that the essential spectrum is contained in the open left half plane in the
ideally weighted space, while all travelling wave solutions are absolutely unstable
when /B > /Bcrit~

3.1. Set-up. In the e = m = 0 case, the eigenvalue problem reduces to

)
P\ p . _ (x5 -1
E(q> A(q)’ with - £= <£p ‘CQ)7

where £, and £, are given by ([10]), restated here for convenience,
Wylly  WlUsy — 2wWu2 Quu, w,\ O w 02
[,p::6< + - Z>+5( —) _pw o

u? u? ud u? u ) Oz w 022’

u? o, Bu,\ 0 0?
ﬁq'—ﬂ(uf u>+<c‘ u>a+a

Here (u,w) are the (explicit) travelling wave solutions given in (7). We define the
operator To(\), equivalent to £ — A, by setting s = ¢.. The operator Ty()), with
p,q € HY(R) and s € L2(R), is given by

/!

p P p 2 L0
(19) ToA) |a]:=={qa] —Mo(z,A\) [q]| =0, Mo(2,A):={0 0 1]/,
s s s Ao By Co
with
2wu?  wyu,  wu,, AB (w, 2wu, A2 Bw
AO_B<U3 R u2>+c(u_ u2) 2y’
Uy, U2 B (w, 2wu, B rw
30—5< u ‘uz)%(u‘ 2 )%z(u)“’
Co = Pu. ot Bw

U cu’
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3.2. Essential spectrum. We first locate the essential spectrum in the unweighted
function space. We calculate the dispersion relations of the asymptotic matrices as
these act as the boundaries of the essential spectrum. From @, with € = 0, we have
u, = w/c and by integrating the second equation we get w, = —cw + 8 (wu,/u)
(where the integration constant is zero [9, 20]). Thus, all terms of My can be
written in terms of w/u. From , or directly from the travelling wave profiles (7),
we have,

2

. w .
A =0 e T

Using these facts, the limits of Ag, By and Cy as z — +o00, denoted Aoi, Boi and
C(j)[, are straightforward to compute and are, respectively, given by

(DA - )

Af =0, Ay ,
0 0 F-1)
282 — 38+ 1)\ —c?
By =\, Bo‘:(ﬁ i )2 CB,
(B-1)
_ ce(B+1)
G == Co="5-1"
We also define the asymptotic matrices,
:oe 0
(20) ME(\) = lim Mo(z,A)=| 0 0 1
The dispersion relations of M(;r are
(21) A= —k?+ick, and \=ick,

where k£ € R and where p = ik is a purely imaginary spatial eigenvalue of MJ .
Note that the imaginary axis is one of the dispersion relations, while the other is a
parabola opening to the left half plan with vertex at the origin.

The dispersion relations of M, are given by

(22) A2+<k2—W)A+W+ick<(ﬂﬁci)z—k2> =0,

where £ € R and where p1 = ¢k is a purely imaginary spatial eigenvalue of M, .
Equation is quadratic in the temporal parameter A and cubic in the parameter
k (and thus in the spatial eigenvalue).

The boundary of the essential spectrum is traced out by the solutions A € C,
parametrised by k, from (21) and . We label the connected set containing
R(A) > 1 as 4, see Figu For A € Q, we have that the dimensions of the
unstable subspaces of M(;—L are both two, i.e. i1 = 2. There are two other regions in
the complex plane where i, = i_. We denote these regions Qs and {23, see Figure
The remaining part of the complex plane is the essential spectrum. It is clear
from Figure [3| that part of the essential spectrum is in the right half plane. This
agrees with previous results; by considering for small |k| values it was shown
all travelling wave solutions for ¢ = m = 0 are unstable in the unweighted space
[26].



ABSOLUTE INSTABILITIES OF TRAVELLING WAVES IN A KELLER-SEGEL MODEL 11

FIGURE 3. The essential spectrum oegs of the operator £ about the
travelling wave solutions (u, w) fore=m=0and B =c=2.
The solid curves are the dispersion relations of M, while the
dashed curves are the dispersion relations of M. The shaded re-
gion is A € C such that i, # i_ and the essential spectrum is the
union of the shaded region and the dispersion relations. Observe
that the entire imaginary axis is included in the essential spectrum.
The general shape of the unweighted essential spectrum is qualita-
tively similar for all values 5 > 1, while changing the wave speed
c only affects the scaling of the image, see Remark Note this
figure is a slight correction to Figure 6 from [§].

3.3. The weighted essential spectrum and the absolute spectrum. To fur-
ther investigate the stability properties of the travelling wave solutions, we consider
the spectrum in various two-sided weighted spaces, locate the absolute spectrum
and identify the ideal weight. We substitute p = €”*p, where p = (p,q,s)’, into
and consider the weighted space H with v a two-sided weight (16]). This
substitution transforms into

To(M)p =p' — (Mo(2,A) +vI)p =0,

with My(z,\) as given in . The essential spectrum in the weighted space is
bounded by the dispersion relations of the asymptotic matrices MSE + vyl

3.3.1. The weighted dispersion relations and absolute spectrum from M0+. First, we
consider the dispersion relations of Mg ()\) + v 1;

(23) A= —cvy +ick, and X = —k*—v,(c—rvy) +i(ck —2kvy).

For vy € (0,c¢) the real part of the dispersion relations have strictly negative
real parts and the furthest left these relations can be shifted is for the ideal weight
v = ¢/2. Under this weight, the dispersion relations reduce to

2 62

(24) A:—% ik, and A=-" -k
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Oabs

—c?/4

FIGURE 4. The subset of the absolute spectrum o} (red) and
the dispersion relations of My + v, I (black). Left panel: the
dispersion relations in the unweighted space, ¢.e. v; = 0. The
imaginary axis is one of the dispersion relations. Right panel: the
ideally weighted dispersion relations , i.e. v = ¢/2. Note that
the parabola from the left panel collapses to the real line under the

ideal weight.

Next, we calculate a;by the subset of the absolute spectrum arising from the

spatial eigenvalues for z — co. Since iy = 2 = i_ for R(A) > 1, we search for
A € C such that the spatial eigenvalues with the second and third largest real part
have the same real part (see Definition . The spatial eigenvalues of Mg' are
—c+ Ve +4\ L —c—/c2 44N

A
(25) wh==, p = 5 py = 5
For R(A) > 7%7 we have that R(uf) > R(ug) > R(uT). So, the absolute
spectrum in this region is given by A € C such that R(ud) = R(u3). That is,

{/\ eR ‘—% <i< =2 } For R(\) < — < we have that p3d has the largest real

1 2
part and the absolute spectrum in this region is thus given by A € C such that

R(11) = R(u3). That is, {)\ = A Fide, AL A €R ‘Al <—€d =4 (14 2) }

+ . .
So, 0,1, is given by

2 2
a:bsz{/\eR‘—(;gx\gc}U

2 2
A1<—i; Ay = £\ 1+£ .
2 c2

Obviously, U;rbs is fully contained in the left half plane for all ¢ > 0. Consequently,
no absolute instabilities arise from z — oco. See Figure [4| for a plot of U;rbs (126)

and the ideally weighted dispersion relations and the unweighted dispersion
relations (or with v4 = 0).

3.3.2. The weighted dispersion relations and absolute spectrum from M, . The char-
acteristic equation of M is given by
+1)c A 2—-06)A c? A2
(B+1) >+u<( B 6)2)+

(27) “3—“2</31+c 51 Tt =0

(26)
{)\ = A+, A, A2 €R
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I(A) I(A) I(A)
10} o= 10 o= 10}

abs

T abs

—10¢ —10 —10¢

FIGURE 5. The subset of the absolute spectrum o, . (red) and the
dispersion relations of M +wv_I (black) for 5 = ¢ = 2 and various
weights v_. The dispersion relations in the unweighted space
(left panel), a weighted space with v_ = —1/4 (middle panel), and
a weighted space with v_ = —3/2 (right panel). As v_ is further
decreased, the dispersion relations move further into the right half
plane. For v_ > 0, the leading edge of the weighted dispersion
relation also moves further into the right half plane.

and the dispersion relations of M + v_1I are implicitly given by

2y (CRZONk—v) o, g2y BOE— V)
(28) H< p-1 o ‘)>” (B-17
2(; 2
- (BH); (_Zli_yf) + ik —v_)? = 0.

For a fixed 8 and ¢ and for various weights v_, we can plot the weighted disper-
sion relations , see, for example, Figure Observe that the weighted dispersion
relations have self-intersections for some A € C over a large range of weights
v_, including v_ = 0 (related to the unweighted space). This self-intersection cor-
responds to two complex roots of the characteristic polynomial of the form
pio = —V— +iki2 with k1o € R. Thus, we have R(y; ) = R(uy ), while the
third spatial eigenvalue ;15 has a larger real part. Consequently, the A value at the
self-intersection is part of the absolute spectrum.
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O abs Tr

] {36
{3.2
R(A)
R 0 2
{28
AP

-02 0 02 04

7L

FIGURE 6. The subset of the absolute spectrum o, . (red) and the
ideally weighted dispersion relations of M + v*I (black) for g =
¢ = 2, where the ideal weight v* ~ —0.73. The weighted dispersion
relations form cusps whose tips coincide with the leading edge of
the absolute spectrum, i.e. the branch points )\Ii (see Remark.
Since the absolute spectrum, and thus the essential spectrum, enter
into the right half plane, the travelling wave solution is absolutely
unstable for this parameter set.

There exists some weight v* < 0 such that the self-intersection vanishes for
v_ < v*, see, for instance, the right panel of Figure For v_ = v*, the self-
intersection forms a cusp of the weighted dispersion relations and is thus the
ideal weight, see Figure @ For v_ > v* | the self-intersections trace out the subset
of the absolute spectrum o, .. This allows us to directly locate o, . using a find
root procedure on the dispersion relations of My +wv_1I. Values A € o, . such that
there is a second order root (in ) of the characteristic polynomial are referred
to as branch points Ay, see Remark and Figure[6] For the Keller-Segel model,
the cusp of the ideally weighted dispersion relations corresponds to the second order
root and so the branch points are the rightmost points of o, ., see Figure @

To locate the branch points Ay, we treat the characteristic polynomial as
a cubic polynomial in p and determine the second order roots. This boils down to
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finding X € C such that the discriminant of is zero. That is, we solve

(28— 1)2c2\%  B(1882 — 378+ 20)c*A3  B(583 — 2882 + 508 — 26)c5\2

5
Nt e T 26 1) * TEEL

(29)
3 B(B? — 68+ 2)c®A B2c10

26-1F  ap-ni

We look for roots of that correspond to the two smallest spatial eigenvalues
having the same real part, i.e. the values A € o, that solve . For given
parameters, we find a pair of complex conjugate solutions to that are in the
absolute spectrum; these solutions are the branch points )\bir that form the leading
edge of o, .. Note that the other three roots of are part of the generalised
absolute spectrum, see Remark

Locating the branch points A;,. also allows us to compute the ideal weight v*,
since v* corresponds to the negative of the real part of the second order root u
evaluated at the branch point )\230. That is,

(30) v o= —min{R(pwi(Ner)), ¢ =1,2,3}.

We have outlined how to locate the full essential and absolute spectrum, as well
as how to compute the ideal weights, for a given parameter set. See, for example,
Figures [7] and [§] For the parameter values used in Figure [7] the ideally weighted
essential spectrum and absolute spectrum contain values in the right half plane
and the travelling wave solution is thus absolutely unstable. In contrast, for the
parameter values used in Figure [§] there exists a range of weights such that the
essential spectrum (in the weighted space) is in the open left half plane and the
travelling wave solution is potentially only transiently unstable. Observe that MS'
requires positive weights v, to weigh its dispersion relations into the open left half
plane, while M requires negative weights v_, necessitating the two-sided weight

(16).

Remark 3.1. We refer to the value A such that p(\) is a second order root of
and A\ € o.ps as a branch point because it is a branch point of the Evans
function, an analytic tool used to locate the point spectrum. In general, not all
spatial eigenvalues with algebraic multiplicity greater than one are contained in
the absolute spectrum, they also occur in the generalised absolute spectrum. It is
also not always the case that the leading edge of the absolute spectrum is a branch
point, see for example [33]. However, for the Keller-Segel model the leading edge
of the sets aijs do coincide with branch points. See §6|for further discussion of the
Evans function and point spectrum.

3.4. Proof of Theorem for £ = m = 0. From Figures[7] and [§it is clear that
there is a transition from absolute spectrum fully contained in the left half plane
to absolute spectrum entering into the right half plane. Consequently, there must
be a critical set of parameters such that the branch point ), solving is purely
imaginary. So, we set Ay, := iA, A € R, and equate the real and imaginary parts of
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FIGURE 7. The essential and absolute spectrum in the unweighted
space (left panel) and in the ideally weighted space (right panel) for
B=c=2,e=0and m =0, where the ideal weight is v* ~ —0.73
and v} = ¢/2 = 1. The dispersion relations of Mg + vy
are shown as black dashed lines, while those of M, + v_I (28)

are shown as black solid lines, aibs is shown as red dashed lines
and o, . as red solid lines. The shaded regions are the interior
of the (weighted) essential spectrum. Note the ideally weighted
essential spectrum still contains values in the right half plane and

the travelling wave solutions are thus absolutely unstable.

to zero. This gives
B (5/83 _ 2862 +508 — 26) A2 . 6268
(B—1)2(28—-1)2 (B—1)2(28—1)
L BUSR-Tem)A p(- 05 2) ¢
(32) )\()\ — 2(6_1)3 - 2(5—1)4 =0.

Since A = 0 is not a solution of ([31)), the transition occurs away from the real axis,
i.e. the branch points form a complex conjugate pair. Moreover, we can divide out

A from and the roots of are given by A = £,/A 2 with

¢t (8 (1882 - 375+ 20) + VA)

(33) A= B =1) ;

(31) - 5 =0,

where

A = (3 (3245° — 13243" + 20253° — 13608” + 32083 + 16) .
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FicURE 8.  The essential and absolute spectrum in the un-
weighted space (left panel) and in the ideally weighted space (right
panel) for 8 = 1.3 < Bt , c=2,¢=0and m = 0, where
the ideal weight is v* ~ —2.445 and v} = ¢/2 = 1. The disper-
sion relations of Mg + v, T are shown as black dashed lines,
while those of My +v_1I are shown as black solid lines, o, _ is
shown as red dashed lines and o, as red solid lines. The shaded
regions are the interior of the (weighted) essential spectrum. Note
the ideally weighted essential spectrum is fully contained in the
left half plane.

It follows from Sturm’s Theorem, see, for instance, Theorem 6.3d in [I0], that A > 0
for all B8 > 1, d.e. Ay 2 are real-valued for 8 > 1. Substituting these roots into
gives

pe? 7 6 5 4 3
——— | 11168" — 5050 84223 — 54403" — 455
57—y (111687 — 50305° + 84226° — 54405 — 455

+21045% — 7045 + 8 + (628" — 1548" + 9082 + 358 — 32) VA) = 0.
Since $ > 1 and ¢ > 0, this is equivalent to

(111637 — 50508° + 8422° — 54408* — 4553° + 21043> — 7043 + 8)

4
(34) = + (=628 + 1548% — 908% — 353 + 32) VA,
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which is independent of ¢, see Remark Squaring gives
16(8 — 1)°f(B) = 16(8 — 1)® (3108 — 32343” + 171123° — 4910137 + 761803°
—5839843° + 100565 + 150408° — 96808% + 17163 — 4)
= O’

where f(/3) is the same polynomial as the polynomial of Theorem So, the
purely imaginary branch points indicating the transition to absolute instability are
determined by the root Be¢. In particular, e ~ 1.6195 solves and with
AE = i /Ay (Berit) ~ +1.0883 ¢ .

As there is only one root of satisfying the condition 8 > 1, the absolute
spectrum is fully contained in the open left half plane for 1 < 8 < B, i.e. the
transition into the right half plane only happens for 8 = B.i. Since the absolute
spectrum always contains values in the right half plane for 5 > B4, all travelling
wave solutions with 8 > B are absolutely unstable. This concludes the proof of
Theorem 2.6l for e = m = 0.

Remark 3.2. It is possible for the absolute spectrum of an operator to be contained
in the open left half plane, yet the weighted essential spectrum contains values in
the right half plane for all weights. This is referred to as an essential instability, see
[33] for examples of essential instabilities. We now show that for a range of weights,
the weighted dispersion relations, and thus the weighted essential spectrum, do not
cross into the right half plane for 1 < 8 < B, i.e. travelling wave solutions in
the Keller-Segel model do not exhibit essential instabilities. The ideally weighted
dispersion relations and absolute spectrum a;bs associated with MS' are
contained in the open left half plane for 1 < 8 < fBt. So, what remains to prove
is that there exists a range of weights such that the weighted dispersion relations
of My are fully contained in the open left half plane for 1 < 8 < Beit-

The characteristic polynomial of M +v_1 is quadratic in A € C. So, we
can explicitly solve for A\ 2 and extract the real parts of the solutions. It follows
that

lim R(\;) = i lim R(\) =
(35) 500 (A1) = —¢ (ﬁ 17 V_> ’ ol 00 (A2) = —oo.
That is, the dispersion relations of M +v_1I approach vertical lines in the complex
plane. Requiring that R(A;) < 0 as |k| — oo gives a lower bound on admissible

weights v_ > — Bcf 7 (note that it turns out that this lower bound is not sharp, see

Figure E[)

Next, we compute the values A where the dispersion relations of My +v_1
cross the imaginary axis. Therefore, we assume that A is purely imaginary and
solve (28). This way, we eliminate the parameter k£ and obtain a cubic polynomial
equation in A := $(A\)? (with unknowns 3, ¢ and v_). So, non-negative real roots
of this polynomial in A correspond to the intersections of the dispersion relations
of My + v_I with the imaginary axis. In the unweighted case v_ = 0 it has one
positive root and a root in the origin, see also the left panels of Figure[7]and [8] For
decreasing v_, these two roots approach each other and collide at vipax = Vimax (8, €)
(while the third root stays negative). The polynomial has no non-negative real
roots if we further decrease v_. These weights correspond to the case where the
weighted dispersion relations do not intersect the imaginary axis and are thus fully
contained in the open left half plane. At vmin = Vmin(B,¢) two positive roots
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FIGURE 9. The area in between the curves vy, and vpa.x indi-
cates the range of weights v_ such that the absolute spectrum
and weighted essential spectrum are contained in the open left half
plane for ¢ = 1, m = 0, ¢ = 0 (and v} = ¢/2 = 1/2). For
B = Berit the values viin, Vmax and the ideal weight v* coincide
and so the essential spectrum cannot be weighted into the open
left half plane for 8 > B.it. The dot-dashed curve represents the
asymptotic condition v_ > —% coming from .

reappear (while the third root is still negative) and these positive roots persist
upon further decreasing v_. In other words, for weights v_ € (Vmin,Vmax) the
dispersion relations of My + v_1I never intersect the imaginary axis and are
fully contained in the open left half plane. The values vy, and vy.x are given as
the roots of an 11*" order polynomial in v_ and the range of admissible weights
shrinks to a point as 8 T Beit, see Figure @ In particular, one rediscovers f
by equating the derivative of this 11" order polynomial to zero. This is equivalent
to finding B such that vpyn = Vmax. Obtaining the range of admissible weights
is straightforward for given values of 8 and ¢, but complicated to determine for
general 1 < 8 < B¢t and c. See Figure@ for a plot of vax and v, (and the ideal
weight v* obtained from ) versus (3.

Remark 3.3. The results on the existence of a range of weights to move the essential
spectrum into the open left half plane and the (in)stability of the absolute spectrum
are independent of the wave speed c. This is not a coincidence as the dispersion
relations can be rescaled to be independent of ¢. In particular, the substitutions
A=\ v= cv, k= ck transform the dispersion relations of MJ +uvil into

A=< (—D+ + zl%) , and 2\ = ¢? (—1;2 — o (1= 7)) +i(k — 2]~cD+) :
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which is equivalent to the dispersion relations of MJ“ 2 for ¢ = 1. Similarly,
the dispersion relations of My +v_1 become

L (@-Bk-) - Bk -7
o (34 <<m<> _ (ik_ﬁ_y) 54 BUE=7)
6—1
D(ik —v_)> -
-4 ;(21 2) +(ik—ﬁ_)3) —o,
which is equivalent to the dispersion relations of My + v_TI forc = 1. In
other words, the magnitude of ¢ does not affect the (in)stability results and only

affects the multiplicative scaling of the spectrum. As a consequence, all the figures
presented in this manuscript are generic in ¢ up to the above scaling of A\, v and k.

4. SUBLINEAR AND LINEAR CONSUMPTION AND ZERO DIFFUSIVITY OF THE
CHEMOATTRACTANT

In this section, we examine the effect of the parameter m on the location of
the weighted essential spectrum and absolute spectrum associated with a travelling
wave solution. Since travelling wave solutions only exist for 0 < m < 1, e.g. [40],
we take 0 < m < 1. We prove Theorem for 0 <m <1 and € = 0. It turns
out that the analysis for 0 < m < 1 is similar, at least qualitatively, to the analysis
of the previous section for m = 0. The analysis simplifies significantly for m = 1
and we note that the results of this case can be in part deduced from [24] where a
version of the Keller-Segel model with nonzero growth rate is studied.

In particular, we show that for sublinear consumption, i.e. 0 < m < 1, there
exists a critical value 8% = Bait(1 —m) (with Be¢ the root of ) such that
for 1 —m < < B, the absolute spectrum is fully contained in the open left
half plane. The absolute spectrum enters the right half plane for g > g7, and
all travelling wave solutions are thus absolutely unstable for 8 > B7%.. For linear
consumption, i.e. m = 1, we show that the absolute spectrum always contains the
origin. Consequently, the essential spectrum cannot be weighted into the open left
half plane.

4.1. Set-up. For 0 < m < 1 and € = 0, the eigenvalue problem is given by ,
which we restate for convenience

o) m—1 m
36 L p _ p) , L= (Caz — mwu —U )
(36) (q) (q Ly Ly

with
L, =48 <wzuz 4 Wss _ 2wu§> 5 <2wuz B wz) 0 pw 0?

u? u? u3 u? w ) 0z u 022’

u? u, Bu,\ 0 2
ﬁf*(u u)+( u)a+a

where u and w are the travelling wave solutions given in . Observe that the first
row of £ simplifies significantly in the cases m = 0 and m = 1. We take a slightly
different approach as in §3| and first write (36| as a third order equation in p, see
Remark From the first row of we have

(38) q=cu"™p, — (mwut + X u"")p,
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and we differentiate this to obtain
g =cu "po. + ((cu™™), — (mwu™" + Mu™™))p.
- (mwzf1 + )\u*m)zp,
Goz =Pz + (2(cu™™). — (mwuTt + AuT™)) pas
+ ((emu™™).. — 2(mwu™" + Au™™),) p. — (mwu™" + Mu™"™)..p.

(39)

We substitute and into the second row of , that is into L,p+L4q = Ag,
and we eliminate w using w = cu,u™™ ((6) with e = 0). The resulting third order
operator is

(40) Pzzz — Cmpzz - Bmpz - Amp =0
where
(41)
Ay = (A(m+1)(8+m) — *m) u +2(m+1)(B+ m)u—2 —amZ
e cu? u3 U
Uz, Uz, A2
—(2 —\ _ N
(28 +8m) "2z 334 m) 2z 2

uZZ

(2¢*m — A(B +2m)) ZZ —3(m+1)(8+ m%% + (28 +3m)—

B + 2,

Uz

Cm = é—c—i—(2ﬁ—|—3m)
c u

Next, we set p; := p, and py := p.., and define the operator T, ()

!/

p p p
Tm(A) P1 =P - Mm(z7 )‘) P1 = 07
b2 b2 b2
(42)
0 1 0
Mup(z,A)=[ 0 0 1
A By Cm

While we have used a slightly different approach compared to §3] the spectrum of
To(N) in and the spectrum of Ty, (\) agree in the limit m — 0.

Remark 4.1. The substitutions (38) and are necessary due to the appearence
of the term w/u appearing in E. While the term w/u is bounded for m = 0,
the term is unbounded as z — —oo for 0 < m < 1. However, by making the
substitutions (38) and 7 we obtain (40]), which is asymptotically constant and
equivalent to . The equivalence 0 and £ becomes clearer when we
see that is actually the linearised eigenvalue problem obtained from eliminating
w(z,t) =u""™(z,t) (cuy(z,t) — ug(z,t)) from first.

4.2. Essential spectrum. We use the limits given in (with e = 0) and the
fact that w., = (wu™)./c (6)), to obtain

A T i mo A T Grmo ey Am ) =(1,0,0)
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FIGURE 10. The essential and absolute spectrum for m = 0.1 (up-
per panels) and m = 0.7 (lower panels) with § =c¢ =2 and € = 0.
The dispersion relations of M + v, I (dashed black) and o}:."
(dashed red) are the same in all four panels and the ideal weight
for z — oo is still given by v} = ¢/2 = 1. The dispersion re-
lations of M, + v_I are shown as solid black lines and o} as
solid red. Upper left panel: the spectrum in the unweighted space
for m = 0.1. Upper right panel: the ideally weighted space for
m = 0.1, where the ideal weight is v* ~ —0.778. Lower left panel:
the spectrum in the unweighted space for m = 0.7. Lower right
panel: the ideally weighted space for m = 0.7, where v* ~ —0.959.
As m increases to one, the real and imaginary components of the
branch points )\i decrease and approach the origin, see

Using these limits, the asymptotic values of A,,, B,, and C,, as z — F00, denoted
Af . Bt and CE respectively, are
A2 A
(43) Af = —=, Bt =2\ Ch==—¢
c

m c
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and
A*:_E_Cm(ﬁ+m_2) SAm(B+m)
" c  (B+m—1) (B+m—1)%
(44) - (B-2) ¢ (B+m(B+m+2)

7n:6+m_1 - (ﬁ—i—m—l)? )
_ A cB+2m+1)
C,=—F——"-—
c B+m—1
We define the asymptotic matrices
0 1 0
(45) ME\) := lim M,(z\)=|(0 0 1],
z—to0 Ai Bi Cj:
related to the asymptotic operator associated with 7, (42). The dispersion relations

of M} are independent of m and 3, and the same as for m = 0 . The dispersion
relations of M, depend on m and are implicitly given by

A2 4 (k2+ Am(B+m—2) ick(5—2)) ) k(B +2m+1)

(46) B+m—12  B+m—1 B+m—1
_ c'm(B+m) +ic3k(6+m(m+ﬁ+2)) ik =0
(B+m—1)3 (B+m—1)2 -

In the limit m — 0, coincides with the dispersion relations of My . The
dispersion relations M} and M, form the boundaries of the essential
spectrum and A € C such that i.e. iy # i_ (see Definition forms the interior
of the (unweighted) essential spectrum. See the two left panels of Figure 10| for the
unweighted essential spectrum for two different values of m.

4.3. The weighted essential spectrum and the absolute spectrum. As for
m = 0, we consider a two-sided weight of the form . Since the dispersion
relations of M} and MJ are the same the ideal weight for z — oo are unchanged
for 0 < m < 1. That is, v} = ¢/2. Consequently, ot =gt . See also Figure

abs abs
iz
The dispersion relations of M, + v_1I are implicitly given by
2 .
2 e, em(B4+m—2)  c(ik—v_)(B—2)
/\—|—)\< (ik —v_)* + Btm—1) Frm-1
(47) B Aik —v_)2(B+2m+1) B Am (B +m)
B+m—1 (B+m—1)3
3(ik —
L Sk v )B+mBAm+2) oy, 3y

(B+m—1)2

The shift in the essential spectrum due to weighting in the 0 < m < 1 case is quali-
tatively similar to the behaviour shown in Figure bl That is, under a large range of
weights the dispersion relations have self-intersections and these self-intersections
form part of the absolute spectrum o,}.. So, we can once again use a find root
procedure on the weighted dispersion relations to locate o]y . See Figure

for the unweighted essential spectrum, the ideally weighted essential spectrum, and
the absolute spectrum for two different values of m.
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4.4. Proof of Theorem for 0 <m < 1land ¢ =0. For 0 < m < 1 and
e = 0, a polynomial f,,(3), similar to the polynomial f(5) for m = 0, can be
derived. Its root 8% = Berit(1 —m) > 1 —m predicts the transition of the absolute
spectrum into the right half plane (for increasing 3). For 1 —m < 8 < 7, the
absolute spectrum is fully contained in the open left half plane. For 5 > S, the
absolute spectrum enters the right half plane and the travelling wave solutions are
thus absolutely unstable.

To determine the transition of the absolute spectrum into the right half plane
we follow the same procedure as in and we treat the characteristic polynomial
of M, as a cubic polynomial in p and equate the discriminant to zero. This gives

A28+ m — 1)2)\4 Bet (1862 + 37B(m — 1) 4+ 20(m — 1)?)

5 3
A G rmo1ye 2B+ m—1) A
B (583 +285%(m — 1) +508(m — 1)% + 26(m — 1)%)
48+ HB+m— 1) A
L BEm = 1) (B4 68— 1) +Am 1) | -1
2(8+m —1)4 4(8+m —1)4
This discriminant has a purely imaginary root under the condition
_ ﬁQCQO(m _ 1)
(49) 0= mfm(ﬁ)
where

fm(B) = (31080 + 323453%(m — 1) + 171123%(m — 1)* 4 4910187 (m — 1)*
(50)  +761808%(m — 1)* + 583983 (m — 1)° + 100563*(m — 1)°
—150408%(m — 1)7 — 96805%(m — 1)® — 17168(m — 1) — 4(m — 1)'?) .
For m = 1, (49)) is trivially satisfied. Therefore, we treat the m = 1 case seperately,

iee Upon introducing the variable B = O_Lm) (and setting 0 < m < 1),
ecomes,

_B2.20
= —— — _(310B' —3234B° 4+ 17112B® — 49101 B” 180B°
0 64(3_1)13(30 323487 + 17 9101B" + 76180
(51) —58398B” + 10056 B* + 15040B% — 968082 + 17168 — 4)
—B2620
=—— — _f(B
where f is given by . So, the roots of f,, and f are related by 8%, = Berit(1—m),

and 7%, is the only root of that satisfies the condition 5+m > 1. In conclusion,
we have that the absolute spectrum is fully contained in the open left half plane for
0<m<l,e=0and 1—-m < B < B, while the absolute spectrum enters into
the right half plane for 0 <m < 1,e = 0 and 8 > 87%,. This concludes the proof of
Theorem 2.6 for 0 < m < 1 and € = 0.

Remark 4.2. Similar to the m = 0 case, there also exist a range of weights v/"% <

min
v < v for 0 <m < 1ande =0, such that the weighted essential spectrum is

contained in the open left half plane for 1 — m < 5 < 8. In other words, there
are no essential instabilities in this case. See also Remark 3.2
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4.5. Linear consumption. In the case of linear consumption, i.e. m = 1, the
travelling wave solutions (u,w) are a pair of wavefronts, rather than a pulse
and a wavefront, see, for example, the right panel of Figure In this case, the
absolute spectrum and the ideally weighted essential spectrum contain the origin
for all 8 and as a result the essential spectrum cannot be weighted into the open
left half plane. Note that the model with m = 1 can be seen as a limit case of
the model with non-zero growth term (x > 0 in (T))) considered in [24].

The dispersion relations of M;" are independent of m and S, see and there-
fore ‘7;{; = a;bs is fully contained in the open left half plane. Consequently,

,—

we only need to examine U;bs. The characteristic polynomial of M is

BB+3)e A 2=B)A BB+ (B-1)+4B)¢
=it (5 +c)+“< ER 7
_ (ﬂ;gl)c?’ C ;5)0A+f=0-

1,—
a

To locate o,;_, we follow the same process as for 0 < m < 1. In particular, we
1,

locate A € o,;  such that the characteristic polynomial has a second order

root in u. That is, we locate the branch points )\bir. We equate the discriminant of
to zero to obtain

(53) A2 (4% 4 4202 + 36¢1A 4 5¢%) =0,
which has a second order root A = 0. For A =0, becomes

(54)  Bu—c(B+1)(c—Bu)2=0 — py= BT

Since R(p1) > R(p2) = R(us), 0 € ol

(52)

)y M2,3 = .
B B
abs

and the ideal weight is v* = —R(u2,3) =
—% . Furthermore, the ideally weighted essential spectrum and the absolute
spectrum contain the origin for all 3. That is, there are no parameter values such
that the essential spectrum can be weighted fully into the open left half plane, see,
for example, Figure Note that the other three roots of are part of the
generalised absolute spectrum. This concludes the proof of Theorem form=1
and € = 0.

Remark 4.3. For 0 < m < 1,¢ = 0 and 8 > B}, the absolute spectrum contains
values in the right half plane. However, for a large chemotactic parameter, i.e.
B > 1, the end points of the absolute spectrum )\li approach zero, see Figure
Actually, in the limit 8 — oo, the discriminant of the characteristic polynomial of
M., reduces to the discriminant of the characteristic polynomial of M (53).
That is, the branch points )\bir of the absolute spectrum approach the origin from the
right. Furthermore, the ideally weighted essential spectrum for 0 < m < 1,6 =0
and [ large is qualitatively similar to the ideally weighted essential spectrum shown
in the right panel of Figure [L1|for m =1 and ¢ = 0.

5. SMALL DIFFUSION

In this section, we finish the proof of Theorem and show that the results
obtained for ¢ = 0 persist to leading order when we allow for small diffusion of the
attractant u in (4]) (i.e.for 0 < e < 1). In particular, we show that for |A\| = O(1) the
weighted essential spectrum and absolute spectrum correspond, in leading order, to
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FIGURE 11. The essential and absolute spectrum in the un-
weighted space (left panel) and in the ideally weighted space (right
panel) for 8 = ¢ =2, ¢ = 0 and m = 1, where the ideal weight
is v* = —¢/f = —1 and v} = ¢/2 = 1. The dispersion relations
of Mt + v, 1 are shown as black dashed lines, while those of
M +v 1 are shown as black solid lines, aig is shown as
red dashed lines and U;i; as red solid lines. The shaded regions
are the interior of the (weighted) essential spectrum. The absolute
spectrum contains the origin (for all parameter values 8 and ¢) and
the essential spectrum thus cannot be weighted into the open left
half plane.

the spectra in the e = 0 case. For |\| large, the spectra differ significantly, however,
the differences do not alter the explicit stability results since they occur in the open
left half plane.

5.1. Set-up. We treat the various consumption rates 0 < m < 1 simultaneously.
First, we eliminate the perturbation ¢, and its derivatives, from @D From the first
row of @D we have

(55) q=eu "p,. +cu"p, — (mwut + AuT™)p.
Differentiating gives
¢ = cu"mp® + ((eu™™). + cu™™) pa-
+ ((cu™™), — (mwu™ 4+ Xu"™))p.q + (mwu™ +  u"™).p,
eu""p™W + (2(ew™™). +cu™™) p®
+ ((eu™™)z + 2(cu™™), — (mwu™" 4+ Au""™)) p..
+ ((cmu_m)zz — Q(mwu_1 + )\u_m)z) D, + (mwu_1 + AuT™)Lp.

(56) g
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FIGURE 12. Plot of the real component of the branch points versus
the magnitude of the imaginary component of the branch points
parametrised by 5 > 1 for m = 0,6 = 0 and ¢ = 1 (dashed line)
and ¢ = 2 (solid line). For both curves the intersections with the
imaginary axis away from the origin correspond to 8 = B.it and
limg_o0 |Aor| = 0. Note that the figure is qualitatively similar for
0<m<1.

We substitute (55) and (56|) into the second row of @ Lyp+ Lyq = Ag. The
resulting singular fourth ODE is

(57) EPzzzz — Dm,apzzz - C'm,apzz - B?n,apz - -A?n,ap = O

where

2
Uz Uyzz

Az =(B+m) (¢ + X+ Am) =5 — 2eAm== — o(f+m) == — N7
Uzz ug
—AB+m)—= = (8 =2)(B+m)—
2 2
+e(c(6+m)uzuu;z - (B- 2)(5-#??1)% — (8 _~_m)7;z22 B )\muzz),

2
Bin,e :=2cA — (B¢® + (B + 2m)) % +c(B—m— 3)(,8+m)% +c(ﬁ+m)u:

uZuZZ

+e(B-2)B+m) == —c(B+m)=2),

2
Cone i= — C* +c(2(ﬂ+m)+m)% +)\+6<)\ (m + 1)(ﬂ+m)% Jrcm%

+%6+mﬂ“)

u

Dine ::fc+5((ﬂ+2m)%70),
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with (u,w) the travelling wave solutions given, to leading order, by @ We set
P1 =Pz, P2 := P». and p3 := p,,. and define the operator 7; by

!

p p p
P p1 D1
e(A = — My (2, A =0,
Tme(X) p2 D2 =) D2
p3 p3 p3
where
0 1 0 0
0 0 1 0

Am,s/g Bm,s/g Cm,E/E Dm75/€
All terms in 7Ty, can be expressed in terms of either u,/u or w/u, since u,, =
(cuy, —w) /e and w, = —cw+ (%) (@ Using , the limits of Ay, ¢, Bim,es Cm e
and Dy, . as z — 00 are
Ab L= -2, B . = 2cA, Choei= —2+ M1 +e), Dy .= —c(l+e),

and

(59)
_ Am(B+m) I Axm(B+m —2) B ( Aim B Am(B +m) )
e Bmo1p Brm-17  \Brm-17 (@im- 1)
_ aAB-2)  AB+mB+m+2) +603(m+ 1)(B 4+ m)
me T Grmo1) Grmo1p (Bm—1p
__ [(E(B+2m+1) Be?
= (Tt ) (G )
_ c(m+1)
Dm,s = —c+ Em .
We define the asymptotic matrices Mﬂf,E(A) = Zgrinoo M (z,\). That is,
0 1 0 0
(60) mig= o 0 o

Anele Brele Chole Dyp.le

5.2. Proof of Theorem for 0 <m <1 and 0 < € < 1. The matrices Mni%6
have four spatial eigenvalues, while M have only three. We show that the fourth
spatial eigenvalue is far into the left half plane for both asymptotic matrices Mﬁs
(and for |A| = O(1)), while the other three spatial eigenvalues are, to leading order,
given by the spatial eigenvalues of M=,

The characteristic polynomial of M$,s is

(61) e (pt 4+ ep® = Ap?) 4+ (1 +ep— N)(ep — A) =0,

which is regular in A, but singularly perturbed in . In the limit € — 0, we recover
the characteristic polynomial of M. The dispersion relations of M _ + v, I are

(62) A= —k?—vy (c—vy)+i(ck—2kvy), \= —ek’—v (c—vye)+i(ck—2ckvy).

For vy € (0,¢), is fully contained in the open left half plane and the ideal weight
is still i = ¢/2. Observe that, unlike the € = 0 case, both dispersion relations of
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M™% 4 v, I are parabolas in k and consequently they no longer approach a vertical
line in the limit |k| — oco.
The spatial eigenvalues of are

—c+ Ve ded A Ae n

i 2e c 3 (%),
+ —c £+ 4
/’l’2,3 = 2 ’
—c — V2 + 4eX D WD P
/JZZ—:—f—f—ng—FO(EQ),
2e e ¢ C

where the asymptotic expansions only hold for |A| = O(1). The spatial eigenvalues
“IQ,S are, to leading order, the same as those in the € = 0 case . The singular

spatial eigenvalue ;] approaches —oo as e — 0 (for |\ = O(1)).
The characteristic polynomial of M, _ is
(63)
2 ( (B +2m +1) A) p(EB+mB+m+2) = (B-2)eMB+m 1))
S A _|_
B+m—1 (B+m—1)2
AmBrm=2)  dm@rm) o o (Sumt (B +m)
- A
Bam T ey o e (S

42 (_(562 )\) N Am(AB+m—1)2 =2 (B+m))

Brm—17 Grm—1)
cpd(m +1)
ﬁ+m_1+4)

which is still regular in A, but singularly perturbed in p. In the limit ¢ — 0, we
recover the characteristic polynomial of M,

e — i <c2(ﬂ +2m+1) n /\) . (CS(,B +m(r+2)  (B—2)cA >
B+m—1 (B+m—1)2 (B+m—1)
4 2
cmm) | EnmBrm-2) .
Grm—18 " (Fm1p

and three of the spatial eigenvalues of M, _ are, to leading order, thus given by
spatial eigenvalues of M, for |A\| = O(1). We use the expansion y =1n_1/e 4+ ng +
O(e) to determine the leading order contribution of the singular spatial eigenvalue of
M., .. Substituting this expansion into gives, to leading order, n®,(n_1 +c) =
0. So, the singular spatial eigenvalue of M, _is y; = —c/e+O(1) (for [A| = O(1)).
In particular, both singular spatial eigenvalues are to leading order the same and
approach —oo as € — 0.

For |A| = O(1), the (weighted) dispersion relations of M7 _ are O(e) perturba-
tions of those from M7

m?

since “f2,3 are, to leading order, the same as those in the
€ = 0 case, and since the singular spatial eigenvalues /,Lit have asymptotically large
negative real parts (for |[A| = O(1)). Moreover, the characteristic polynomials of
Mf,;)a are regularly perturbed in A. Consequently, the Morse indices 74 and the
interior of the essential spectrum are unaffected by the singular spatial eigenvalues
uff. Similarly, since uff also does not affect the ranking of “izﬁ’ the absolute spec-

trum is, to leading order, the same as for the e = 0 case. In particular, the branch
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FicURE 13. The essential and absolute spectrum in the un-
weighted space (left panel) and in the ideally weighted space (right
panel) for 8 = 1.3 < Berit , c=2,c=0.02 and m = 0, where
the ideal weight is v* ~ —2.447 and v} = ¢/2 = 1. The dispersion
relations of Mt 4w, 1 are shown as black dashed lines, while

m,e
those of M, . +v_1I are shown as black solid lines, ol is shown as

red dashed lines and o, _ as red solid lines. The shaded regions are
the interior of the (weighted) essential spectrum. Observe that the
(weighted) essential spectra and absolute spectra agree, to leading
order, for |A] = O(1), but not for |A| large, to the spectra for the
same parameter set but with ¢ = 0, see Figure 8] Also note that
the ideal weights are similar.

points )\i, are, to leading order, the same as those for the ¢ = 0 case and there
is some parameter 7%, (¢), given to leading order by 877, such that the branch
points, and therefore the absolute spectrum, are contained in the open left half
plane for 1 —m < 8 < %, (¢).

The above asymptotic analysis is only valid for |A\| = O(1), since the singular
spatial eigenvalues i become O(1) for |\ large. However, it can be shown using
asymptotic analysis that, to leading order, there are no additional intersections
between the dispersion relations of M,jfw +v4 1 and the imaginary axis for |A| large

as long as v_ > —Z(fg:gfi This condition arises from the asymptotic limits of the

weighted dispersion relations M,, + v_1 (see for the analogous condition for
m = 0). We omit the technical details of this asymptotic analysis. As the dispersion
relations do not intersect the imaginary axis for large |A|, the essential spectrum,
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and therefore the absolute spectrum, does not enter into the right half plane, except
in the region |A\| = O(1). See Figure (13| for an example of the spectral picture in
the case € # 0. This concludes the complete proof of Theorem

6. OUTLOOK

In this manuscript, we located the weighted essential spectrum and absolute
spectrum associated with travelling wave solutions to the Keller-Segel model
for0<m <1,8>1—mand 0 <e < 1. By locating the branch points, that form
the leading edge of the absolute spectrum, we proved that the absolute spectrum
and ideally weighted essential spectrum are contained in the open left half plane for
1—m < < B2 (e) and we derived leading order expressions determining 8%, (¢).
We also developed a procedure for locating the range of weighted spaces for which
the weighted essential spectrum is in the open left half plane. For g > B2, (¢),
all travelling wave solutions have absolute spectrum in the right half plane and the
travelling wave solutions are thus absolutely unstable. These results provide a com-
plete picture of the absolute spectrum and weighted essential spectrum associated
with all possible travelling wave solutions to the Keller-Segel model and they
expand on the previous results for the essential spectrum known in the literature
[26, [40]. Furthermore, it is now clear how the absolute spectrum and weighted
essential spectrum deform between the limit cases m = 0 and m = 1. Moreover, we
showed that the transition to the absolutely unstable parameter regime is charac-
terised by the absolute spectrum crossing into the right half plane away from the
real axis (similar to the example in [29]).

In order to complete the full spectral picture for travelling wave solutions to
the point spectrum must also be located. This is usually far more involved as it re-
quires information about the linearised system on the whole spatial domain, rather
than just its asymptotic behaviour. If there exists point spectrum with positive
real part, then the travelling wave solutions are spectrally unstable, regardless of
the stability properties of the absolute spectrum and weighted essential spectrum.
Note that point spectrum is unaffected by weighting the space [I6]. An early proof
offered by [30] shows that there are no positive eigenvalues for 0 < ¢ < 1 under
the assumption that eigenvalues are real-valued. However, it is unclear that this
assumption holds, since the linearised operator £ @ is not self-adjoint.

An analytic tool for locating the point spectrum is the Evans function [3, [, 5] [6].
Unfortunately, the Evans function is generically hard to explicitly compute for
systems of partial differential equations and one has to rely on numerics. This is
also the case here, especially since the explicit travelling wave profiles for with
e > 0 are not known. In [], the Evans function associated with travelling wave
solutions to with m = 0 and € = 0 was calculated numerically using a Riccati
transformation. It was shown that there is a second order temporal eigenvalue at the
origin and that there are no other eigenvalues in the right half plane with |A| < 107.
Due to the translation invariance, A = 0 persists as an eigenvalue (with order at
least one) for 0 < e < 1. However, the second eigenvalue most likely perturbs
for 0 < € < 1 determining the fate of the spectral stability of the travelling wave
solution (assuming the weighted essential spectrum is in the open left half plane).
In ongoing research, we are addressing the issue of the point spectrum by using
methods similar to the ones used in [§].
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If there is no point spectrum in the right half plane, one can conclude that
the travelling wave solutions are spectrally stable in the ideally weighted space for
1—m < B < B (e), i.e. transiently unstable. Ideally, one would like to use this
spectral stability result to conclude nonlinear (in)stability of the travelling wave
solutions. For a sectorial semilinear operator with a spectral gap (i.e. the spectrum
is contained in the open left half plane except for the translation invariance eigen-
value at the origin), spectral stability implies nonlinear stability of the associated
travelling wave solution [I1], [34]. However, while the operator £ @D appears to
be sectorial for 0 < ¢ < 1, see, for instance, Figure it is quasilinear rather
than semilinear. In [25], it was shown that for a large class of quasilinear parabolic
reaction-diffusion systems one can still deduce nonlinear stability results from the
spectral stability results, as long as the linearised operator fulfills certain conditions.
Unfortunately, the Keller-Segel model studied in this manuscript does not fall into
the class of quasilinear parabolic reaction-diffusion systems considered in [25]. For
the Keller-Segel model with nonlinear diffusion and with logarithmic chemosen-
sitivty (i.e. ®(u) = log(u)), linear consumption (i.e. m = 1) and nonzero growth
(i.e. £ > 0), the general theory for semilinear operators was extended in [24] to
prove nonlinear instability results in certain cases of the model. Another approach
using a Hopf-Cole transformation, in conjunction with weighted energy estimates,
was used in [22] 23] to deduce nonlinear stability results for the Keller-Segel model
with logarithmic chemosensitivty, linear consumption and zero growth. Alter-
natively, in order to apply the general theory for semilinear systems, [11] proposes
to transform a quasilinear system to a semilinear system. Observe that this ap-
proach is akin to the method used in It is a challenge to see if any of these
methods can be used to obtain nonlinear stability results for the travelling wave
solutions of studied in this manuscript.

The dynamical implications of absolute spectrum in the right half plane for
travelling wave solutions of the Keller-Segel model are not known. In typical
examples, such as the F-KPP equation, the transition to an absolutely unstable
regime is associated with the so-called linear spreading speed, i.e. the speed ‘generic’
initial conditions will eventually travel at. Note that in the F-KPP equation this
is known as the minimal wave speed. In other words, the linear spreading speed
is the speed of a travelling wave solution ‘selected’ by the model. However, in
the Keller-Segel model the transition to the absolutely unstable regime is, to
leading order, independent of the wave speed and it thus does not seem to have an
influence on the asymptotic speed of a generic initial condition (that evolves to a
travelling wave solution). Rather, the initial condition of the bacteria population
w determines the wave speed [26]. Note that in the case of a Keller-Segel model
with a growth term, the absolute spectrum does appear to have an influence on the
wave speed selection [Il 24]. Moreover, as the transition of the absolute spectrum
into the right half plane is complex valued, one expects oscillatory instabilities to
manifest themselves. These type of bifurcations have, for instance, been studied
in [32, B5]. Future work will address, both analytically and numerically, what the
absolute instabilities imply dynamically and the connection, if any, with the wave
speed.
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