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Abstract. This is a survey paper on the recent progress in the study of the continuity and
smoothness properties of a function f with absolutely convergent Fourier series. We give
best possible sufficient conditions in terms of the Fourier coefficients of f which ensure the
belonging of f either to one of the Lipschitz classes Lip(«) and lip(«) for some 0 < o < 1,
or to one of the Zygmund classes Zyg(«) and zyg(«) for some 0 < o < 2. We also discuss
the termwise differentiation of Fourier series. Our theorems generalize those by R.P. Boas
Jr., J. Németh and R.E.A.C. Paley, and some of them are first published in this paper or

proved in a simpler way.
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1. Introduction

Throughout this paper, let {c : k € Z} be a sequence of complex numbers, in symbol:

{cx} C C, such that

> Jex] < 0.

keZ

Then the trigonometric series

(1.1) chei’” =: f(z), zeT:=[-mmn),
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converges uniformly; consequently, it is the Fourier series of its sum f. By convergence
of the two-sided series in (1.1) we mean the convergence of the symmetric partial sums

defined by

E e n=0,1,2,....
|k|[<n

In this paper, we consider only periodic functions with period 27. Let o > 0. We

recall that the Lipschitz class Lip(a) consists of all functions f for which
|f(x+h)— f(z)| < C|h|* forall = and h,

where C' is a constant depending only on f, but not on x and h; the little Lipschitz class

lip(cr) consists of all functions f for which
}llin%) |h|~%*|f(x+h) — f(z)| =0 uniformly in =z.

We also recall that the Zygmund class Zyg(a) consists of all continuous functions f for
which
\[f(x+h)=2f(x)+ f(x —h)| < C|h|* forall x and h,

where C'is a constant depending only on f; while the little Zygmund class zyg(«) consists

of all continuous functions f for which
}llir% |h|"|f(x+h) —2f(x) + f(x —h)| =0 uniformly in .

It is known (see, for example [8, pp. 43-44]) that a function f may be nonmeasurable

(in Lebesgue’s sense) and yet satisfies the condition
flx+h)=2f(x)+ f(x—h) =0 forall = and h.

This is the reason why we require the continuity of f in the definition of the classes Zyg(«)
and zyg(a).

It is well known (see, e.g., [3, Ch.2] or [8, Ch.2, §3]) that if f € lip(1), in particular, if
f € Lip(a) for some o > 1, then f is a constant function. Furthermore, if f € zyg(2), in
particular, if f € Zyg(«) for some a > 2, then f is a linear function; and due to periodicity,

f is a constant function. The following inclusions are also well known:
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Zyg(a) = Lip(er) and zyg(a) =lip(a) for 0<a <1,

Zyg(1l) D Lip(1) and zyg(1) D lip(1).

Finally, we recall that a function f is said to be smooth at some point z if
lir%h[f(x +h)—2f(x)+ f(x — h)] = 0.

The word “smooth” is justified by the idea that if a function f is smooth at some x and
if a one-sided derivative of f exists at this z, then the derivative on the other side also
exists and they are equal. The curve y = f(x) has then no angular point at z, and this
is the reason for the terminology. It is obvious that zyg(1l) is exactly the class of those
continuous functions f which are uniformly smooth on T.

Beside the general coefficient sequences {c;} C C with }_, _; |cx| < oo, the following

two particular cases will also be considered in the sequel:

(1.2) Z lek| < oo and  kep >0 forall k,
keZ
or
(1.3) ¢y >0 forall k€Z and » ¢ < oo.
keZ

2. Two auxiliary results

Before formulating our main results, we present two lemmas which will be of vital im-
portance in the proofs of Theorems 1-5 in the subsequent sections. They were proved in [4,
Lemmas 1 and 2] by making use of summation by parts (also called Abel transformation).

This time, we provide very simple proofs for them.

Lemma 1. Letap >0 fork=1,2,....
(i) If for some 6 > 3 >0,

(2.1) ik‘;ak = 0(n”),
k=1



then Yy, ar < 0o and

(2.2) > ar =0(n"7).
k=n
(ii) Conversely, if (2.2) holds for some § > 3 > 0, then (2.1) also holds.

R em ar k. Lemma 1 fails at the endpoint cases.

(a) If § = 3 > 0 in (i), then let a; := k~1. We have

ik‘sak = z”: K1 =0(m°) and ick = i k™1 = oo
k=1 k=1 k=1 k=1

(b) If 6 > B =0 in (ii), then let ay := k=179, We have

Z ap = Z k170 =0(n™?%) and ik‘sak = ik_l # O(1)
k=1 k=1

k=n

(c) The case 6 = = 0 is trivial in both (i) and (ii), but it is of no use for our purposes.

Proof of Lemma 1. Part (i). By (2.1), there exists a constant C' such that
(2.3) Zk‘sckgC’nﬁ, n=12,....

Clearly, it is enough to prove (2.2) for the particular case when n is a power of 2 with a

nonnegative exponent, say n = 2™. To this end, we introduce the notation
L, :={2™2m4+1,...,2"" — 1}, m=0,1,2,....

By (2.3), we estimate as follows:

kelm kelm

whence it follows that

Z ap < 28C2-m(B=9)

kel,,

Taking into account that § > (3, we obtain

Z ap = Z > a <2°C Z 9l(5=5) — O (2m(B=0)y,

k=2m l=m kel,



which is (2.2) in the case n = 2™.

Part (ii). By (2.2), there exists a constant C' such that

oo
Zakg(}’nﬁ_‘s, n=12,....
k=n

Clearly, we have
S Kay <20 N" g <2002 1= 0,12,
kel, kel

and consequently, we also have

2™ m m
S ha < 33 Bay <20y 20 = 0@,
k=1 £=0

k=0 kel,

which is (2.1) in the case n = 2™. O

Lemma 2. Letay >0 fork=1,2,..., and § > 3 > 0. Both statements in Lemma
1 remain valid if the big ‘O’ is replaced by little ‘o’ in (2.1) and (2.2).

R e m a r k. The endpoint cases are useless again.
(a) If 6 > B = 0 in (i) makes no sense, since the left-hand side in (2.1) is increasing
with n.

(b) The case § = 3 is trivial in (ii).

Proof of Lemma 2. It is a repetition of the proof of Lemma 1 with obvious

modifications. O

3. New results on Lipschitz classes

Our first theorem is a generalization of [2, Theorems 1 and 2] and that of a particular
case of [6, Theorem 3|, where they were proved for cosine and sine series with nonnegative

coefficients.

Theorem 1. (i) If {cx} C C is such that

(3.1) Z |kcx| = O(n'~=)  for some 0<a <1,

|k|<n



then >y, |lcx| < oo and f € Lip(a), where f is defined in (1.1).

(ii) Conversely, suppose that {cy : k € Z} is a sequence of real numbers and f € Lip(«)
for some 0 < o < 1. If condition (1.2) holds, then (3.1) also holds. If condition (1.3) holds,
then (3.1) holds in case 0 < o < 1.

The counterpart of Theorem 1 for the little Lipschitz class lip(a) reads as follows.

Theorem 2. Let 0 < a < 1. Both statements in Theorem 1 remain valid if in
(3.1) the big ‘O’ is replaced by little ‘o’, and f € Lip(a) is replaced by f € lip(«).
R em ark. ByLemmas 1 and 2, it is easy to check that in case 0 < o < 1 condition

(3.1) is equivalent to the following one:

(3.2) > lerl = 0(n™);

|k|=n

and this equivalence remains valid if the big ‘O’ is replaced by little ‘0’ in both (3.1) and
(3.2).

Part (i) of Theorems 1 and 2 as well as Part (ii) in the case when condition (1.2) is
assumed were proved in [4, Theorems 1 and 2]. On the other hand, the proof of Part (ii)
is new in the case when (1.3) is assumed.

For the reader’s convenience, we present a complete proof of Theorem 1.

Proof of Theorem 1. Part (i). Assume that (3.1) is satisfied for some
0 < a < 1. Without loss of generality, we may assume that 0 < |h| < 1. We set

(3.3) n = [1/|h]],
where [-] means the integral part. By (1.1), we estimate as follows:

(3.4) If(z+h) — f(z)] = ) ™ cpete (et - 1)’ -

keZ

g{ S+ }|ck||eikh—1’ —: Ay + B,

|k|<n  |k|>n

say. Using the inequality
ikh . kh .
e — 1] = ‘251117} < min{|kh|,2}, k€ Z,

6



by (3.1) and (3.3), we find that
(3.5) [Anl < |h] Y [kerl = [RO(n' =) = O(|A|*).
|k|<n

On the other hand, making use of (3.1), (3.3) and Part (i) in Lemma 1 (applied with
B=1—aand d=1) we have
(3.6) [Bal <2 ) lex| =20(n=*) = O(|h|*).
|k|>n
Combining (3.4)-(3.6) yields f € Lip(«). This proves the first statement in Theorem 1.
Part (ii). First, assume the fulfillment of condition (1.2). If f € Lip(«) for some
0 < a < 1, then there exists a constant C' = C(f) such that
(3.7) f(z) — f(0)] = ) G 1)] < Cz®, x>0
kEZ
Taking only the imaginary part of the series between the absolute value bars, we even have
’ch sinkx’ < Czx%, x=>0.
keZ
Due to uniform convergence, the series ) ¢i sin kx can be integrated term by term on any
interval (0, h). As a result, we obtain

12¢, . o kh + 1 —-coskh hott
(3.8) )278111 7‘:‘2% . SCoH—l’ h >0,
keZ kEZ

where 3" means that the summation is taken over all k € Z\{0}. Using the familiar

inequality

2
(3.9) sint > —t for 0<t< il
T 2

and the fact that ke, > 0 for all k& (see (1.2)), by (3.8) we obtain



This proves the second statement in Theorem 1 under condition (1.2).
Second, assume the fulfillment of condition (1.3) and that f € Lip(«) for some 0 <
« < 1. This time, we take the real part of the series between the absolute value bars in

(3.7) (with A in place of x) and find that

. o kh o
(3.10) ’ch(cosk}h—lﬂz|—220k51n27’§C’h , h>0.
kEZ keZ
Again, let n be defined in (3.3). Making use of inequality (3.9) and the fact that ¢ > 0
for all k, by (3.10) we obtain
2h2

k . o kh o
Qch 5 SQchsm ESCh’ h > 0.
|k|<n keZ

Taking into account (3.3), hence it follows that

(3.11) > Ko < C—”Qha—2 = 0(n*™®)
. —_— 2 *
|k <n
Applying Part (i) in Lemma 1 (with § = 2 and § = 2—«) gives that (3.11) is equivalent
to (3.2). Then applying Part (ii) in Lemma 1 (with § =1 and 8 = 1 — «) gives that (3.2)
is equivalent to (3.1), provided that 0 < o < 1 (because # = 1 — « must be positive). This

proves the second statement in Theorem 1 under condition (1.3). O

Proof of Theorem 2. It goes along the same lines as the proof of Theorem

1, while using Lemma 2 instead of Lemma 1. We do not enter into details. O

4. New results on Zygmund classes
Our next theorem is a generalization of [2, Theorem 3], where it was proved for cosine
and sine series with nonnegative coefficients in the particular case @ = 1. Our Theorem 3

is also an extension of the previous theorem from the case a = 1 to the cases 0 < a < 2.
Theorem 3. (i) If {cx} C C is such that

(4.1) Z E%ci| = O(n*™®)  for some 0<a <2,

|k|<n



then >, |cx| < oo and f € Zyg(c), where f is defined in (1.1).

(ii) Conversely, suppose that {cy : k € Z} is a sequence of real numbers and f € Zyg(«)
for some 0 < o < 2. If condition (1.3) holds, then (4.1) also holds. If condition (1.2) holds,
then (4.1) holds in case 0 < o < 2.

The counterpart of Theorem 3 for the little Zygmund class zyg(«) reads as follows.

Theorem 4. Let 0 < a < 2. Both statements in Theorem 3 remain valid if in
(4.1) the big ‘O’ is replaced by little ‘o’, and f € Zyg(a) is replaced by f € zyg(a).

R em ark. By Lemmas 1 and 2, it is easy to check that in case 0 < o < 2, condition
(4.1) is equivalent to (3.2); and this equivalence remains valid if the big ‘O’ is replaced by
little ‘o’ in both (4.1) and (3.2).

Part (i) of Theorems 3 and 4 as well as Part (ii) were proved in [5, Theorems 1 and 2]
in the case when condition (1.2) is assumed. The proof of Part (ii) in the case when (1.3)
is assumed is new.

In the special case when a = 1, combining Part (ii) in Theorem 4 with the Remark

made just after it yields the following characterization.

Corollary 1. Suppose that {cy : k € Z} is a sequence of real numbers satisfying
either (1.2) or (1.3), and f is defined in (1.1). Then f € zyg(1) if and only if
(4.2) > ekl =o(n™1).
|k|>n

This corollary plays a crucial role in the proof of Theorem 6 in Section 6.

Proof of Theorem 3. Part (i). Assume that (4.1) is satisfied for some
0 < a < 2. Without loss of generality, we may assume that 0 < h < 1. By (1.1), we
estimate as follows:

(4.3) |f(z+h) —2f(2) + flz — h)| = ‘ S cpeika(eth — 2 4 )| <
kEZ

{3+ Haulle® —24 ¢ = 4, + B,
|k|<n  |k|>n

say, where n is defined in (3.3). Using the inequality

‘ ‘ kh
‘€Zkh —924 e—zkh‘ — |2 coskh — 2| — 4sin2 7 < min{k2h2,4},



by (4.1) and (3.3), we find that

(4.4) [An] < 1% ) Klek| = h20(n*~) = O(h®).

|k|<n

On the other hand, making use of (4.1), (3.3) and Part (ii) in Lemma 1 (applied with
B =2—aand d =2) we have

(45) Bal <4 3 Jel = 0(n~) = O(h*).
|k|>n

Combining (4.3) - (4.5) yields f € Zyg(«). This proves the first statement in Theorem 3.
Part (ii). First, assume the fulfillment of condition (1.3). If f € Zyg(a) for some
0 < a < 2, then there exists a constant C' = C(f) such that

[F(0) = 2£(0) + f(=h)| = | 3 ex(2coskh = 2)| < Ch*, >0,

keZ

Taking into account (1.3), hence it follows that

. o kh N
E Ck(Q—QCOSkh>:4E cksm27§0h , h>0.
kEZ k€L

Using inequality (3.9), we obtain

2h2

kh
<4 E ¢ sin? o3 < Ch*,
|k|<n kEZ

where n is defined in (3.3). Hence we conclude that
> Ko < —h“ 2= 0(n* ).
[k|<n

This proves the second statement in Theorem 3 under condition (1.3).
Second, assume the fulfillment of condition (1.2). If f € Zyg(«) for some 0 < a < 2,
then for all z > 0 and A > 0 we have

f(z+h) — 2f(x) + fla — h)| = ) S e (2cos kh — 2)| < Ch®,
kezZ
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where the constant C' does not depend on x and h. Taking only the imaginary part of the
series between the absolute value bars, we even have
’ ch sin kx(2coskh —2)| < Ch®, h>0.
kEZ
Due to uniform convergence, the series > ¢ sinkz (2coskh — 2) can be integrated term
by term with respect to = on the interval (0, h). As a result, we obtain
hott

;1 —
’Z ckM(Qcosk‘h—Q)’ <C——, h>0.
Pt k a+1

By condition (1.2), we may write that

ha—i—l
a+1’

(1-— k;h / kh
Qch cos —SZC—kSIH4 <C
keZ kEZ

Using inequality (3.9), hence it follows that

/ Ck k 4 kh ha+1
8 Z Z sin® — < C .
k| <n ! k€EZ a+l1
where n is defined in (3.3), or equivalently, we have
Crt
4. k3 7}7104—3 — 3—«a )
(4.6) > ke < o+ O(n*=)

[k|<n

Applying Part (i) in Lemma 1 (with 6 = 3 and = 3—«) gives that (4.6) is equivalent
0 (3.2). Then applying Part (ii) in Lemma 1 (with § = 2 and 8 = 2 — «) gives that (3.2)
is equivalent to (4.1), provided that 0 < a < 2 (because § = 2 — «a must be positive). This
proves the second statement in Theorem 3 under condition (1.2). O

Proof of Theorem 4. It goes along the same lines as the proof of Theorem

3, while using Lemma 2 instead of Lemma 1. We do not enter into details. O

5. New results on the termwise differentiation of Fourier series
Our next theorem is concerned with the existence and continuity of the derivative of
the sum f in (1.1). It is a generalization of [2, Theorem 5], where it was proved for cosine

and sine series with nonnegative coefficients.
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Theorem 5. If{cy} C C with condition (4.2), then the formally differentiated

Fourier series

(5.1) %(;che“m) = igzkcke“m
converges at a particular point x if and only if f is differentiable at this x.

Furthermore, the derivative f' is continuous on T if and only if the series on the
right-hand side of (5.1) converges uniformly on T.

The proof of Theorem 5 was sketched in [4, Theorem 5|. Unfortunately, there are a
few typos in [4] which may have caused some difficulty to the reader. Therefore, we present

here a corrected detailed proof.
Proof of Theorem 5. Part1. Let h # 0. By (1.1), we may write that

(5.2) fla+h) = f(z) = Y cpe™ (e — 1) = A, +iBy,
keZ

say, where

Ap = Z cre®(coskh —1) and By := Z cre*® sin kh.
kEZ kEZ

Let n be defined in (3.3), then we estimate as follows:

o kh k2h?
| Ay SZ\CHQSmQ? < exl o +2 > ekl
keZ |k|<n k| >n

Making use of (4.2) and Lemma 2 gives

(5.3) |Ap| = %o(n) +o(n Y =o0(h) as h—0,

where the o(h)-term is independent of x.

Next, we estimate Bj, in the following way:

(5.4) Bj, = — Z e (kh — sin kh) + Z khepe™™ + Z e sin kh =:
|k|<n |k|<n |k[>n

—: BV + B® + B®)
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say. Using the familiar inequality

t3
0<t-sint< o for ogtgg,
from (3.3), (4.2) and Lemma 2 it follows that
h|? h|?
(5.5) |B§Ll)| < % |]€|Z< |KPcy| = %0(7@2) =o(h) as h—0,

where the o(h)-term is independent of z. Furthermore, again by (3.3) and (4.2), we find
that

(5.6) BI< - lel =o(n™) = o(h) as h—0,
|k|>n

where the o(h)-term is independent of x.

Combining (5.2)-(5.6) yields

(5.7) flo+ h})L — /(@) =1 Z kepe®™® £ o(1) as h— 0,
|k[<[1/|R]]

where the little o(1)-term is independent of z. Now, it follows from (5.7) that if f is

differentiable at z, then the symmetric partial sums of the series Y kcpe?*® converge and

f'(x):iflbii% Z kepe®®,
|k|<[1/]R]]
ikx

Conversely, if the symmetric partial sums of the series ) kcie™® converge, then by (5.7)

we have
(RO (I

h—0 h

kEZ
that is, f is differentiable at x.
Part 2. (i) Assume f’ exists and is continuous on T. Then f’ is uniformly continuous

on T. By virtue of the mean-value theorem, the convergence

is also uniform in x € T. Since the little o(1)-term in (5.7) is independent of x, it follows

xT

from (5.7) and (5.8) that the symmetric partial sums of the series > kcpe’*® converge

uniformly in xz € T.
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(ii) The converse statement is trivial. O

Next, we reformulate Theorem 5 in terms of integration of the trigonometric series

(5.9) Z cpett®,

kEZ
where {cy} C C, but this time we do not assume that ), _, |cx| < co. Without loss of
generality, we may and do assume that ¢y = 0 in the rest of this paper. If we formally
integrate the series in (5.9), we get

(5.10) —i Yk lepe.
keZ

Now, the reformulation of Theorem 5 reads as follows.
Corollary 2. If{ct} C C is such that E;cez |k~ teg| < oo and

(5.11) > k] =o(n ),
|k|>n
then the trigonometric series (5.9) converges at a particular point z if and only if the sum
of the formally integrated series (5.10) is differentiable at this x.
Furthermore, if (5.9) is the Fourier series of an integrable function f, then series (5.9)
converges a.e. In particular, if f is continuous on T, then series (5.9) converges uniformly

on T.

R e m a r k. We point out that condition (5.11) does not imply the absolute conver-

gence of the series ), ., ¢k, as the following example shows. Let

CL = kl(igk; for k=2,3,...;
and ¢ = 0 otherwise. Clearly, for n = 2,3,... we have
1 = 1 1
2 S o 2 S g )
and -
Sled =3 =
= P klogk



Proof of Corollary 2 Since Y|k lex| < oo, the series in (5.10) is
absolutely convergent, denote its sum by F'(x). Applying Theorem 5 for F' in place of f
yields the fulfillment of each assertion in Corollary 2. O

6. A new proof of a theorem of Paley

The next theorem gives sufficient conditions for the uniform convergence of the Fourier

series of a continuous function.

Theorem 6. If fis a continuous function on T and its Fourier coefficients

{ck : k € Z} satisfy one of the following conditions:

(6.1) c, >0 forall keZ,
or
(6.2) ke, >0  for all k€ Z,

then the Fourier series of f converges uniformly on T.

Theorem 6 involving only condition (6.1) is due to Paley [7], who formulated it in
terms of cosine and sine series with nonnegative coefficients, and proved it in a different
way (see also [1, Ch.4, §2]). Theorem 6 involving condition (6.2) seems to be new, and it

may be considered to be a variant of Paley’s theorem.

Proof of Theorem 6. Without loss of generality, we may assume that ¢ = 0.

Set

Since

F(—m)=0 and F(m)=2mcy=0,

F' is periodic with period 27, and its Fourier series is of the form

(6.3) F(z) ~ —/ F(t)dt—izlk;_lckeim, reT.
- keZ
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Let h > 0, then we have

%meJw—ﬂWﬂ+F@_h”:%{/jw_2[i+[j%

1 x+h 1 x
ZEL f@ﬁ—ﬁé%f@ﬁ:

z+h T
~5 | vO-s@lit=— [0 e —0 as n—o

uniformly in z € T, due to the uniform continuity of f. This whows that, F' belongs to
zyg(1).
Let us consider the Fourier coefficients in (6.3) (except the constant term). In the

case of (6.1) we see that

k(k7'cp) =¢, >0 forall k,

while in the case of (6.2) we see that
k~'cp >0 forall k.

By virtue of Corollary 1, in either case we conclude the fulfillment of (4.2).

Since F'(z) = f(x) exists at each x and, by assumption, f is continuous on T, due
to condition (4.2), we may apply Theorem 5 to conclude the convergence of the termwise
differentiated Fourier series of F' (see (6.3)):

%(%/ dt—zz k— ““”) Z/ckeikw. a

keZ keZ

R em ar k. Corollary 2 may be considered as a localized version of Paley’s theorem
and its variant forulated in Theorem 6.

We recall that the series
(6.4) z:(—isignk/‘)qk&kaC
kEZ

is called the conjugate series of the trigonometric series in (5.9). It is well known (see, e.g.,

8, Ch. 7, §§1-2]) that if a function f € L'(T), then its conjugate function f defined by

~ t) -t
f(z):= lim — / fatt) - flz >dt, xeT,
2tan t
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exists almost everywhere. Furthermore, if f € L'(T), then the conjugate series in (6.4) is
the Fourier series of the conjugate function ]?

After these preliminaries, the following corollary of Theorem 6 is obvious.

Corollary 3. Suppose that (5.9) is the Fourier series of a function f € L*(T) and
that its Fourier coefficients ¢, satisfy one of the conditions (6.1) and (6.2). If the conjugate

function f is continuous on T, then the conjugate series to (5.9) converges uniformly on
T.
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