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Affine Poisson vertex algebra V(g)

Let g be a simple Lie algebra over C and

let X1, . . . ,Xd be a basis of g.

Consider the differential algebra V = V(g),

V = C [X(r)
1 , . . . ,X(r)

d | r = 0, 1, 2, . . . ] with X(0)
i = Xi,

equipped with the derivation ∂,

∂ (X(r)
i ) = X(r+1)

i

for all i = 1, . . . , d and r > 0.
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Introduce the λ-bracket on V as a linear map

V ⊗ V → C [λ]⊗ V, a⊗ b 7→ {aλ b}.

By definition, it is given by

{Xλ Y} = [X,Y] + (X|Y)λ for X,Y ∈ g,

and extended to V by sesquilinearity (a, b ∈ V):

{∂aλ b} = −λ {aλ b},

skewsymmetry {aλ b} = −{b−λ−∂ a},

and the Leibniz rule (a, b, c ∈ V):

{aλ bc} = {aλ b}c + {aλ c}b.
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Hamiltonian reduction

For a triangular decomposition g = n− ⊕ h⊕ n+

set p = n− ⊕ h and define the projection

πp : g→ p.

Let f ∈ n− be a principal nilpotent in g.

Define the differential algebra homomorphism

ρ : V → V(p), ρ(X) = πp(X) + (f |X), X ∈ g.

The classicalW-algebraW(g) is defined by

W(g) = {P ∈ V(p) | ρ{XλP} = 0 for all X ∈ n+}.
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The classicalW-algebraW(g) is a Poisson vertex algebra

equipped with the λ-bracket

{aλ b}ρ = ρ{aλ b}, a, b ∈ W(g).

Motivation: Hamiltonian equations

∂u
∂ t

= {Hλ u}
∣∣
λ=0

for u = u(t) ∈ W(g) with the Hamiltonian H ∈ W(g).

De Sole, Kac and Valeri, 2013-14; Drinfeld and Sokolov, 1985.
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Example. Let g = sl2 with the basis e, f , h.

W(sl2) = C [u, u′, u′′, . . . ], u =
h2

4
+

h ′

2
+ f ∈ V(p).

The λ-bracket (of Virasoro–Magri) onW(sl2) is given by

{uλ u} = (2λ+ ∂)u− λ3

2
.

The Hamiltonian equation with H =
u2

2
is equivalent to

the KdV equation
∂u
∂ t

= 3uu′ − 1
2

u′′′.
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Generators ofW(gln)

Consider gln = span of {Eij | i, j = 1, . . . , n}. Here p is the

subalgebra of lower triangular matrices.

Set

f = E21 + E32 + · · ·+ En n−1.

We will work with the algebra V(p)⊗ C [∂],

∂ E(r)
ij − E(r)

ij ∂ = E (r+1)
ij .

The invariant symmetric bilinear form on gln is defined by

(X|Y) = tr XY, X,Y ∈ gln.
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Expand the determinant with entries in V(p)⊗ C [∂],

det



∂ + E11 1 0 0 . . . 0

E21 ∂ + E22 1 0 . . . 0

. . . . . . . . . . . . . . . . . .

En−11 En−12 En−13 . . . . . . 1

En1 En2 En3 . . . . . . ∂ + Enn



= ∂ n + w1 ∂
n−1 + · · ·+ wn.

Theorem. All elements w1, . . . ,wn belong toW(gln). Moreover,

W(gln) = C [w(r)
1 , . . . ,w(r)

n | r > 0].
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Example. For g = gl2 we have

w1 = E11 + E22, w2 = E11 E22 + E ′22 − E21.

Set h = E11 − E22 so that

E11 =
h + w1

2
, E22 =

−h + w1

2
.

Taking w1 = 0, for sl2 we find

w2 = −u = −h2

4
− h ′

2
− f .
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MacMahon Master Theorem

Let

A =



a11 1 0 0 . . . 0

a21 a22 1 0 . . . 0

. . . . . . . . . . . . . . . . . .

an−11 an−12 an−13 . . . . . . 1

an 1 an2 an3 . . . . . . ann


.

Define elements em by the expansion

det(1 + tA) =
n∑

m=0

em t m.
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The elements em are then found by

em =

m∑
s=1

∑
ik<jk+1

(−1)m−s ai1 j1 . . . ais js ,

summed over i1, . . . , is and j1, . . . , js such that

s∑
k=1

(jk − ik) = m− s.

Example.

e1 = a11 + · · ·+ ann,

e2 =
∑
i<j

ai i aj j −
∑

i

ai+1 i,

e3 =
∑

i<j<k

ai i aj j ak k −
∑

i+1<j

ai+1 i aj j −
∑
i<j

ai i aj+1 j +
∑

i

ai+2 i.
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Set

h(t) =
∞∑

m=0

hm tm and e(t) =
n∑

m=0

em t m.

Theorem [MMMT]. h(t) e(−t) = 1.

Equivalently, for m > 1

hm − hm−1 e1 + hm−2 e2 − · · ·+ (−1)nhm−n en = 0,

assuming hm = em = 0 for m < 0.
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Now specialize the matrix A,

ai j = δij∂ + Ei j, i > j,

and write
em = em 0 + em 1 ∂ + · · ·+ em m ∂

m,

hm = hm 0 + hm 1 ∂ + · · ·+ hm m ∂
m.

In particular,

hm 0 =
m∑

s=1

∑
ik> jk+1

(
δi1 j1 ∂ + Ei1 j1

)
. . .
(
δis js ∂ + Eis js

)
1.

Corollary. All elements hm i belong toW(gln). Moreover,

W(gln) = C [h(r)10 , . . . , h
(r)
n0 | r > 0].
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Generators ofW(o2n+1)

Given a positive integer N = 2n, or N = 2n + 1 set i ′ = N − i + 1.

The Lie subalgebra of glN spanned by the elements

Fi j = Ei j − Ej ′ i ′ , i, j = 1, . . . ,N,

is the orthogonal Lie algebra oN .

Cartan subalgebra h = span of {F11, . . . ,Fnn}.

The subalgebras n+ and n− are spanned by Fij with i < j and

i > j, respectively, and p = n− ⊕ h.

f = F21 + F32 + · · ·+ Fn+1 n ∈ o2n+1.



Generators ofW(o2n+1)

Given a positive integer N = 2n, or N = 2n + 1 set i ′ = N − i + 1.

The Lie subalgebra of glN spanned by the elements

Fi j = Ei j − Ej ′ i ′ , i, j = 1, . . . ,N,

is the orthogonal Lie algebra oN .

Cartan subalgebra h = span of {F11, . . . ,Fnn}.

The subalgebras n+ and n− are spanned by Fij with i < j and

i > j, respectively, and p = n− ⊕ h.

f = F21 + F32 + · · ·+ Fn+1 n ∈ o2n+1.



Generators ofW(o2n+1)

Given a positive integer N = 2n, or N = 2n + 1 set i ′ = N − i + 1.

The Lie subalgebra of glN spanned by the elements

Fi j = Ei j − Ej ′ i ′ , i, j = 1, . . . ,N,

is the orthogonal Lie algebra oN .

Cartan subalgebra h = span of {F11, . . . ,Fnn}.

The subalgebras n+ and n− are spanned by Fij with i < j and

i > j, respectively, and p = n− ⊕ h.

f = F21 + F32 + · · ·+ Fn+1 n ∈ o2n+1.



Generators ofW(o2n+1)

Given a positive integer N = 2n, or N = 2n + 1 set i ′ = N − i + 1.

The Lie subalgebra of glN spanned by the elements

Fi j = Ei j − Ej ′ i ′ , i, j = 1, . . . ,N,

is the orthogonal Lie algebra oN .

Cartan subalgebra h = span of {F11, . . . ,Fnn}.

The subalgebras n+ and n− are spanned by Fij with i < j and

i > j, respectively, and p = n− ⊕ h.

f = F21 + F32 + · · ·+ Fn+1 n ∈ o2n+1.



Generators ofW(o2n+1)

Given a positive integer N = 2n, or N = 2n + 1 set i ′ = N − i + 1.

The Lie subalgebra of glN spanned by the elements

Fi j = Ei j − Ej ′ i ′ , i, j = 1, . . . ,N,

is the orthogonal Lie algebra oN .

Cartan subalgebra h = span of {F11, . . . ,Fnn}.

The subalgebras n+ and n− are spanned by Fij with i < j and

i > j, respectively, and p = n− ⊕ h.

f = F21 + F32 + · · ·+ Fn+1 n ∈ o2n+1.



Expand the determinant of the matrix



∂ + F1 1 1 . . . 0 0 0 . . . 0 0

F2 1 ∂ + F2 2 . . . 0 0 0 . . . 0 0

. . . . . .
. . . . . . . . . . . . . . . . . . . . .

Fn 1 Fn 2 . . . ∂ + Fn n 1 0 . . . 0 0

Fn+1 1 Fn+1 2 . . . Fn+1 n ∂ −1 . . . 0 0

Fn ′ 1 Fn ′ 2 . . . 0 Fn ′ n+1 ∂ + Fn ′ n ′ . . . 0 0

. . . . . . . . . . . . . . . . . .
. . . . . . . . .

F2 ′ 1 0 . . . . . . F2 ′ n+1 . . . . . . ∂ + F2 ′ 2 ′ −1

0 F1′ 2 . . . . . . F1′ n+1 . . . . . . F1′ 2 ′ ∂ + F1′ 1′



as a differential operator

∂ 2n+1 + w2 ∂
2n−1 + w3 ∂

2n−2 + · · ·+ w2n+1, wi ∈ V(p).



Expand the determinant of the matrix



∂ + F1 1 1 . . . 0 0 0 . . . 0 0

F2 1 ∂ + F2 2 . . . 0 0 0 . . . 0 0

. . . . . .
. . . . . . . . . . . . . . . . . . . . .

Fn 1 Fn 2 . . . ∂ + Fn n 1 0 . . . 0 0

Fn+1 1 Fn+1 2 . . . Fn+1 n ∂ −1 . . . 0 0

Fn ′ 1 Fn ′ 2 . . . 0 Fn ′ n+1 ∂ + Fn ′ n ′ . . . 0 0

. . . . . . . . . . . . . . . . . .
. . . . . . . . .

F2 ′ 1 0 . . . . . . F2 ′ n+1 . . . . . . ∂ + F2 ′ 2 ′ −1

0 F1′ 2 . . . . . . F1′ n+1 . . . . . . F1′ 2 ′ ∂ + F1′ 1′



as a differential operator

∂ 2n+1 + w2 ∂
2n−1 + w3 ∂

2n−2 + · · ·+ w2n+1, wi ∈ V(p).



Theorem. All elements w2, . . . ,w2n+1 belong toW(o2n+1).

Moreover,

W(o2n+1) = C
[
w(r)

2 ,w(r)
4 , . . . ,w(r)

2n | r > 0
]
.

One proof is based on the folding procedure. The subalgebra

o2n+1 ⊂ gl2n+1 is considered as the fixed point subalgebra for an

involutive automorphism of gl2n+1. For the principal nilpotent we

have

f 7→ f̃ = E21 + E32 + · · ·+ En+1n − En+2n+1 − · · · − E2n+12n.
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Theorem. All elements w2, . . . ,w2n+1 belong toW(o2n+1).

Moreover,

W(o2n+1) = C
[
w(r)

2 ,w(r)
4 , . . . ,w(r)

2n | r > 0
]
.

One proof is based on the folding procedure. The subalgebra

o2n+1 ⊂ gl2n+1 is considered as the fixed point subalgebra for an

involutive automorphism of gl2n+1. For the principal nilpotent we

have

f 7→ f̃ = E21 + E32 + · · ·+ En+1n − En+2n+1 − · · · − E2n+12n.



Generators ofW(sp2n)

The Lie subalgebra of gl2n spanned by the elements

Fij = Eij − εiεj Ej ′i ′ , i, j = 1, . . . , 2n,

is the symplectic Lie algebra sp2n, where

εi = 1 for i = 1, . . . , n and εi = −1 for i = n + 1, . . . , 2n.

Cartan subalgebra h = span of {F11, . . . ,Fnn}.

f = F21 + F32 + · · ·+ Fnn−1 +
1
2

Fn′ n ∈ sp2n.
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Generators ofW(sp2n)

The Lie subalgebra of gl2n spanned by the elements

Fij = Eij − εiεj Ej ′i ′ , i, j = 1, . . . , 2n,

is the symplectic Lie algebra sp2n, where

εi = 1 for i = 1, . . . , n and εi = −1 for i = n + 1, . . . , 2n.

Cartan subalgebra h = span of {F11, . . . ,Fnn}.

f = F21 + F32 + · · ·+ Fnn−1 +
1
2

Fn′ n ∈ sp2n.



Expand the determinant of the matrix



∂ + F1 1 1 . . . 0 0 0 . . . 0 0

F2 1 ∂ + F2 2 . . . 0 0 0 . . . 0 0

. . . . . .
. . . . . . . . . . . . . . . . . . . . .

Fn 1 Fn 2 . . . ∂ + Fn n 1 0 . . . 0 0

Fn ′ 1 Fn ′ 2 . . . Fn ′ n ∂ + Fn ′ n ′ −1 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . .

F2 ′ 1 F2 ′ 2 . . . F2 ′ n F2 ′ n ′ . . . . . . ∂ + F2 ′ 2 ′ −1

F1 ′ 1 F1′ 2 . . . F1′ n F1′ n ′ . . . . . . F1′ 2 ′ ∂ + F1′ 1′



as a differential operator

∂ 2n + w2 ∂
2n−2 + w3 ∂

2n−3 + · · ·+ w2n, wi ∈ V(p).



Expand the determinant of the matrix



∂ + F1 1 1 . . . 0 0 0 . . . 0 0

F2 1 ∂ + F2 2 . . . 0 0 0 . . . 0 0

. . . . . .
. . . . . . . . . . . . . . . . . . . . .

Fn 1 Fn 2 . . . ∂ + Fn n 1 0 . . . 0 0

Fn ′ 1 Fn ′ 2 . . . Fn ′ n ∂ + Fn ′ n ′ −1 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . .

F2 ′ 1 F2 ′ 2 . . . F2 ′ n F2 ′ n ′ . . . . . . ∂ + F2 ′ 2 ′ −1

F1 ′ 1 F1′ 2 . . . F1′ n F1′ n ′ . . . . . . F1′ 2 ′ ∂ + F1′ 1′



as a differential operator

∂ 2n + w2 ∂
2n−2 + w3 ∂

2n−3 + · · ·+ w2n, wi ∈ V(p).



Theorem. All elements w2, . . . ,w2n belong toW(sp2n).

Moreover,

W(sp2n) = C
[
w(r)

2 ,w(r)
4 , . . . ,w(r)

2n | r > 0
]
.

This can be proved by using the folding procedure for the

subalgebra sp2n ⊂ gl2n. For the principal nilpotent we have

f 7→ f̃ = E21 + E32 + · · ·+ En+1n − En+2n+1 − · · · − E2n2n−1.
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Theorem. All elements w2, . . . ,w2n belong toW(sp2n).

Moreover,

W(sp2n) = C
[
w(r)

2 ,w(r)
4 , . . . ,w(r)

2n | r > 0
]
.

This can be proved by using the folding procedure for the

subalgebra sp2n ⊂ gl2n. For the principal nilpotent we have

f 7→ f̃ = E21 + E32 + · · ·+ En+1n − En+2n+1 − · · · − E2n2n−1.



Generators ofW(o2n)

Introduce the algebra of pseudo-differential operators

V(p)⊗ C((∂−1)),

∂−1 F(r)
ij =

∞∑
s=0

(−1)s F(r+s)
ij ∂−s−1.

Take the principal nilpotent element f ∈ o2n in the form

f = F21 + F32 + · · ·+ Fnn−1 + Fn′ n−1.



Generators ofW(o2n)

Introduce the algebra of pseudo-differential operators

V(p)⊗ C((∂−1)),

∂−1 F(r)
ij =

∞∑
s=0

(−1)s F(r+s)
ij ∂−s−1.

Take the principal nilpotent element f ∈ o2n in the form

f = F21 + F32 + · · ·+ Fnn−1 + Fn′ n−1.



Remark. Under the embedding o2n ⊂ gl2n, f 7→ f̃ ,

f̃ is not a principal nilpotent in gl2n:

f̃ =



0 0 0 . . . 0 0 0 0 . . . 0 0

1 0 0 . . . 0 0 0 0 . . . 0 0

0 1 0 . . . 0 0 0 0 . . . 0 0

. . . . . .
. . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 0 0 0 . . . 0 0

0 0 0 . . . 1 0 0 0 . . . 0 0

0 0 0 . . . 1 0 0 0 . . . 0 0

0 0 0 . . . 0 −1 −1 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . .
. . . . . . . . .

0 0 0 . . . 0 0 0 0 . . . 0 0

0 0 0 . . . 0 0 0 0 . . . −1 0





Remark. Under the embedding o2n ⊂ gl2n, f 7→ f̃ ,
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

0 0 0 . . . 0 0 0 0 . . . 0 0

1 0 0 . . . 0 0 0 0 . . . 0 0

0 1 0 . . . 0 0 0 0 . . . 0 0

. . . . . .
. . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 0 0 0 . . . 0 0

0 0 0 . . . 1 0 0 0 . . . 0 0

0 0 0 . . . 1 0 0 0 . . . 0 0

0 0 0 . . . 0 −1 −1 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . .
. . . . . . . . .

0 0 0 . . . 0 0 0 0 . . . 0 0

0 0 0 . . . 0 0 0 0 . . . −1 0
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Expand the determinant of the (2n + 1)× (2n + 1) matrix



∂ + F1 1 1 . . . 0 0 0 . . . 0 0

F2 1 ∂ + F2 2 . . . 0 0 0 . . . 0 0

. . . . . .
. . . . . . . . . . . . . . . . . . . . .

Fn 1 − Fn′ 1 Fn 2 − Fn′ 2 . . . ∂ + Fn n 0 −2∂ . . . 0 0

0 0 . . . 0 ∂−1 0 . . . 0 0

Fn ′ 1 Fn ′ 2 . . . 0 0 ∂ + Fn ′ n ′ . . . 0 0

. . . . . . . . . . . . . . . . . .
. . . . . . . . .

F2 ′ 1 0 . . . . . . 0 F2′ n′ − F2′ n . . . ∂ + F2 ′ 2 ′ −1

0 F1′ 2 . . . . . . 0 F1′ n′ − F1′ n . . . F1′ 2 ′ ∂ + F1′ 1′



as a pseudo-differential operator

∂ 2n−1 + w2 ∂
2n−3 + w3 ∂

2n−4 + · · ·+ w2n−1 + (−1)n yn ∂
−1 yn.



Expand the determinant of the (2n + 1)× (2n + 1) matrix



∂ + F1 1 1 . . . 0 0 0 . . . 0 0

F2 1 ∂ + F2 2 . . . 0 0 0 . . . 0 0

. . . . . .
. . . . . . . . . . . . . . . . . . . . .

Fn 1 − Fn′ 1 Fn 2 − Fn′ 2 . . . ∂ + Fn n 0 −2∂ . . . 0 0

0 0 . . . 0 ∂−1 0 . . . 0 0

Fn ′ 1 Fn ′ 2 . . . 0 0 ∂ + Fn ′ n ′ . . . 0 0

. . . . . . . . . . . . . . . . . .
. . . . . . . . .

F2 ′ 1 0 . . . . . . 0 F2′ n′ − F2′ n . . . ∂ + F2 ′ 2 ′ −1

0 F1′ 2 . . . . . . 0 F1′ n′ − F1′ n . . . F1′ 2 ′ ∂ + F1′ 1′



as a pseudo-differential operator

∂ 2n−1 + w2 ∂
2n−3 + w3 ∂

2n−4 + · · ·+ w2n−1 + (−1)n yn ∂
−1 yn.



Theorem. All elements w2,w3, . . . ,w2n−1 and yn belong to

W(o2n). Moreover,

W(o2n) = C
[
w(r)

2 ,w(r)
4 , . . . ,w(r)

2n−2, y
(r)
n | r > 0

]
.

We have

yn = det



∂ + F11 1 0 0 . . . 0

F21 ∂ + F22 1 0 . . . 0

. . . . . . . . . . . . . . . . . .

Fn−11 Fn−12 Fn−13 . . . . . . 1

Fn1 − Fn′ 1 Fn2 − Fn′ 2 Fn3 − Fn′ 3 . . . . . . ∂ + Fnn


1.



Theorem. All elements w2,w3, . . . ,w2n−1 and yn belong to

W(o2n). Moreover,

W(o2n) = C
[
w(r)

2 ,w(r)
4 , . . . ,w(r)

2n−2, y
(r)
n | r > 0

]
.

We have

yn = det



∂ + F11 1 0 0 . . . 0

F21 ∂ + F22 1 0 . . . 0

. . . . . . . . . . . . . . . . . .

Fn−11 Fn−1 2 Fn−1 3 . . . . . . 1

Fn1 − Fn′ 1 Fn2 − Fn′ 2 Fn3 − Fn′ 3 . . . . . . ∂ + Fnn


1.



Generators ofW(g2)

g2 is the simple Lie algebra of type G2 with the Cartan matrix

A =

 2 −1

−3 2

 .

We let α and β be the simple roots, and the positive roots are

α, β, α+ β, α+ 2β, α+ 3β, 2α+ 3β.

Xγ and Yγ are the root vectors associated with γ and −γ.

The Cartan subalgebra h is spanned by Hα and Hβ.
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Generators ofW(g2)

g2 is the simple Lie algebra of type G2 with the Cartan matrix

A =

 2 −1

−3 2

 .
We let α and β be the simple roots, and the positive roots are

α, β, α+ β, α+ 2β, α+ 3β, 2α+ 3β.

Xγ and Yγ are the root vectors associated with γ and −γ.

The Cartan subalgebra h is spanned by Hα and Hβ.



Consider the 7× 7 matrix



∂ + F̃1 1 1 0 0 0 0 0

1
3 Yβ ∂ + F̃2 2 1 0 0 0 0

1
3 Yα+β Yα ∂ + F̃3 3 1 0 0 0

4
9 Yα+2β − 2

3 Yα+β
2
3 Yβ ∂ −1 0 0

− 4
9 Yα+3β

4
9 Yα+2β 0 − 2

3 Yβ ∂ − F̃3 3 −1 0

4
9 Y2α+3β 0 − 4

9 Yα+2β
2
3 Yα+β −Yα ∂ − F̃2 2 −1

0 − 4
9 Y2α+3β

4
9 Yα+3β − 4

9 Yα+2β − 1
3 Yα+β − 1

3 Yβ ∂ − F̃1 1



,

where

F̃11 = −Hα −
2
3

Hβ, F̃22 = −Hα −
1
3

Hβ, F̃33 = −1
3

Hβ.



Consider the 7× 7 matrix



∂ + F̃1 1 1 0 0 0 0 0

1
3 Yβ ∂ + F̃2 2 1 0 0 0 0

1
3 Yα+β Yα ∂ + F̃3 3 1 0 0 0

4
9 Yα+2β − 2

3 Yα+β
2
3 Yβ ∂ −1 0 0

− 4
9 Yα+3β

4
9 Yα+2β 0 − 2

3 Yβ ∂ − F̃3 3 −1 0

4
9 Y2α+3β 0 − 4

9 Yα+2β
2
3 Yα+β −Yα ∂ − F̃2 2 −1

0 − 4
9 Y2α+3β

4
9 Yα+3β − 4

9 Yα+2β − 1
3 Yα+β − 1

3 Yβ ∂ − F̃1 1



,

where

F̃11 = −Hα −
2
3

Hβ, F̃22 = −Hα −
1
3

Hβ, F̃33 = −1
3

Hβ.



Write its determinant as a differential operator

∂ 7 + w2 ∂
5 + w3 ∂

4 + w4 ∂
3 + w5 ∂

2 + w6 ∂ + w7, wi ∈ V(p).

Theorem. The elements w2, . . . ,w7 belong toW(g2). Moreover,

W(g2) = C [w(r)
2 ,w(r)

6 | r > 0].



Write its determinant as a differential operator
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Theorem. The elements w2, . . . ,w7 belong toW(g2). Moreover,

W(g2) = C [w(r)
2 ,w(r)

6 | r > 0].



Chevalley-type theorem

Let

φ : V(p)→ V(h)

denote the homomorphism of differential algebras defined on

the generators as the projection p→ h with the kernel n−.

The restriction of φ toW(g) is injective. The embedding

φ :W(g) ↪→ V(h)

is known as the Miura transformation.
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Chevalley-type theorem

Let

φ : V(p)→ V(h)

denote the homomorphism of differential algebras defined on

the generators as the projection p→ h with the kernel n−.

The restriction of φ toW(g) is injective. The embedding

φ :W(g) ↪→ V(h)

is known as the Miura transformation.



To describe the image W̃(g) = φ
(
W(g)

)
, introduce the

screening operators

Vi : V(h)→ V(h), i = 1, . . . , n.

Let h1, . . . , hn be basis elements of h. Then

Vi =

∞∑
r=0

Vi r

n∑
j=1

aji
∂

∂h(r)j

,

where A = [aij] is the Cartan matrix,

∞∑
r=0

Vi r zr

r!
= exp

(
−
∞∑

m=1

h(m−1)
i zm

εi m!

)
,

and B = D−1A is symmetric for D = diag [ε1, . . . , εn].
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Proposition.

The restriction of the homomorphism φ to the classical

W-algebraW(g) yields an isomorphism

φ :W(g)→ W̃(g),

where W̃(g) is the subalgebra of V(h) which consists of the

elements annihilated by all screening operators Vi,

W̃(g) =
n⋂

i=1

ker Vi.
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For g = gln, the image of the determinant

det



∂ + E11 1 0 0 . . . 0

E21 ∂ + E22 1 0 . . . 0

. . . . . . . . . . . . . . . . . .

En−11 En−12 En−13 . . . . . . 1

En1 En2 En3 . . . . . . ∂ + Enn



equals

(∂ + E11) . . . (∂ + Enn) = ∂ n + w̃1 ∂
n−1 + · · ·+ w̃n.

Therefore, we recover the Adler–Gelfand–Dickey generators:

W̃(gln) = φ
(
W(gln)

)
= C

[
w̃(r)

1 , . . . , w̃(r)
n | r > 0

]
.
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Explicitly,

w̃m =
∑

i1<···<im

(∂ + Ei1 i1) . . . (∂ + Eim im) 1.

Define elements ũm by

ũm =
∑

i1>···>im

(∂ + Ei1 i1) . . . (∂ + Eim im) 1.

Then

W̃(gln) = C
[
ũ(r)1 , . . . , ũ(r)n | r > 0

]
.
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Drinfeld–Sokolov generators for o2n+1:

(∂ + F11) . . . (∂ + Fnn) ∂ (∂ − Fnn) . . . (∂ − F11)

= ∂ 2n+1 + w̃2 ∂
2n−1 + w̃3 ∂

2n−2 + · · ·+ w̃2n+1,

W̃(o2n+1) = C
[
w̃(r)

2 , w̃(r)
4 , . . . , w̃(r)

2n | r > 0
]
.
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−1 ỹn.
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Miura transformation for g2. Recall

F̃11 = −Hα −
2
3

Hβ, F̃22 = −Hα −
1
3

Hβ, F̃33 = −1
3

Hβ.

The image of the determinant under the Miura transformation is

(∂ + F̃11)(∂ + F̃22)(∂ + F̃33) ∂ (∂ − F̃33)(∂ − F̃22)(∂ − F̃11)

= ∂ 7 + w̃2 ∂
5 + w̃3 ∂

4 + w̃4 ∂
3 + w̃5 ∂

2 + w̃6 ∂ + w̃7.

The condition F̃22 + F̃33 = F̃11 implies

w̃4 =
1
4

w̃ 2
2 + 3w̃ (2)

2 .

Corollary.

W̃(g2) = C [w̃(r)
2 , w̃(r)

6 | r > 0].
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Center at the critical level

The affine Kac–Moody algebra ĝ is the central extension

ĝ = g[t, t−1]⊕ CK.

Let K take the critical value, K = −h∨. Consider the vacuum

module over ĝ,

V(g) = Ucri(ĝ)/Ucri(ĝ)g[t].

The Feigin–Frenkel center consists of its g[t]-invariants,

z(ĝ) = {v ∈ V(g) | g[t]v = 0}.
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Consider the (affine) Harish-Chandra homomorphism

U
(
t−1g[t−1]

)h → U
(
t−1h[t−1]

)
,

the projection modulo the left ideal generated by t−1n+[t−1].

The restriction to z(ĝ) yields the Harish-Chandra isomorphism

z(ĝ)→ W̃(Lg),

where the classicalW-algebra W̃(Lg) is associated with the

Langlands dual Lie algebra Lg [Feigin and Frenkel, 1992].
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