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Affine Poisson vertex algebra V(g)

Let g be a simple Lie algebra over C and
let X1,...,X,; be abasis of g.

Consider the differential algebra V = V(g),

v=cix\ .. . x"r=012.. with x?=x,

equipped with the derivation 0,

1

foralli=1,...,dand r > 0.



Introduce the A-bracket on V as a linear map

VoV —-CAeV, a®bw— {a,b}.



Introduce the A-bracket on V as a linear map
VoV —-CAeV, a®bw— {a,b}.
By definition, it is given by

(XoY} =[X, Y]+ (X|Y)A  for X,Yeq,



Introduce the A-bracket on V as a linear map
VeV —-CAeV, a®bw— {ayb}.
By definition, it is given by
{X,\Y} =X, Y|+ (X|]Y)\ for X,Yeg,
and extended to V by sesquilinearity (a,b € V):

{0axb} = — X {a\b},



Introduce the A-bracket on V as a linear map
VeV —-CAeV, a®bw— {ayb}.
By definition, it is given by
{X,\Y} =X, Y|+ (X|]Y)\ for X,Yeg,
and extended to V by sesquilinearity (a,b € V):
{Daxb} = — A {axb}.

skewsymmetry {axb} = —{b_r_pa},



Introduce the A-bracket on V as a linear map
VeV —-CAeV, a®bw— {ayb}.
By definition, it is given by
{X,\Y} =X, Y|+ (X|]Y)\ for X,Yeg,

and extended to V by sesquilinearity (a,b € V):

{0axb} = —A{axb},
skewsymmetry {axb} = —{b_r_pa},
and the Leibniz rule (a,b,c € V):

{axbc} ={arb}c+ {arc}b.
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Hamiltonian reduction
For a triangular decomposition g=n_@&hdn,
set p =n_ @ h and define the projection
Tp g — p.
Let f € n_ be a principal nilpotent in g.

Define the differential algebra homomorphism

PV V), pX)=mX)+(IX),  Xeca.



Hamiltonian reduction

For a triangular decomposition g=n_@&hdn,

set p =n_ @ h and define the projection
Tl g — P

Let f € n_ be a principal nilpotent in g.

Define the differential algebra homomorphism
p:V = V(p), p(X) =m(X) + (f1X), X eg.
The classical W-algebra W(g) is defined by

W(g) ={PeV(p) | p{X P} =0 forall Xeny}.
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The classical WW-algebra W(g) is a Poisson vertex algebra

equipped with the A-bracket

{a/\b}p:p{a)\b}a a,bEW(g).

Motivation: Hamiltonian equations

Ou
or {HA”H,\:O

for u = u(r) € W(g) with the Hamiltonian H € W(g).

De Sole, Kac and Valeri, 2013-14; Drinfeld and Sokolov, 1985.
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Example. Let g = sl, with the basis e, f, .

> n
W(s[Z):C[Mvulvu”""]v M:Z_{'E_{'fev(p)

The \-bracket (of Virasoro—Magri) on W(sl,) is given by

3

{uup =21\ +90)u— ER

2
The Hamiltonian equation with H = % is equivalent to

the KdV equation
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Generators of W(gl,)

Consider gl, = span of {E;|i,j=1,...,n}. Here p isthe

subalgebra of lower triangular matrices. Set
f=En+En+- -+ Ep.
We will work with the algebra V(p) ® C[d],
OEY —ED 0= E*).
The invariant symmetric bilinear form on gl,, is defined by

(X|Y) = tr XY, X, Y egl,.



Expand the determinant with entries in V(p) @ C[d],

_6—|—E11 1 0 0 ... 0
Ex  O+En 1 0 ... 0
det
E, 11 E,_ 12 E, 13 ... ... 1
i E, E.» E. ... ... O+E,,

=9+ w 0" .




Expand the determinant with entries in V(p) @ C[d],

_8—|—E11 1 0 0o ... 0 ]
Ey O+ Exn 1 0o ... 0
det
E,_11 E,_1» E,—13 ... ... 1
i E,q E.» E,s ... ... 8+E,m_
=0" 4w 0" 4wy
Theorem. All elements wy, ..., w, belong to W(gl,). Moreover,

W(gl,) = C[wgr),...,w,(lr) | r>0].
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Example. For g = gl, we have
w1 = Ep + En, wy = Ej1Exn + Ejy — Eny.

Set h= E1 — Ex» so that

h+ wy E22:—h+W1

E pu—
11 D) ) D)

Taking wy = 0, for sl, we find
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MacMahon Master Theorem

Let

al 1 0 0

any ann 1 0
ap—11 Aap—12 0ap—13

ani an2 an3

Define elements ¢, by the expansion

det(1+A)

Y

Ann




The elements e, are then found by

m
= E E ajj, - Gigjgs

s=1 lk</k+1

summed over iy, ...,ig and ji,...,j, such that
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The elements e, are then found by

m

en=Y_ Y. (=" aij ...a,

s=1  ir<Jkt1

summed over iy, ...,ig and ji,...,j, such that

> Gk —ix) =m—s.
k=1
Example.

er =ai + -+ dapp,

€ = E aiidjj — § dit-1i

i<j i

e3 = E a;ji ajjagk — E ai+liajj—§ aii“j+lj+§ ait2i-

i<j<k i+1<j i<j i



Set

m

hm = E E a,‘ljl Ce aiij,

s=1 k= jr+1

summed over iy, ...,ig and ji, ..., j, such that

Z(ik—ik) =m-—s.
k=1



Set

m
=2 D GG
s=1 k= jr+1
summed over iy, ...,ig and ji, ..., j, such that

Z(jk—ik) =m-—s.
k=1
Example.

hy = a1 + -+ -+ app,

h2 = Zalla]] + Zal+] i

izj

hz = Z a;;ajjagy + Z aiy1iajj + Zallaj+lj + ZGH—ZI

izj>k i+1>j izj
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n
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Theorem [MMMT]. h(t)e(—t) = 1.



Set
h(t) = hut™ and  e(t) =) ent™
m=0

m=0

Theorem [MMMT]. h(t)e(—t) = 1.
Equivalently, for m > 1
hw — hn—1e1 +hy_oer — -+ (_1)nhm—nen =0,

assuming h,, = e, =0 for m <O.



Now specialize the matrix A,

and write
em = €m0+ em1 0+

hy = hpo + h1 O+ - -+

i 2],

m
ot e 0 )

+ hmm am



Now specialize the matrix A,
a,‘j:(slja—l—E,‘j, i2=],

and write
em =eno+en1 0+ --- +emmam7

hm:hmO‘i'hmla"i""“‘hmmam-

In particular,

m
s=1 g2 jk+1



Now specialize the matrix A,
a,‘j:(glja—l—E,‘j, i2=],

and write
em =eno+en1 0+ --- +emmam7

hm:hm0+hmla+"'+hmmam-

In particular,

m
s=1 g2 jk+1

Corollary. All elements 4,,; belong to W(gl,). Moreover,

Wigl,) = ClA\Y,...,h" | >0,
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Generators of W(02,+1)
Given a positive integer N =2n,0or N =2n+1seti’ =N —i+ 1.
The Lie subalgebra of gl spanned by the elements
Fij = Eij — Ejr;r, L,j=1,...,N,

is the orthogonal Lie algebra oy.
Cartan subalgebra b = span of {Fii,...,Fu,}.
The subalgebras n and n_ are spanned by F; with i < j and

i > j, respectively, andp =n_ @ b.

f=F+Fso+ -+ Fui1n €02p41.



Expand the determinant of the matrix

0+ Fp

Faq

Fui
Fn+1]

Fyry

Fyry

1

0+ Fyy

Fu2
Fn+12
Fyry

Firy

0+ Fun

Fn+1n

Fn/n+l

Fyrppy

Firpp

8+Fn’n’

8+F2/2/

Fl’2’

—1

8+F1/11_



Expand the determinant of the matrix

0+ Fii 1 0 0 0 0 0
Fyy O+ Fyp ... 0 0 0 0 0
F, F,» O+ Fun 1 0 0 0
Fn+ll Fn+12 Fn+1n 9] —1 0 0
F,r F,ry 0 Fornta O+ Fyrpr ... 0 0
Fyry 0 Fayrptn R XY —1

L 0 Firy Firnt1 Firor 8+F1/11_

as a differential operator

82"“+w282"_1+W332n_2+"'+w2n+17 w;i € V(p).
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Theorem. All elements wy, ..., wa,+1 belong to W(o2,41)-

Moreover,

W(oant1) =C [wgr),wy), . ’ng) | r=0].

One proof is based on the folding procedure. The subalgebra
02,41 C ghy,, 1 iS considered as the fixed point subalgebra for an
involutive automorphism of gl,, . ;. For the principal nilpotent we

have

fef=En+En+ -+ Enin—Eonet — — Exugion.
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The Lie subalgebra of gl,, spanned by the elements
Fi‘:Eij—EiEjE'/'/ i7j:1,...72l’l,

j'i’y

is the symplectic Lie algebra sp,,, where
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Generators of W(sp,,)
The Lie subalgebra of gl,, spanned by the elements

Fi‘:Eij_gingj/i’a i,jzl,...,2l’l,

is the symplectic Lie algebra sp,,, where
gg=1fori=1,....n and ¢;=—1 for i=n+1,...,2n

Cartan subalgebra h = span of {Fj1,...,Fu,}.

1
f:le+F32+"'+an—1+§Fn’n € 5Py,



Expand the determinant of the matrix

0+ Fiy 1 0 0 0 0 0
Fy O+ Fyp ... 0 0 0 0 0
F, F,o O+ Fun 1 0 0 0
F,r F,ry F,r, O+ F,r, —1 0 0
Fyry Fyry Fyry Fyrpyr O+ Fyrp/ —1

L Firy Firy Fy, Firyr Firor 8+F1/1/_




Expand the determinant of the matrix

0+ Fiy 1 0 0 0 0 0
Fy O+ Fyp ... 0 0 0 0 0
F, F,o O+ Fun 1 0 0 0
F,r F,ry F,r, O+ F,r, —1 0 0
Fyry Fyry Fyry Fyrpyr O+ Fyrp/ —1

L Firy Firy Fy, Firyr Firor 8+F1/|/_

as a differential operator

O 4wy 0P w30 o w,, wi € V(p).
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Theorem. All elements wy, ..., ws, belong to W(sp,,).

Moreover,

W(sp,,) =C [wgr),wgr), . ,wér) | r> O].

This can be proved by using the folding procedure for the

subalgebra sp,, C gl,,. For the principal nilpotent we have

fHJ?ZEz] +E3o+ -+ Eppin — Enpont1r — - — Ezpon-1-



Generators of W(o,,)

Introduce the algebra of pseudo-differential operators

V(p) @ C((071),

-1 () _ = s p(r+s) g—s—1
o' F) = (1) F o
s=0



Generators of W(o,,)

Introduce the algebra of pseudo-differential operators
V(p) @ C((071),
o' FD =S (1 ET o
s=0

Take the principal nilpotent element f € 05, in the form

f=Fu+Fa+-+Fuy1+Fyu.



Remark. Under the embedding o2, C gl,,, f — f,

f is not a principal nilpotent in gl,,,:



Remark. Under the embedding o2, C gl,,, f — f,

f is not a principal nilpotent in gl,,,:

&N
I

S o o o

S o o o

oS o o o

S o o o

S o o o

S o o o




Expand the determinant of the (2n + 1) x (2rn + 1) matrix

0+ Fp

Fry

Fu1 — Fury
0

Fyry

Fyry

1 0
O+ Fpy 0
Foo—Fyy .. 0+ Fun
0 0
F,ry 0

0

Firo

—20
0
8+Fn/n/

Fyry — Fory

Fyrw —Fyry

0 0
0 0
0 0
0 0
0 0
O+ Fyrypr —1

F1/2/ 6+F1/1/_



Expand the determinant of the (2n + 1) x (2rn + 1) matrix

[ o+ F, 1 0 0

Fry O+ Fas 0 0

Fyi—Fy Fypp—Fpoy ... O+ Fun 0
0 0 0 9!

F,r F,ry 0 0

Fyr 0 0

0 Firs 0

as a pseudo-differential operator

O ws 023 s 9

0 0 0

0 0 0

—20 0 0

0 0 0

O+ Fyryr 0 0

Fyryr —Fyryy oo O+ Forgs —1
Fyopy—Fu, ... Firor 6+Fl/1/_



Theorem. All elements wy, ws, ..., wy,—1 and y, belong to

W(02,). Moreover,

W(oa,) =C [wg),wgr), . ,wgl)_z,y,(,r) | r=0].



Theorem. All elements wy, ws, ..

W(02,). Moreover,

W(oa,) =C [wg),wgr),

We have
i 0+ Fi 1
> 0+ Fxn
v, = det
Fr_11 Fu_12
| Fut = Fpy Fpa = Fyo

.,wa,—1 and y, belong to

(0

W, 5y Vn ]r}O].

Fn_13

Fn3_Fn’3

0+ Fun)
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Generators of W(g,)

g is the simple Lie algebra of type G, with the Cartan matrix

We let « and g be the simple roots, and the positive roots are
a, B, a+p, a+28, a+38, 2a-+3p.

X, and Y, are the root vectors associated with v and —.

The Cartan subalgebra b is spanned by H,, and H;.



Consider the 7 x 7 matrix

d+Fpy
1
ERL]
ly,
3 ta+ps
4
9 fat2p
4
—5 Yat3p
gY2a+3ﬂ

0

d+Fry
Yo

~3Ya4p

5 Yat2s
0

—3 V20438

0 0
0 0
1 0
0 —1
—2ly d—F
348 33
% Yot —Ya
4
9 fat28 3 fa+tp




Consider the 7 x 7 matrix

d+Fpy
1
ERL]
ly,

3 ta+ps
4

9 fat2p
4

—5 Yat3p

4
5 V20438

0

where

d+Fry
Yo

~3Ya4p

5 Yat2s
0

—3 V20438

Fi1 = —H, — > Hg,

0 0
1 0
8+F33 1
2
3¥s 9
2
0 ERL
% Y,
9 fat2p 3 tatB
4y 4
9 fat+3p 9 fat2p
Frp=—Hy — 3

f‘33

Y
=~ Hs.




Write its determinant as a differential operator

DT 4+ wp0° + w30 +wy 0% 4+ ws 0% +wed +w, wi € V(p).



Write its determinant as a differential operator

DT 4+ wp0° + w30 +wy 0% 4+ ws 0% +wed +w, wi € V(p).

Theorem. The elements w,, ..., w; belong to W(g,). Moreover,

Wi(ga) = Cwd” wl | r> 0],



Chevalley-type theorem
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Let
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denote the homomorphism of differential algebras defined on

the generators as the projection p — b with the kernel n_.



Chevalley-type theorem

Let
¢:V(p) = V(h)

denote the homomorphism of differential algebras defined on

the generators as the projection p — b with the kernel n_.
The restriction of ¢ to W(g) is injective. The embedding

¢ : W(g) = V(b)

is known as the Miura transformation.
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To describe the image VNV(g) = ¢(W(g)), introduce the

screening operators
Vi : V(h) — V(b), i=1,...,n

Let hy,...,h, be basis elements of h. Then

o0 n 8
Vi= ) Vi i
T

where A = [q;] is the Cartan matrix,
0o 4 (m—1)

Vi 7 h;
Z lr!Z :exp(—z leim!z )’

r=0 m=1

and B = D~'A is symmetric for D = diagley,...,¢,].



Proposition.
The restriction of the homomorphism ¢ to the classical

Wh-algebra W(g) yields an isomorphism

¢ W(g) — W(g),



Proposition.
The restriction of the homomorphism ¢ to the classical

Wh-algebra W(g) yields an isomorphism
¢ W(g) = W(g),

where W(g) is the subalgebra of V() which consists of the

elements annihilated by all screening operators V;,

Wi(g) = ﬂ ker V.
i=1



For g = gl,, the image of the determinant

_8—|—E11 1 0 0 ... 0
E» 0+ Exn 1 0 ... 0
det
E, 11 E, 12 E, 13 ... ... 1
i E.q E,» Es ... ... O+E,,




For g = gl,, the image of the determinant

det

equals

0+ Ep

Er

E, 11

Enl

1

0+ Ex»

Enle

EnZ

0
1

En713

En3

0
0

a‘*‘Enn

(O+E)...(0+Ey)=0"4+w 0" "+ 4+ W,




For g = gl,, the image of the determinant

det

equals

0+ En 1 0 0

Er 0+ Exp 1 0

E._11  E,12 Eyi3

En 1 EnZ En 3

6+Enn

(O+E)...(0+Ey)=0"4+w 0" "+ 4+ W,

Therefore, we recover the Adler—Gelfand—Dickey generators:

Wigh,) = oW(gl,)) = C [\, ....% | r>0].



Explicitly,

i< <im



Explicitly,

Wi = Z (6+Ei1i1)

i< <im

Define elements u,, by

Uy = Z (8+Ei1i1)

[ 2 2im

. (8+Eimim) 1.

...(0+E,,) I



Explicitly,

i< <im

Define elements u,, by

im= Y (0+E)...(0+E;,) 1.

l‘]}"'?l‘m

Then



Drinfeld—Sokolov generators for 0, 1:
(8—|—F11)...(6—{—an)8(6—an)...(6—F11)

=02 LW 02T W07 b W,



Drinfeld—Sokolov generators for 0, 1:
(8—1—F11)...(6—|—an)8(6—an)...(6—F11)

:82n+1+v"&282n—1+w382n—2+n_+w2n+1’

W(oan1) = C[wd) wd), . w) | r>0].



Drinfeld—Sokolov generators for 0, 1:
(04 F11)...(0+Fun)0(0 = Fnn)...(0—Fn1)
=02 LW 02T W07 b W,
W(oan1) = C[wd) wd), . w) | r>0].
Drinfeld—Sokolov generators for sp,,:
(O+F11)...(0+ Fun) (0 — Fun) ... (0 — F11)

:82n+w282n72+w382n73_|_”'+W2m



Drinfeld—Sokolov generators for 0, 1:
(O+Fi1)...(0+ Fun) (0 — Fyp) ... (0 — F11)
=02 402 W0 e W,
W(oan1) = C[wd) wd), . w) | r>0].
Drinfeld—Sokolov generators for sp,,:
(O+F11)...(0+ Fup) (0 —Fpy)...(0—F11)

:82n+w282n72+w382n73_|_”'+W2m

W(spa,) = C[WS), w7, ..., wd) | r>0].



Drinfeld—Sokolov generators for 0y,:

(8+F11)...(8+an)8_1 (a—an)...(ﬁ—F“)

=0 L 0P W 0P W+ (—1)"5, 07 T



Drinfeld—Sokolov generators for 0y,:
O+ F11)...(0+Fu,) 07 (0= Fpp) ... (0 —Fyy)
=0 L 0P W 0P W+ (—1)"5, 07 T

In particular,

Y= (0+Fi)...(0+ Fun) 1.



Drinfeld—Sokolov generators for 0y,:
O+ F11)...(0+Fu,) 07 (0= Fpp) ... (0 —Fyy)
=0 L 0P W 0P W+ (—1)"5, 07 T

In particular,

Y= (0+Fi)...(0+ Fun) 1.

Then

Wiom) =Clwy" w5 0,50 r > 0],
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Miura transformation for g,. Recall

- 2 ~ 1 ~ 1
F11=—Ha—§H57 FzzZ—Ha—gHm F33=—§H5-

The image of the determinant under the Miura transformation is
(0 + F11)(0 + F22) (0 + F33) 0 (0 — F33)(0 — F22)(d — F11)
=07+ 0° +W30% + Wy 0> + s 0% + We D + Wy

The condition F», + F33 = F;; implies

- 1 _ -
Wa = wa + 3w2(2).

Corollary.

Wi(g2) = Clwd),wd) | r > 0].
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Center at the critical level
The affine Kac—Moody algebra g is the central extension
g=g[t,r @ CK.

Let X take the critical value, K = —h". Consider the vacuum

module over g,

V(g) = Uci(9)/Ucri(@) alt].

The Feigin—Frenkel center consists of its g[7]-invariants,

3(@) = {ve V(g) | glt]v = 0}.
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Consider the (affine) Harish-Chandra homomorphism
U(t_lg[t_l])h = U(r '),
the projection modulo the left ideal generated by ¢~ 'n [r~1].
The restriction to 3(g) yields the Harish-Chandra isomorphism
3@ — W('g),

where the classical VW-algebra W(Lg) is associated with the

Langlands dual Lie algebra ‘g [Feigin and Frenkel, 1992].



